Further Statistics 2 SolutionBank

Continuous distributions 3B

1 Method 1
Ifx<0,F(x)=0 soF(0)=0
Ifog<x<g2
<372 3P 3 3y
(0= FO)+], 8 {24}0 24 24
So the full solution is:
0 x<0
2
F) =12 0<x<2
24
1 x>2
Method 2
Ifo<x<2
3x? 3x*
F(x)=|—dx=—+c¢
) J.8 24

FQ2)=1=1+c=1=c=0
So the full solution is:

0 x<0
2
Fo) =125  o0<x<2
24
1 x>2
2 Method 1
Ifx<1,F(x)=0 soF(1)=0
If1<x<3
«1 el [ 1] 27
Fx)=FH)+| - 4-p)dt=|t——| =|x——|-|1-—=|=x———=
(x)=F(D) J‘14( ) { 81 L SJ 8 8 8
So the full solution is:
0 x<l1
2
Fi)={x-2-1 1<x<3
8 8
1 x>3
Method 2
If1<x<3

2

1 X
F(x)=|-(@4-x)dx=x—"—+c
()= [ 4-dr=r-%
F(3)=1:>3—§+c:1:>c:_%

2

So F(x)=x- % - %, which leads to the full solution given for Method 1.
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3 Ifx<0,F(x)=0 soF(0)=0
Ifo<x<3
1 1
F(x)=|—xdx=—x"+
(x) ng X 18x c
AsF(0)=0= c=0

If3<x<6

1 2x X
F(x)=.|.§(6—x)dx=?—ﬁ+d

AsF6)=1= 4-2+d=1=d=-1
So the full solution is:

F(x) =
x) 0 x<0
x2
— 0<x<3
18
2
2X X1 3<x<6
318
1 x>6

This shows the solution using Method 2; the problem can also be solved using Method 1.

4 a The graph is a horizontal line from (0, k) to (3, k), and a straight line from (3, k) to (3, 5k).
Otherwise f(x) is 0.

1k~

|
|
T
o 4 3

[ I A

b The area under the curve must equal 1, so:
3 5
jokdx+j3 k(2x—5)dx =1
3 5 s
k[x],+ k[ (7 =50 ] =1
3k+k((25-25)-(9-15)) =1

9k =1
k=t
9
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4 ¢ Ifx<0,F(x)=0 so F(0)=0
Ifogx<3
1 X
F(x)=|-dx=—+
(x) .[9 X 5 c
AsF(0)=0= ¢c=0
If3g<xg5

2
x° Sx

F(x)=jé(2x—5)dx=3—3+d

AsF(5)=1= %—%+d=l:> d=1

So the full solution is:

F(x) =
(x) 0 x<0
X 0<x <3
9
2
X1 3<x<s
9 9
1 x>5

5 f(x)= % F(x)

So where F(x) is constant, f(x) =0

For 2<x <3, f(x) =il(x2 —4) =ﬁ
dx 5 5
So the probability density function is:
fix) =
% 2<x<3

0 otherwise

6 a P(X<2.5)=F(2.5)=%(2.5—1)=0.75

b P(X>1.5)=1—F(1.5)=1—%(1.5—1)=O.75

¢ P(1.5<X <2.5)=F(Q2.5)-F(.5) =0.75-0.25 = 0.5
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7 As F(x) is a cumulative distribution function, F(2) = 0 and F(4) =1

F2)=0 :%w:o (1)

F(4)=0 :>4—6p+q:l (2)

Subtracting equation (1) from equation (2) gives:
417 217
———=1=4"-2"-6=0
6 6

Let y =27, then y* =27.2” =4” and the equation can be written as:
Y=y=6=0=(y=-3)(y+2)=0
Taking the positive root, y=3=2"=3

So taking logs of both sides, In2” =In3= pln2=In3=p= lln_z
n

Substituting 2” = 3 into equation (1) gives, g = —%

8 a f(x)=%F(x)

So where F(x) is constant, f{(x) =0
2

For 1<x <2, f(x) :il()c3 —2x" +x) :3i—2x+l
dx 2 2 2
So the probability density function is:
f(x)=
) 3x? 1

—=2x+— 1<x<2
2 2

0 otherwise

b Between (1, 0) and (2, 2.5) is an arc of a positive quadratic, otherwise the function lies on
the x-axis:

fla)a

T it

o

¢ PX<1.5=F(.5) =%(1.53 —-2(1.5°)+1.5)

xézi:0.1875
8 16
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_— i
9 a Asarea under curve must be 1, IO k(4—x")dx = kk4x—?J =1
0
(. 8) 16k
k| 8—=|=—=1
DAY

=k=—
16
b Method 1

Ifx<0,F(x)=0 so F(0)=0
Ifog<x<g2

3 2 3( N 3( )
i ]

t
3 Tl ™)

So the full solution is:

0 x<0
3
F == axr-] o<x <2
16 3
1 x>2
Method 2
Ifo<x<2

F(x)= I%(4—x2) dx=%{4x—x§} e

F(2)=1:>%(8—§]+c:1:>c:0

This leads to the same full solution as given for Method 1.

3( 0343) 3( 0.328509 )
P(0.69 < X <0.70) = F(0.70) = F(0.69) = —| 2.8 — ——— | = 2| 2.76— ———~
¢ B )=F(0.70)-F(0.69) =7 3 ) 16l 3 )

=0.50356 —0.49697 = 0.00659 = 0.007 (1 s.f.)

10 If F(x) is a valid cumulative distribution function then for any value x the function F(x) < 1. For this
function F(x) > 1 for x > e so it is not a valid cumulative distribution function.

11a As F(x) is a cumulative distribution function, F(0) = 0 and F(3) = 1. So from F(3) = 1:
%(3k—27):1:>3k: 120+27=147= k=49

b P(X>2)=1—P(X<2):1—L(49x2—23)=ﬁ=2=0.25
120 120 120
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12Ifx<1,F(x)=0 soF(0)=0

If1<x<7

1 Inx
F(x)= dx=—+
(x) len7 In7 ¢

As F(7)=1,¢=0

So the full solution is:
0 x<1

F(x) = 1“—’7“ 1<x<7

In
1 x>7

13Ifx<0,F(x)=0 soF(0)=0
If 0<x<0.5
F(x) = | meos(m)dx =sin(mx) + ¢

As F(0)=0, c=0

So the full solution is:
0 x<0

F(x)=<sin(nmx) 0<x<0.5
1 x>0.5

14a As F(x) is a cumulative distribution function, F(0) = 0 and F(3) = 1. So from F(3) = 1:
1
2+1n3

k2+In3)=1=k=

d
b f(x)=—F
(x) & (x)
So where F(x) is constant, f{(x) =0

For 1<x <3, f()c)=i I (x—1+Inx)= I 1+1
dx 2+1n3 2+1In3 X

So the probability density function is:
f(x) =

! 1+l 1<x<3
2+1In3 X

0 otherwise
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Challenge

a F(t)= jl.2567125tdl‘ =" ¢

F(0)=0= -’ +c=0=c=1

So the full solution is:
F(¢) =
® { 0 t<0

l1-e™  t20
b P(1<T<2)=P(T<2)-P(T<l)=1-e> -(1-e"*)=e"" -7 =0.2044 (4 d.p.)

¢ P(T>3)=1-P(T<3)=1-(1-¢>")=e7" =0.0235 (4 d.p.) e =0.023518...~ 0.0235
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