Further Statistics 2 SolutionBank

Continuous distributions 3D

1 a Between (0,0.3) and (4,0) the curve is a negative quadratic. There is a maximum between x = 0
and x = 4 (as when x = 1, for example, f(x) > 0.3). Otherwise f(x) is 0.

fla) a

0.3

d
b To find the mode solve, af(x) =0

43 g+2r-x7)=0
dx 80
i(2—2x)=0
80
2-2x=0
x=1

The mode is 1.

(To check this is a maximum, either use the sketch or differentiate again and see if f"(1) <0.)

2 a Ifx<0,F(x)=0 so F(0)=0
Ifog<x<4
‘1 1, 1
F(x)=F0)+ | =t dt=|—¢ | =—x’
(0 =FO+ [, [16 l 16"
So the full solution is:
0 x<0
F(x) = i)c2 0<x<4
16
1 x>4
b i F(m):%m2:0.5:>m2:8:>m:x/§ (Note —+/8 is note in the range 0 <x < 4)

So median = 2.83 (2 d.p.)
ii F(P,)= %Plf) =0.1= P, =1.6=> P, =126 (2dp.)

i F(P,))= %ng) =0.8= P; =12.8= P, =3.58 2d.p.)
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3 a AsF(2)= % and F(m) = 0.5, the median must lie in the range 0 <x <2
m2
So Fm) = " =0.5= n’ =3=> m= 321732 3dp)  (as—3 is not in the range)

b Lower quartile is less then the median so it lies in the range 0 <x <2

2
% =025 07 =15=0,=V1.5=12247..=1225 3 dp)

AsF(2)= % , upper quartile lies in the range 2 <x <3

2
—%+2Q3—2=0.75

~02+60,-6=225
~02 +60,-825=0

—6+v36-33
Q;z_—z

0,=2.134 3d.p.) or 3.866 (3 d.p.)
0,=2.134 (3 d.p.) as 3.866 does not lie in the range

Interquartile range = 2.1340 — 1.2247 = 0.909 (3 d.p.)

4 a The graph is a straight line between (0,1) and (2,0). Otherwise f(x) is 0.

flx)a
1 _

(0] 2 X

b 0 (the mode occurs at the maximum point of the probability density function graph)
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4 ¢ Using Method 1:

X

x 1 1 1
For 0<x <2, F()c)=.|A0 [I_Et) dt=[t—zt2} =x—Zx2

0

Using Method 2:
1 1
For 0<x <2, F(x)=j1——xdx=x——x2+c
2 4
AsF2)=1,2-1+c=1=¢=0

So the full solution is:
0 x<0

F(x)= x—%x2 0<x<2

1 x>2

d m——m* =05

m —4m+2=0
+ -
R T
As 2+\/§ is not in range, median = 2—\/5 =0.586 (3s.f)

m

1
e Q3—ZQ32=0.75

Q32 —40,+3=0
(O, —INQ-3)=0

So O, =1 (other solution is not in the range 0 <x < 2)

1
f B——P’=0.05
4

5P’ —20P,+1=0
+/ -
P _20+ ;l(())O 20 2138
So P, =2-+/3.8=0.0506 (3 s.f.) (other solution is not in the range 0 <x < 2)
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1 1
5 a The graph is a straight line between (O’Ej and (3,8) Otherwise f(x) is 0.

f{y] A
1]
2
1]
§ I
! >
O 3 iy

b The distribution is positively skewed, the mass of the distribution is concentrated at the
left-hand end.

¢ 0 (the mode occurs at the maximum point of the probability density function graph)

d Using Method 1:

t 1,
For 0<y <3, F(y)= I——— dt—{a_ﬁt} =X——y2
0

Using Method 2:

y 1
For 0<y<3, F ——ydy==-—3y"+
or 0sy<3, F(y)= I y y=5 lgy x

AsF(3) =1, E—2+c=1:>c=0
2 18

So the full solution is:
0 y<0
1
=X = 0<y<3
F(y)= 2 18y y
1 y>3

e 2 L os
2 18

m —9m+9=0
_9+481-36 _ 945 _9£3Ys
2 2

2
9+ 35 . 9-35
As > >

= 7.85 lies outside the range, median = =1.15 (3 s.f)
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1 1
T 2 =09=> P, —9B, +162=0
9+/81-64.8 9++162 9+4.0249
By = = =
2 2 2
R, = 940249 =2.4875... (other solution is not in the range)
1 1 )
EPIO —ﬁPlo =0.1=> B, -9P,+1.8=0
9+481-72 9+£473.8 9£8.5907
R, = = =
2 2 2
B, = 9785907 0.2047... (other solution is not in the range)

P, —B,=2.4875-0.2047 =2.28 (3 s.f.)
6 a The graph is a positive cubic between (0,0) and (2,2). Otherwise f(x) is 0.

flx) a

2_

(0]

[ .

b 2 (the mode occurs at the maximum point of the probability density function graph)

xl 1 N 1
¢ For 0<x<2, F(x)=IOZt3 dt=|:Et4} ¢t
0

So the full solution is:

0 x<0
1,
F(x)=1—x 0<xK2
16
1 x>2
1 4 4 4 . .. .
d I3 m=05=>m =8=>m= \/g (median must be the positive root to be in the range)

So median = 1.68 (3 s.f.)
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3 3 . 3
7 a The graph is a positive quadratic between (_I’Zj and (I,Zj, with a minimum at (O, gj
Otherwise f(x) is 0.

=
o)

oo

o

I
—_— e ——

b The distribution is bimodal; it has two modes. They are at —1 and 1.

¢ The distribution is symmetrical. Median = 0

d For -1<x<1, F(X)=J‘x1§x2+§dx=[%x3+§x} =[lx3+§x}—[—l—§}=%x3+§x+%
-1

So the full solution is:

0 x<-1
F(x) = lx3+§x+l -1<x<1
8 8 2
1 x>1

6 : :
8 a The graph is a negative quadratic between (0,0) and (lﬁj’ with a maximum when x = 1.5.

Otherwise f(x) is 0.
flx) a

0.6+

(0]

N_-_—_—_—_

b The distribution is negatively skewed, the mass of the distribution is concentrated at the
right-hand end.
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8 c¢ Find the mode by solving

9 6
Z 2
10 10
=>mode =—=1.5
d For 0<x<2, F(x)=Ix(it—it2)dt= iﬁ_iﬁ =ix2—ix3
oL10 10 20 10 ], 20 10
So the full solution is:
0 x<0
F(x) = ix2 —ix3 0<x<2
20 10
1 x>2

e F(1.23)= 2, 123" -« 123720495
20 10

F(1.24)= 2, 1242 L1047 0501
20 10

Since F(m) = 0.5, F(1.23) < F(m) < F(1.24) and as F(x) is a cumulative distribution function this
shows that the median, m, lies between 1.23 and 1.24.

9 a f(x)=%F(x)

So where F(x) is constant, f(x) =0

d(1 1) 1
For 1<x<3, f(x)= —[—xz ——\ =—X
dx\8 8) 4
So the probability density function is:
f(x)= .
—X 1<x<3
4

0 othrewise
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9 b The graph of f(x) is a straight line between (1,0.25) and (3,0.75). Otherwise f(x) is 0.
f(x} A

0.75+

0.254

Fat
o I

0 1 2 3 x

The mode = 3 (the mode occurs at the maximum point of the probability density function graph)

c —m2—1=0.5
8 8
:>lm2=§:>m=\/§
8 8

Median = /5 =224 (3 5.£)

d The distribution is negatively skewed, the mode > median and the mass of the distribution is
concentrated at the right-hand end.

e Plh<X<k+1)=P(X<k+1)-P(X<k)=F(k+1)-F(k)
1 , 1,
So g((k+1) —1)—§(k ~1)=06

=Sk +2k+1-1-k*+1=4.8
=2k=3.8
=k=1.9

d
10a f(x)=—F(x
(x) & (x)
So where F(x) is constant, f(x) =0
For 0<x<1, f(x)= %(4x3 —3x*)=12x" -12x°
So the probability density function is:

f)y=1
2x"(1-x) 0<x<lI

0 otherwise
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10b The graph of f(x) is negative cubic between (0,0) and (1,0) with a maximum between x = 0 and
x =1. Otherwise f(x) is 0

JOA
2 4
1.5
1]
0.5

=y

I I I
0 0.5 1 1.5

d
To find the mode solve . f(x)=0

i(12x2 —12x7)=24x-36x> =0
dx
=12x(2-3x)=0

=x=0 org
3

Checking whether f(x) is a maximum or minimum at these points:
f'(x)= %(24x —36x%)=24-72x
Atx=0,f"(x)=24. As f"(x) >0, there is a minimum at this point

2 : : L
Atx = 3 f"(x)=-24. As {"(x) <0, there is a maximum at this point

2
So the mode = E
¢ P(0.2<X<0.5)=F(0.5-F(0.2)
=(4x0.5-3x0.5")-(4x02°-3x0.2%)
=0.5-0.1875-0.032 +0.0048 = 0.2853

100 , 20

. 25 ,
4x5 5%5°

ts} =?w —§w5=v5‘}—5(25—4w)

w20
11a For 0<w<5, F(w)=_[0 ?t3(5—t) dt=[

0

So the full solution is:
0 w<0

4

F(w) = 2}—5(25—414/) 0<w<S5

1 w>5
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4*(25-13.
M =0.4875 (4 d.p.)

11b F(3.4)=

3.5%(25-14)

55

F(3.5)= =0.5282 (4 d.p.)
So F(3.4) <0.5 < F(3.5), hence the median lies between 3.4kg and 3.5kg

d
¢ To find the mode, solve . f(w)=0

2

20
:>5—5w2(15—4w)=0

=>w=0 orE
4

1 1 15 . .
f(w) >0 when w<?5and<0whenw>?5, sow= 75 1S @ maximum

1
Hence mode = ?5

(Alternatively justify the maximum by sketching f(w) or showing that £"(3.75)<0)

d Median , mode so negative skew.

4 2! 5P
12a Q0= [ Sdrt [ Tde=| S| 4| 2
04 15 8 | [25]
1 32 1 25+248 273

4o —= ~1.365
8 25 25 200 200
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12b Ifx<0, F(x)=0 so F(0) =0
fo<x<1

1 b
F(x)=|—-dx=—+
(x) _[4 X 2 c
AsF(0)=0= c=0

fl<x<?
x3 x4
F(x)=|—dx=—+d
(x) I5 720
AsFQ)=1= Chgoim gt
20 20

| =

So the full solution is:

B0 = x<0

m* 1

C F(m)=2—0+g=05

m*+4=10

m' =6

m=1.565 (3 d.p.)

So median =1.565 (3 d.p.)

Lower quartile

4
&+l=0.25
20 5

Q' +4=5
0 =1

Upper quartile
4
%1
20 5
0;+4=15
Q; =11
0,=1.8212 (4d.p.) (Note —1.8212 isnotinrange)

=0.75

Interquartile range = 1.8212 — 1 = 0.821 (3 d.p.)

d The mean (1.365) < median (1.565) so the distribution is negatively skewed.
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13 There are many possible answers. The sketches below show one set of graphs that satisfy the
respective conditions:

a The mode # median because there is no maximum.

flx) a

x
b The mode lies outside the interquartile range because the maximum is at an end point.

f(ax) &
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14 There are many possible answers. Consider this function:

x 0<x«l1
f(x)= % I<x<2
0 otherwise
S A
1_
0.54
0 1 2

It is a probability distribution function as:
1 2
1 2 1 1
_[lxdx+_[2—dx= S .
0 12 2 12) 2 2

The cumulative distribution function is:

F(x)=

) 0 x<0
x2
—  0<x«l
2
T <xg2
2
1 x>2

From the sketch, the mode = 1. From the cumulative distribution function F(1) = 0.5, so the median
is 1 and the median and the mode are therefore equal.

15a f(x) is a continuously decreasing function in the range 2 <x <10, as x increases decreases

xIn5
So the mode occurs at x =2

. i In2 Inx—In2 In(0.
b For 2<x<10, F(x):j2 1 d =[m} _lnx_ n2 Inx-In2 _ n(0.5x)

tIn5 In5 5 " In5 InS In5 In5
So the full solution is
0 x<?2
F(x) = In(0.5x) <x<10
In5
1 x>10
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15¢

16 a

In0.5m Inm—In2
In5 In5

— Inm=0.51n5+1n2=In(2v5)
=>m= 2\/5

F(m)= =0.5

Lower quartile
InQ —1n2
In5
=1InQ, =0.25In5+mI2=1.09551 (5d.p.)

= Q,=¢"""'=2.9907 (4 d.p.)

=0.25

Upper quartile

InQ, —In2
In5

= InQ, =0.75In5+1n2 =1.90023 (5 d.p.)

= 0, =" = 6.6874 (4 d.p.)

=0.75

Interquartile range = 6.6874 —2.9907 = 3.697 (3 d.p.)

For x>0, F(x) = j:Z.Se’z'S‘dt =[] =1-e7*

So the cumulative distribution function is

0 x<0
- x>0

F(m)=1-¢>"=0.5

=e" =05

= -2.5m=1n0.5=-0.6931

=m=0.277 3 dp.)

So median is 277 hours (to the nearest hour)
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16 b Lower quartile
1-e% =0.25
= e =0.75
= —2.50, =In0.75=-0.28768
= Q,=0.1151 (4 d.p.)

Upper quartile
1-e>°% =0.75
= e %% =0.25
= -2.50, =1n0.25=-1.38629
= 0,=0.5545 (4 d.p.)

Interquartile range = 0.5545 — 0.1151 = 0.439 (3 d.p.)

So to the nearest hour, the lower quartile is 115 hours, the upper quartile is 555 hours and the
interquartile range is 439 hours.

17a The area under the curve must equal 1, so:

0.25
IO ksec’(mx)dx =1
0.25

= [ﬁtan(nx)} =1
T

0
- f(tan(o.zsn)— tan0) = L
T T

=k=mx

b For 0<x<2.5, F(x)= jo’“nsec2 (nt)de =[tan(nr)], = tan(mx)

So the cumulative distribution function is

0 x<0
F(x)=qtan(mx) 0<x<0.25
1 x>0.25

¢ F(m)=tan(mm)=0.5
= mm=0.4636 = m=0.1476 (4 d.p.)
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18 a The area under the curve must equal 1, so:

4k
L X(S—x)dle

:>k_|.4i+ ! dx=1
25x 5(5-x)

:%[hlx—ln(S—x)]i=l
= k(In4-In2+In3)=5

:>k1n(4><3
2

)=kh16=5

In6

b E(X)=— '~ ay= [ gy
In672 x(5—-x) In672 (5—x)

=_[ In(5— )] 51n3

=3.0657...=3.066 (3 d.p.)

2
¢ E(XZ)_—4 AP L B S S B U
In6 72 x(5—x) In672 (5-x) 6 2 5
:—[—x—Shl(S—x)]“ =%=i(_4+2+5m3)=w
In6 2 In6 Iné6

Var(X)=E(X?*)-(E(X))* =9.7476 — (3.0657)* = 0.349 (3 d.p.)

=9.7476 (4 d.p.)

d For 2<x<4, F(x)=

xld_ijl 1

I t= — t
62 15-0) 6925 5(5-1)

3x )
2(5- x)U

1 1
n6[1nt In(5— t)] 6(1nx In(5-x)- 1n2+1n3 ln6L L

So the cumulative distribution function is

0 x<?2
F(x) = {——| In[ —>* 2<x<4
In6 10—-2x
1 x>4
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3m
10-2m

18e F(m):ﬁ[ln }zO.S

10-2m

=" _ 6

10-2m

106

=m= =
3+2\/g

f 4 because the pdf curve is U-shaped and the maximum value of the pdf is at the end-point 4.

:ln{ 3m \=0.51n6=ln\/g

3.101 (3 d.p.)

g As the mean < median < mode, the distribution is negatively skewed.
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