Further Statistics 2

SolutionBank

Continuous distributions Mixed exercise 3

1 a E(X)=Ixf(x)dx=jozg(l+§j dx = | §+%dx
X T _ 28 2 2 4 10
=l —t+—| =—+—==4—=
6 18| 6 18 3 9 9

EGX +2) =3 E(X)+2=3x 0 - 30+18_148_16
9 9 9 3

b Var(X) = [*f (x)dx— (E(X))’ = [/ 3(1 _Jd _(EJ _ X, Xy 100

2 9 036

_{x3 x“}z_@ 2° 2 100 _8 2 100 _72+54-100 26

A ==
9 24| 81 9 24 819381 81
Var(3X +2) =3*Var(X)=9x 26_26
81 9

¢ P(X <1)=j:%(1+§) dx = :%+%dx

x, ¢l 1.1 5
137 12) 3 1R
d P(X >E(X))=P(X 1;) 1- P[X 1;’}
10
X x2|9
_1j (1+ jd x=1- j =42 dx 1-| 2+2
3 12

_, (10,100) £+§ _, 115_128
27 972 243 243 243 243

3 6 3 12

1.5 152 05 05) 3 9 1 1
—t+— —+ —+t———==
3 12 12 ) 6 48 6 48

2
=—+
6

e P(05<X <15)= j (1 X)d _{LX_Z}
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) > 1 2 _9y3dy 1 2
2 b Var(X)=[x*f(x)dx—(E(X))* = [ 2x* ~2xdx (3)

2.1, 1 2 11 12-9-2 1
==X -Zx'| - ===2-Z=_Z= ey~
3" 27 ], 9 3 29 18 18
1 5
c E(2X+1):2E(X)+1:2><§+1:5

4

Var(2X +1) =2*Var(X) = s

©OIN

d Method 1
F(x) = j:(z—zt) dt=[2t—t* | =2x-x’

Method 2
F(x) :I2—2xdx:2x—x2+c

F(2)=1, s02-1+c=1=c=0

So the cumulative distribution function is:

0 x<0
F(x)=42x—x*> 0<x<1
1 x>1

e F(m)=05,502m-m*=05P 2m* -4m+1=0
o_4ty16-8 . 2

4 2

N7

As 0<m<], m:1—7:0.293 (3s.f.)
3 a As F(2)=1, F(2)=k(4—2)=1:>k=%

1 1(9 3) 3
b P(Y <15)=F(.5)=>x(15"-15)==|=-=|===0.375
(¥ <1.5) =F(L.5) = = x( )2(42)8

¢ F(m)=0.5, so %(mz—m)=0.5:>m2—m—1=0

oLVl 1245

2 2

1+J§

2

Asl<m<?2 m= =1.62 (3s.f)
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3 d Using iF(y)=f(y)
dy

d(1,, _, 1
LIV

dy\ 2
So the probability density function is:
f(y)=
y_E 1<y<2

0 otherwise

4 a P(X>2.4)=1-P(X <2.4)=1—F(2.4)=1—%(2.42—4):0.648

Alternative method:
P(X >2.4)=P(X <3)-P(X <2.4) =F(3)—F(2.4)

=%(32 —4) —%(2.42 —4)=0.648

b F(m)=0.5, so %(m2—4):0.5

=2(m*-4)=5 multiplying both sides by 10

= 2m* =13
:m:\/%:255(3s.f.) as —\/%isnotintherangezgmgfs

¢ Using d F(x) =1 (x)
dx

d(1,, ) 2x
_[_(X _4)j_5

dx\ 5
So the probability density function is:
f(x)=
Q 2<x<3
5
0 otherwise
32 2 T 2 38
d E(X)=|xf(X)dx=| =x?dx=| —x*| =—(27-8)=—
(X) I ) LS {15 l 15( ) 15

e The mode occurs at the maximum point of the probability density function graph. As f(x) is strictly
increasing on the interval [2, 3] and O elsewhere, the mode must be 3.
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5 a The area under the probability density function graph must be 1, so:

3 2
J'kazdx=1z{ﬁ} =1
0 3 0

So %zlzkzg
3 8

23x° x| 3
b E(X)=|xf(x)dx= —dx:[—} =—=15
I IO 8 32|, 2

¢ Method 1

x3 1,1 x°
F(X):IO gtz dt:‘:§t3:| :E

Method 2

X3

F(x) :ngzdng +c

3

F(2)=1, so %+C:1:>C:O

So the cumulative distribution function is:

0 x<0
X3

F(x) = ) 0<x<g2
1 X>2

d F(m)=05, so % ~05

=m’=4 =>m=159 (3s.f)

e The mode occurs at the maximum point of the probability density function graph. As f(x) is strictly
increasing on the interval [0, 2] and 0 elsewhere, the mode must be 2.

6 a The area under the probability density function graph must be 1, so:
[Tk(y?+2y+2) dy=1

y° i
:{k(?+y2+2yﬂ =1
1
3
=k 3—+32+6 —k(1+1+2):1
3 3
10 62

= k(24——):1:>—k =1
3 3

So k=i
62
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3 3(t° ’
6 b F(y):jlyé(t2+2t+2) dt:|:§(§+t2+2tJ:|

1

3 3 2
_3 Y oyryay —i(1+1+2j:y—+3i+3—y—i
62\ 3 62\ 3 62 62 31 31

So the cumulative distribution function is:

0 y<1
y> 3y* 3y 5
F(y)={—+—+——-—— 1<y<3
W 62 62 31 31 Y
1 y>3

3 2 B
¢ PY<2)=F@=2+32 6 5 _4+6+6-5 11
62 62 31 31 31 31

Alternatively, the probability can be derived from the probability density function as follows:

2
23 3(y°
oY S2>=Lﬁ(yz”y*z)dyz[é(y?*y”zyﬂ

3
_ 32 —i(l+1+2J=E
62\ 3 62\ 3 31

7 a The graph of the probability density function is a quadratic with a negative x? coefficient between
(-2, 0) and (2, 0), with a maximum at (0, 0.375); otherwise it is 0. The sketch of the graph is:

1

f[:r] Iy

3
8

2 0 2 x

b The mode occurs at the maximum point of the probability density function graph. From the graph,
this occurs when x = 0. So the mode is 0.
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7 ¢ F(x)= j—(4 t)dt—[%—;—z}

(e g) (2,8) 2 X
32 32 32 32 32 32 2

So the cumulative distribution function is:

0 X< -2
3
F(x) = 12—X—X—+E -2<x<2
32 32 2
1 X>2

d P(0.5<X <15)=P(X <1.5)—P(X <0.5) = F(L.5) ~F(0.5)
:(g_g 3)_(3 0.5° 1}_12 26 96-26 35

32 256 256 128

=2 _0.273 (3s.f)

+ j— J—
32 32 2 32 32 2

8 a E(X)=jxf(x)dx=j:§dx+_[1227x d

] [2xT 1 (32 2)
=l=| 55| ==zt 55"
_1,15_ 7,45 52 26, 00 4s)

=4+ —=—4—=
6 14 42 42 42 21

b If x<0, F(x)=0 so F(0)=0

If 0<x<1
x1 t] x
F(x):F(0)+j0§dt=[§} -3
0
1
So F() ==
W=7
If1<x<2

20 1.2 2 _2¢ 5
321 21 21 2

F(X) = F(1) + jj%rz dt %{Z
1

So the cumulative distribution function is:

F(x) = x<0

wlx o

0<xxl

3
2i+i 1<x<?2
21 21

1 X>2

© Pearson Education Ltd 2018. Copying permitted for purchasing institution only. This material is not copyright free. 6



Further Statistics 2 SolutionBank

8 ci FQO =% therefore the median lies in the interval 1<x <2, so

3
F(m)=05, s0 2™ 42 _g5
21 21
=4m*+10=21
=m= u_ 2.75
4

= m=1401(4s.f)

i F(Pls):%; soas F(P;) < % P isinthe interval 0 <x <1

Therefore % Ps = o = P, = a5 0.45=x=0.45

100 100
d Mean (1.238) < median (1.401) < mode (2), so negative skew.

9 F(1)=0=0.05a—b=0=b=0.05a
F(2)=1=0.05a’ -b=1

= 0.05(a’ —a) =1 substituting for b
=a’-a-20=0

= (a+4)(a-5=0 factoring

Since a is positive, a=>5

So b=0.05a=ix5=£:0.25
20 4

10 If F(x) is a cumulative distribution function, then the probability distribution function f(x) is found by:
Lr =10
dx
d(1 2 1
—| =(16x—x"=55) |==(16—-2x
o3¢ )| -3a6-29

So

fx)=|,
g(8—X) 5<x<10

0 otherwise

But this cannot be a probability distribution function as f(x) < 0 for 8 < x <10 . So F(x) cannot be a
cumulative distribution function.

© Pearson Education Ltd 2018. Copying permitted for purchasing institution only. This material is not copyright free. 7



Further Statistics 2 SolutionBank

11a The area under the probability density function graph must be 1, so:
[ kx—kx=1

x? ?
:k{——x} =1
2

1

= k(g—3—£+lj:1
2 2

:>2k=1:>k:%

b E(X)= [ xf(xdx= f’%(x2 ~ %) dx =[Xg—’ﬂ

_2Z 9 1l B T 533(3sh)
6 4 6 4 3 3

x1 2 t] X x 1
¢ F) = Zt-Ddt=|——=| ==-=-=
()-[12( ) {4 Zl 4 2 4
So the cumulative distribution function is:
0 Xx<1
2
Fo=1X X1 1ox<s
4 2 4
1 X>3
2.4%
d F(24)= 2 -1.2+0.25=0.49
2.5°
F(2.5) = 1 -1.25+0.25=0.5625

Since F(2.4) <0.5<F(2.5), the median, m, when F(m) = 0.5 lies between 2.4 and 2.5.

e Mean (2.33) < median < mode (3), so negative skew.
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2
11f FR)=0 s Mo P 1 1
100 4 2 4 10

= 5P2 -10P, +5=2
=5P2-10P, +3=0

10++100-60 _ J_
10

=P, = N -1.6325

2
FP) = s Bo Pn, 1 9
100 4 2 4 10
= 5P —10P,, +5=18

— 5P2 —10P,, —-13=0

+
~P, = 10+ “11000+ 260 ), 3*{31_0 —2.8974

So required percentile range = P, — P, =2.8974-1.6325=1.26 (3 s.f.)

12 a The graph is a straight line from (0, 0) to (1, 1); part of a quadratic with a positive x* coefficient
from (1, %) to (2 12) and otherwise 0. The sketch of the graph is:

flx) 4

14--=-=-======
E_ _________
14

A R S

|
|
|
|
|
|
|
|
5 x

b The mode occurs at the maximum point of the probability density function graph. From the graph,
this occurs when x = 1. So the mode is 1.

T T3t

¢ E(X xf(x)dx = | x?dx —dx_ — -

00 =[xt e =[x ax |2 {31{561
1 48 3 56 144 9 191

3 56 56 168 168 168 168
191 191

E(2X)=2E(X)=2" —=—
(2X)=2E(X)= 168 84
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12d Var(X) =[x f(x)dx—(E(X))* = [[ xcx + Lz?’l—)jdx—(lglj

168
EL 15T
4] |70 \168
=%+%-%-(%f — 02860 (4 s.f)
Var(2X +1) = 2* Var(X) =4x0.28602 =1.14 (3 s.f.)

e If x<0, F(x)=0 so F(0)=0

If 0<x<1
« tzx N
F(X)=F0)+| tdt=| —| =—
() =F(0)+], M >
1
So F()==
W=3
Ifl<x<2

3t 1 (3] _1 3¢ 3 3¢ 18 3¢ 3
2 42 42 42 42 427

F(x) = F@Q)+], =

So the cumulative distribution function is:

F(x) =
) 0 x<0
XZ
— 0<x«1
2
3
X—+E l<x<?2
14 7
1 X>2

f Inderiving the cumulative distribution function in part e, it was shown that F(1) = 0.5.
So the median is 1.

13a The graph is part of a cubic with a positive x3 coefficient from (0,0) to (2,0.5); a straight line
from (2, 0.5) to (5, 0); and otherwise 0. The sketch of the graph is:

flx) 4

1
2

0 2 5 *
13b The mode occurs at the maximum point of the probability density function graph. From the graph,
this occurs when x = 2. So the mode is 2.
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SolutionBank

13 ¢ Using the sketch, P(X > 2) = area of triangle with coordinates (2, 0), (2, 0.5) and (5, 0)

14 a

So P(X >2):%x3x%:0.75

If x<0, F(x)=0 so F(0)=0

If 0<x<?2
] x
F(x) =F(0) + —dt— —
e o [5] -4
4
So F) =2 =1
64 4
If 2<x<5

5t 2]
F(x) = F(2) + —dt—— = 2 L T (10x—x?
()= ()I 4{6 12} 276 12 6 12 12(

So the cumulative distribution function is:

F(x) =
) 0 Xx<0
X4
— 0<x<?2
64
2
10x—x--13 2<x<5
12
1 X>5

As F(2) = 0.25 (from part d), the median, m, lies in the range 2<m <5
— 2 —

F(m)=0.5 :w ~0.5=m?-10m+19=0

10i\/1200—76 :5i\/6

As 5++/6 is outside the range, m=5-/6 =2.55 (3s.f.)

So m=

iF(x) =f(x), so
dx

d 2 10 2X
f(x)=— -2 15x° —44) |=— (-6 30X)=—— =—(5-
(x) o ( (-2x® +15x° )j ( x> +30x) 27x 27 27( X)
So f(x) =

X5-x) 2<x<5
27

0 otherwise

~13)
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14b To find the value of x when f(x) is a maximum, solve dif (x)=0
X

d 2 , 10 4 10
— | —— X+ —=X|=——X+—
dx\ 27 27 27 27

So the mode occurs when —4x+10=0=x=2.5

Note that f(X) is clearly a maximum at this point as it is a negative quadratic.

¢ The graph is part of a quadratic with a negative x? coefficient from ( gj to (5,0); and is

otherwise 0. The quadratic has a maximum at (2.5, gj . The sketch of the graph is:

flx) 4
4,
'_I} 1
I
I
|
|
l
I
|
0 2 25 5 %
d u=E(X)= jxf(x)dx j——x + 10 2y
27
2[ 1,5 ST 2( 625 625 40) 2( 1875+2500+48—160j
=—|——-X+=X"| =—=| ——+—+4-
271 4~ 3" ], 2710 4 3 3) 27 12

2 513 2x19 19

27 12 12 6
e F(u)= F(ng 1( 2(19j 15(19j 44]=0.5297 (4s.f)
6/ 81 6 6

f F(25)= é(—2(2.5)3 +15(2.5)° —44)=0.2284 (4 s.f.)

If m is the median, F(m) =0.5, so, as 0.2284 < 0.5 < 0.5297, for this distribution,
mode < median < mean, which means the distribution has a positive skew.

15a As F(x) is a cumulative distribution function, F(5) =1
1

So k(35x5-2x5°)=1=125k =1=>k =—
125
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15b F(m)=0.5, so i(35m ~-2m?)=0.5
125

= 4m?-70m+125=0
M= 70+£+44900—-2000 70+53.8516...
8

8
As 70+53é8516”' > 5, this cannot be a solution as the median lies between 0 and 5
So the solution is m = 70_53'88516"' =2.02 (3s.f)

c iF(x) =f(x), so
dx

d( 1 on)_ 1 op
f(x)=&(ﬁ(35x—2x )j_125 (35-4x)

So f(x) =
—(35-4x) 0<x<5
125
0 otherwise
. . . 35 15 . .
d The graph is a straight line from | 0,— | to | 5,—— | and is otherwise 0.
125 125
The sketch of the graph is:
flx)a
35 |
125
15 |
125 :
i
0 5 %

e The mode occurs at the maximum point of the probability density function graph. From the graph,
this occurs when x = 0. So the mode is 0.

5
fE(X)=[xf(x)dx= Jj%(%x—“z)dx = i[§ X —fxﬂ

1252 3 |,
2 3
_ 1 [35x5° 4x57) 7 4 21 8_13_, .0 541
12502 3 ) 23 6 6 6

g Asmean (2.17) > median (2.02) > mode (0), the distribution has a positive skew.
The skewness can also be deduced directly from the graph (part d).
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16 The area under the probability density function graph must be 1, so:

2
J.Ozax+bdx:Bax2+bx} =1=2a+2b=1 1)
0
2
E(X) = [ xf (9ax = ["ax’ +bxdx=[1ax3+1bx2} 982 @)
0 3 2 v 8 3 8
Subtracting equation (2) from equation (1) gives:
2 1 3
—a=-—=—a=—
3 8 16
Substituting for a in equation (1) gives:
6 +2b=1=b= >
16 16

17a The area under the probability density function graph must be 1, so:
470
[ k(x+12ax {@} _1

-1
= K =1=k=4
4
0 3 0 4 3 2

b E(X)=jxf(x)dx :J_14x(x+1) dx:j_14x +12x° +12x° + 4xdx

0

=[ﬂx5+3x4+4x3+2x2}
5 4

_4 3i4-2-202
5

¢ F(X)=[4(x+1) dx=(x+1)* +c
F(-)=0=c=0

So the cumulative distribution function is:

0 x<-1
F(X) =4 (x+1)* -1<x<0
1 x>0

d F(m)=(m+1)*=05
= m+1=0.8409
= m=-0.159 (3s.f.)
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18a b—-a=5-(-2)=7, so the graph is a straight line from (—2,%) to (5%} and 0 otherwise.
The sketch of the graph is:

f[y} A

~i|—=

-]
=Y

-2 0

a+b -2+5
2 2

b E(X)= 15

Var(X) = (b-a)’ _(65-(2)" _49

c
12 12 12

d For —2<x<5, F(x)zjxidtzrldt:[l} :§+§:i2

2b-a 27 |7], 77 7
So:
0 X< -2
F(x) = x+2 —2<x<5

1 X>5

1 3
e PB5<X<55)=(5-35)x-=—
( )=( )x7 14

Note that as f(x) =0 for x> 5, P(6< X <5.5)=0

f As X is a continuous random variable P(X = n) = 0 for any discrete number n.
SoP(X=4)=0

P(X>0nX<2) PO<X<2) 2%
P(X <2) P(X<2) 4

g P(X>0|X<2)= —%

P(X>3nX>0) P(X>3)

h PIX>3[X>00=—"55720) P(X >0)

~lon [~in

ol

19a The area under the probability density function graph must be 1, so:
0.2(k—(-4))=1=k=5-4=1

b PGQ<)(<—D=04—04Dxl_i4)=%=02
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19¢ E(x)=22_ A 3_ 45
2 2 2

d Var(X) — (b_a)z — (l_(_4))2 =§

12 12 12
e For -4<x<1, F(x)zj‘xidt: det:[l} :1+£:i4
“ph—a 345 \ 5 5
So:
0 X<-4
F(x) = %4 _4<x<1
1 x>1
20a E(Y)=a—J2rb=2:>a+b=4:>a=4—b
_ 2
Var(Y)=(b1a) —3= (b-a)* =36
So (b—4+b)* =36 substituting for a
= (2b—4)* =36
=2b-4=46
=b=2+3

b=-1=a=5rejectash>a
Sosolutionisb=5=a=-1

5-18 32 8
b P(Y>18)= ====—=0533(3sf.
(¥ >18)=¢ T (3s.f)

21a As 10-5x0=10and 10-5x2=0
SoY ~ UJ[0,10]

3-0 3

b P(Y<3)=——=>-03
0 <3=10-0"10

P(Y >3nY <7.5) P(3<Y <7.5)
P(Y <7.5) P(Y <7.5)
75-3 45 9 3

75-0 75 15 5

c PY>3|X>05=P(Y>3|Y<75)=
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22a The variable X has a continuous uniform distribution, X ~ U[0,20].

The graph is a straight line from [Oz—loj to (Zo,z—loj and otherwise 0.

fix) 4
1
20 |
I
|
UU EID }
b E(x)=2tP_0+20 44
2 2
RY: 2
Var(xy= b _20° 400 100

12 12 12 3

¢ The string with the mark could be the shorter piece (X < 10) or the longer piece (X > 10)
Require the shorter length of string to be > 8
If the string with the mark on it is the shorter length of string, then require 8 < X < 10
If the string with the mark on it is the longer length of string, then require 10 < X < 12
So the required probability is:

P(8< X <10)UP(10< X <12) =P(8< X <12)=%=o.2

23a The temperature is between 28.5°C and 29.5°C, so X can be any value between —0.5°C and 0.5°C
with equal probability. So a suitable model is X ~ U[-0.5,0.5]

02—-(-05)

-0.7
0.5—(-0.5)

b P(X <0.2)=

. Var(X)Z(bIZa) :(o.s—go.s)) _ %

24a X ~U[-3,10]
The probability density function of X is:

f(x)=
() 1 -3<xx<10

otherwise
0
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24b Mean =E(X) =aT+b = _3;10 = 3.5 minutes

¢ For —-3<x <10, F(X):J.;ﬁdt— x 1 dt:{t} _ X 3 _Xx+3

“Je137 [13), 13 13 13
So:
0 X< -3
Fo =123 3<x<10
13
1 x>10
1 5
d P(5<X <10)=(10-5)x — =~
13 13

25a The difference between the true length and the measured length could be any value between
—0.5cm and 0.5cm with equal probability. So a suitable model is X ~ U[-0.5,0.5]

02-(-02) _,,

b P(-0.2<X<0.2)= =0.
0.5-(-0.5)

¢ P(3 pipes between —0.2 and 0.2) = 0.4% = 0.064

26 a The volume can be any value between 190ml and 210 ml with equal probability. So a suitable
model is X ~ U[190,210]. The probability density function is:

f(x)=
— 190<x<210
20

0 otherwise

The graph of f(x) is a straight line from (190,%) to (210,2—10j and otherwise 0.

J(x) A
1]
20 : :
0 190 210 X
bi P(X<198)=8-190_8 _2_,,
20 20 5

il As X is a continuous random variable P(X = n) = 0 for any discrete number n.
So P(X =198) =0
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26 ¢ The cumulative distribution function is:

0 X <190
F) =1 X190 190 <x< 210
1 x> 210

F(Q,)=075=Q,=205 F(Q)=0.25=Q, =195
So Q,—Q,=205-195=10

P(X >1951 X >200) _P(X >200)

d P(X >200|X >195) =

P(X >195) ~ P(X >195)
_05_2
075 3

27 a Continuous uniform distribution. The difference between the true length and the measured length
could be any value between —0.5cm and 0.5cm with equal probability. So a suitable model is
X ~U[-0.5,0.5]

b Normal distribution.

28a F(t) = j7—12(6—t)2dt = —ﬁ@—t)g +C

F(0)=0=c=1
So the cumulative distribution function is:
0 t<0
_ 3
Fi=11-8=9" o<i<s
1 t>6
_ 3
b Fm)=1-C8="" _ o5
216
= (6-m)® =108
=6-m=4.7622...

= m=1.24 hours (3 s.f.)

EM) = (tfdt = [*-L6—ty2dt= (L4 F gt
¢ E(M)=[tf@di=] —6-0dt=]o—+—

2 43 4
v vt =§_ﬁ+@=9—12+4.5=1.5h0urs

=4+ —
{4 18 288}0 4 18 288
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29a As5b —b = 4b, he probability density function is

f(x) =
) i b<x<5b
4b
0 otherwise
b E(x)=2P 3

¢ Var(X) =[x f(x)dx—(E(X))? = IbSb:—;dx—(Bb)z

[ ] g, 12507 -b? _1080° _16b° _ 4’

12b |, 12 12 12 3
d P(X >1o)=w=£
2 12

e Let the random variable Y be the number of times that X > 10 in five observations, so Y has a

binomial distribution, Y ~ B(S,Ej

12
5\ 5 V(7
So P(Y =3)=(3](Ej (Ej =0.246 (3s.f)
30 F(X)zj’x#dt:{ln(m—l)}xzIn(2x—1)
1 (2t-1)In5 In5 |, In5

So the cumulative distribution function is:

0 x<1
F(x) = M 1<x<3

In5

1 X>3

31a The area under the probability density function graph must be 1, so:
[[ kesin(ax)dx =1

. [—kx cos(nx)}

T

1
_jl_dezl using integration by parts

0
0 7‘[

2

N [_kx cos(nx) , ksin(nx) T 4
T 7T

0
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31b E(X) = [xf(x)dx= j:nxz sin(mx)dx
= [—xz cos(nx)}z + J‘;2x cos(nx)dx using integration by parts

. 1 H
Sln(ﬂx)} _ .[012 SIN() 4 using integration by parts again
i 0 T

= [—xz cos(mx) + 2X

2

sin(nx) . 2 cos(mx) T
T T 0

= [—xz cos(mx) + 2X

—1-2 2 . 0.5047 =59.47%
T T

32a The area under the probability density function graph must be 1, so:
1 2 k
IO kdx+L ?dx =1

= [kx]t +[—§I =

:>k—5+k=1
2

:%=1
2

:>k=g

3

b E(X)=[xf(x)dx = j “ldx+ _[—dx
xT [2Inx 1 2

{_} J{_} = =+%In2=0.79543...=0.795 (3 5.f.)
3, | 3 ], 3 3

c E(X?)= jxf(x)dx j d+j Zdx

2x3 [ZX} 2 2 8
9 | |3} 93 9

So Var(X) = E(X2)—(E(X))? = g— (0.7954)% = 0.256 (3 5.f.)
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Challenge

1 a As @ can take any value between 0 and 2z with equal probability, a continuous uniform
distribution would be suitable, with 8 ~ U[0, 2x]

b X =rlsing|

. |
SOE(X)=E o)) = 0|—do
0 E(X)=E(r[sing)) !r|sm |27t

b 2n
= 2—;[_([sin 0do + _7[ (—sin H)dej

= 2—;([— cos & +[cos H]i“ )

.
=L (2+2
>-(2+2)

_ 2" 0.6366r
T

¢ Spin the spinner 100 times and measure X each time. Take the mean of these observations and
divide 2r by this value.

2 a E(X)= _[:xf(x)dx: j:x,ie-“dx

= [x(ﬂe‘“)]: - _[Ow —e Mdx using integration by parts

-ax |®
I i
0 PR

E(X?) = j: X°F (X)dx = j: x* (e " )dx

=[x (ﬂe‘“)]: - I: —2xe dx using integration by parts

2

=0+2j:xe“dx=%E(X)=?

2 (1) 1
Var(X)=E(X2)—(E(X))’=—=—| = | ==
(0 =EX) - €00 = 4 (ﬂj -
b P(X>a)=1-P(X <a)=1-[ 1e™dx
___—/IXa___—/la _ A-a
=1 [e ]0_1 (-e "+ =e
Similarly, P(X > b) =e ™ and P(X >a + b) = e @) =g ha x g%

PX >a+h) e*xe™
P(X >a) e

Hence, P(X >a+b|X >a) = =e®=P(X >h)
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