Further Statistics 1 SolutionBank

Probability generating functions Mixed exercise 7
1 a Coefficients must sum to 1,i.e. G (1) =1

1
Hence, k(2+2+3)=1 :>k:7

b P(Y =1) is the coefficient of 7 in the probability generating function 4

2
Hence, P(Y=1)= 5

¢ AsXand Y are independent, G,(t) =G, (£)G, (?)

GZ(t)=%(2+2t+3t2)x%(l+t+2t2)2=$(2+2t+3t2)(1+t+2t2)2

d P(Z =2) is the coefficient of #* in G, (), expanding G, (¢) gives

GZ(t):é(2+2t+3t2)(1+t+2t2)(1+t+2t2)

=$(2+2t+3t2)(1+2t+5t2+4t3+4t4)

1 17
So the coefficient of #* in G, (¢) is E(4+3+10) 15" 0.1518 (4 d.p.)

2 The standard formula for the probability generating function of a geometric distribution is:

__ pt
Gy()= T

Using the quotient rule

(1-(1-p)) (I-(1-py)’  (A-(-py)
E(X)=G,()=—P =1
(%) =G () (1-(1-p)* p
G" () = 219(1—1!9)3
(1-(1-p)t)

G =220

2

o _(-(-p))p+pt(l—p) p—-pt+p’t+pi—p't p
Y1) = =

Var(X) =G} (D +G, ()~ (G, (D)’
_A=p 11 _2-2p+p-l

2 2

p p D p
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5

X

So G, (1) = 25: (Sj 0.47(0.6)" "t = 25: (Sj (0.4¢)*(0.6)"
=0\ X =1\ X

3 If X ~B(5,0.4), then P(X =x)= ( j0.4X(1 —0.4) = (Sjo.4"(o.6)5x
X

=(0.6)’ +@(o.6)4(o.4¢)l +@(O.6)3(0.4z)2 +(§j(0.6)2(0.4t)3 +@(0.6)(0.4z)4 +(0.4¢)°

This is a binomial expansion of the form (a+b)", with n=5,a=0.6 and b= 0.4¢
So G (1) =(0.6+0.4)°

An alternative approach is to let the random variable Y be the outcome of one trial. Then
P(Y=1)=0.4 and P(Y = 0) = 0.6, and the probability generating function for Y is:

G, (#)=0.6+0.4t Now note that as each trial is independent X is equal to the sum of 5 independent
trials, so G, (t) = (G, (¢))’ =(0.6+0.4¢)°

4 a Xhas a geometric distribution, X ~ Geo (%)

b Using the standard formula for the probability generating function of a geometric distribution:

4t
15 4¢

1_(1_4} 1511t
15

¢ i Using the product rule
4 4¢
+ -11)(-1
15-11¢ (15—111)2( XD
CA4(15-11t+11) 60
C O (15-11  (15-11r)
, 60 15
() =Gy (=5 ="7=375
i G"()=60(15-11r)*(=2)(-11)= 132015~ 11r)"°
Lo 1320 165
GO=
Var(X):G’)'((l)+G’X(1)—(G'X(l))2
165 15 225 330+60-225

Gx(t) =

G\ ()=

+
8 4 16 16
=@=10.3125
16
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4 d Let the random variable Y denote the number of selections from the second box until Fluffy finds a

fishy treat, so ¥ ~ Geo (%j

2,
12 5t
G, ()= =
y(0) o1, 12=T
12
As Xand Y are independent, Z= X+ Yand G (1)=G ,(1)x G (t), so
4 207>
GZ(t)= t « 5t _ 0r
15-11¢ " 12=7t  (15-116)(12—=71)
e G (1) 20 2t+t2[<—11><—1>+(—7)<—l>]
(15-116)(12-71) 15-11t  12-7t
20t
= 2(15-110)(12=76) + 11612 = 1) + 71(15— 11t
(15_1”)2(12_702[( X )+11¢( )+7t( )]
_201(360—237¢)
(15-11t)°(12-7¢)*
20x123 123
E(Z)=G'(1)= =2-6.15
(£)=62(0) 4 x5 20
GL(1) = 20 : 360—474t+t(360—237t)((_11)(_2)+(_7)(_2)j
(15-117)*(12=7¢) 15-11t  12-7¢
G (1) = 2202 360—474+123(2+Ej ZL(123(110+56)_114><2OJ
4’ x5 4 5)) 20 20 20
_ 1 (20418_2280) = 18138 _ 9069
400 400 200
9069 123 (123’
Var(Z) =G (1) + G, (1) — (G, (1))’ = =
(2)=G;)+G, )= (G, (M) ==+ (2())
_18138+2460—15129 5469
400 400
5469

Standard deviation of Z = \/Var(Z) = 0 =3.6976 (4 d.p.)

-0.5 0
e 0.5 -
—e 0.5

0!
ii P(X>3)=1-P(X<2)=1-P(X =0)-P(X =1)-P(X =2)

-0.5 1 -0.5 2
so P(X23)=1-¢® =& 10'5 _S 20'5 =1-e® (1+l+1j:1—£e_0'5

S5ai X~Po0.5) soP(X=0)=
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5b PY=0)=P(X=0)= e 03
P(Y =1)=P(X =1)=(e""x0.5)= %e—o.s

P(Y =2)=P(X =2)= ( 05, 05

_ 1 e 03
2 8

-0.5 0.5 ( —0.5\
Hence G, (1)=e"+ L L3¢
2 8 L 8

= +e‘°’5[1+lt+lt2 —Efj
2 8 8

P(Y=3)=P(X>3)=1 —%e“

t3

¢ Gi(t)=3t"+e* (l+lt—£12j
2 4 8

E(Y)=G,(1)=3t"+e° (%+%—%) =3 —3—836‘0'5 =0.4981...=0.498 (3 d.p.)

1 39
G"(t)=6t+ _O'S[———tj
r(?) © 47

So G"(1)=6-— %e“ =0.2380 (4 d.p.)

Var(Y) = G"(1)+ G/ (1) - (G' (1)) = 0.2380 +0.4981 — (0.4981)" = 0.488 (3 d.p.)

6 a Using the product rule,
5¢7 s 2t :5t2+2t(2—t):3t2+4t
Q-0 @2-0  @2-n" Q-1
So E(X)=G" (1)=3+4=7
6(312+41)Jr 6t+4 _ 181% + 24t + (2 —1)(6t +4)
2-9"  @-»° 2-1)
127 +32¢+38
ey
G"(1)=12+32+8=52
Var(X) =G () + G, (1) - (G, (1))’ =52+7-7" =10

Standard deviation of X = \/Var(X )= \/E % =3.1623 (4 d.p.)

G ()=

G(1)=

bi P(X=0)=G (0)
0

So P(X=0)=G (0)=—;=0
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se 1 "
6 b ii P(X=2)=5GX(O)

1 1 8 20 1 1
So P(X=2)=—=G"(0)=—x—=—=—=—
( )2"()227282532
¢ i If Y=aX+b, where a and b are positive integers, thenG  (¢) = 'G L1
1 r t
So G,, (1)=t"'G, (t*)=-x =
o () to(a-30) (4-38)
ii AsXand Y are independent random variables, G () =G ,(t)x G () Hence
r t r
X =
2-1t)Y (4-3t° Q2-1)Y4-3t)

Gz(t):

d Rewrite G (t)as G, (1) = £(2—1)"(4-3t)and use the product rule to compute:
GL(t)= 32— (4-3)7 + (=5 (D2 -1 (4-3t) 7 +(=2)(-3)2-1)"(4-31)"
_ 3¢ . 5¢° . 61’
Q-1y(4-3)" 2-0°(4-3)" (2-14-3)
So E(Z)=G/(1)=3+5+6=14

7 a G (I)=1,50k(1+2+3) =1

This gives 36k = 1= k = -
36

b G () =k(1+20+30) (1420 +36 ) =k (144> + 66" + 4 +12° +91°)

Coefficient of ¢* is 4k = é, soP(X=4)= é

¢ G ()= %(8t+18t2 +16¢° +60t* +541%)

1 156 52 13
E(X)=G" (1)=—(8+18+16+60+54)=—="Z=—
07007541 =36 "2 3
G (= 31—6(8+36z+48z2 +240¢° + 2701
G}(l)=L(8+36+48+240+270)=@:ﬁ
36 36 18
301 13 169

Var(X) =Gy () + G, ()= (G (D) ===+ ===

_301H 787338 4L, 2978 (4 dip.)
18 18

d G,y ,()= t_zGX (13) =%t_2 (1+2l‘6 +3¢° )2
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Challenge

1
a Use the general result P(X =x) = —'G;”)(O)
n!

i P(X=0)=G,(0)
So P(X=0)=G,(0)=tan(0)=0
ii P(X=1)=G',(0)

Using the chain rule,
, T 5[ Tt
G, (t)=—sec” | —
0= ()

So P(X =1)=G',(0)= %secz(o) :%

S
iii P(X=2)= 2!GX(O)
Using the chain rule,
2
G ()= (g) 2sec’ (%tj tan (%t)

So P(X =2)= %G} 0)= (%j sec’(0)tan(0) = 0

' T [ T 27 T
b E(X)=G . (1)=—sec’| — |=—=—
(X) =G\ (1) 1 (‘J 15

G')'((l)=2(£j secz(ﬁjtan(£j=2(£j 2=4( j =n_2
4 2) " 4)" 4 2) "4

" i _ i 2:71:_2 E_ i 2:7'5_2 __n_zzﬁ
Var(X) = G () + Gl () = (G (D) =7+ [ ] * :

[a

1 "
¢ P(X=3)=3.G7(0)
’ t t ’ t t t
G"(t) = 2(5) sec’ [n_j sec’ (n_j + 4[£J sec’ TE—J tan(n—] tan[n—J
4 4 4 4 4 4 4
3 3
= 2[5) sec’ (n_t] + 4(2] sec’ [n_t] tan” n_t]
4 4 4 4 4
2( = i

1 3 4 3
So P(X=3)==G"(0)==| = | sec*(0)+—| = | sec’*(0)tan*(0)= =
( ) 6 x© 6(4) © 6(4 (0)tan”(0) 3x64 192

T T
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