Further Pure Mathematics 1 SolutionBank

Vectors 1C

1 For each problem, calculate the vector product in the bracket first and then perform the scalar product
on the answer.

i j k
a bxe=1 1 1 |=4i—-j-3k
304
a.(bxc)=(5i+2j—-k).(4i—j-3k)
=20-2+3=21
i j k
b ecxa=3 0 4 [=-8i+23j+6k
5 2 -1
b.(cxa)=(i+j+k).(-8i+23j+06Kk)
=-8+23+6=21
i j k
¢c axb=5 2 -1|=3i-6j+3k
I 1 1
c.(axb)=(3i+4k).3i—-6j+3k)
=9+12=21
i j k
2 bxe=[2 1 -1|[=-8i+8j—-8k
2 -3 -5
a.(bxc)=(>i—j—2k).(-8i+8j—8k)
=—8-8+16=0

If a.(bx¢) =0 then a is perpendicular to b xec.

This means that a is parallel to the plane containing b and ¢ (in fact a = %b + %c ).

3 ABxAD= = —2i+j+6k

—_— () e
N O
o = X~

Volume of the parallelepiped = | E(ﬂ? X E) | =](@{+j+3k).(-2i+j+6k)|

=|-2+1+18|=17
g 6 4 I 1 3
Alternatively, volume=| b b, b, |=|3 0 1|=1(0-2)-10-1)+3(6-0)=17
dl dz d3 1 2 0
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4 Let the vertices 4, B, D and E have position vectors a, b, d and e respectively.
AB=b-a=4i-2k
AD=d-a=3i+2j-k
AE =e—a=3i+j+k
Using the scalar triple product

301 1
TE.(E><E)= 4 0 —2|=30+4)-1(-4+6)+1(8—0)=12-2+8=18
32 -1

So volume of parallelpiped = ‘E(E X E)‘ =18

5 Let the vertices 4, B, C and D have position vectors a, b, ¢ and d respectively.
AB=b-a=3i+j+k
AC =c—a=j-2k
AD=d-a=2i-j+k

301 1
E.(E‘><E)= 0 1 -2|=301-2)-100+4)+1(0-2)=-9
2 -1 1

Volume of tetrahedron = l‘ﬂ? (E’ X E)‘ = 9 - 3

6 6 2

6 a Let the vertices 4, B, C and D have position vectors a, b, ¢ and d respectively.
BC=c-b=-2i+2j+k

BD=d-b=2j+2k

i j k
BCxBD=| -2 2 1|=2i+4j—4k
0o 2 2
AreaoffaceBCD=%‘R’xﬁ)‘:% 224 42 4 (4! :\/2_6:3

b The normal to the face BCD is in the direction of BCx ﬁ), 1.e. in the direction 2i+4j—4k
As |2i+4j—4k |=4/2° +4* +(-4)’ =6

1 1
The unit vector normal to the face is g(2i +4j—4k) = g(i +2j-2k)

1. . : :
Multiplying by —1 also gives a vector normal to the face BCD, so ‘5(‘ +2j-2K) is a solution.
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6 ¢ BA=a—-b=—i+3j—
ﬂ.(ﬁ*xﬁ)=(—i+3j—k).(2i+4j—4k)=—2+12+4=14

D)5

7 a Let the vertices 4, B, C and D have position vectors a, b, ¢ and d respectively. (Note a = 0.)
Now find the length of all edges, as a tetrahedron is regular if all of its edges are the same length.

Volume of tetrahedron = %‘AB R’ X

AB=b-a=b, so ‘ﬂ; )

AC=c-a=c, s0 ‘A—C =P +(3) =

E=d—a=d,so‘AD \/12 (f] (i] = 1+%+%4 2

BC=c-b=-i+3] so [BC|=\(-1y +(3")=2

BD=d- b——l+£]+ik ‘@‘:\/( 1)’ (J—J (2*/_] 1+%+24=2

3
2 2
pesre- 22 (38 (] -5

3

All 6 edges have the same length and so the tetrahedron is regular.

2 0 0
b AB.(ACx4D)=|1 3 0 263 48, o
3 3
1 B 26
R
Volume of tetrahedron:%‘ ( AC % AD)‘ 4\/_ 2\3/5

8 a AB=(-i+j+2k)—(i+2j—k)=-2i-j+3k
AC=(Q2i-j+k)-(i+2j-k)=i-3j+2k

i j kK
ABxAC=|-2 -1 3|=7i+7j+7k
1 -3 2

| 1 J147 73
b Area of triangle ABC =5| ABx AC| =?/72 +7°+7 =77sz
¢ AO0.(ABxAC)=(-i-2j+k)(Ti+7j+7k)=-T-14+7=-14

— 147

Volume of tetrahedron = %‘AO E x AC )‘ 3
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9 a AB=b-a=i-2j+k, BC=c-b=-3i—j-2k

i j Kk
ABxBC=|1 -2 1 |=5i-j-7k
3 -1 =2

BD=d-b=-i+2k, DC=c—-d=-2i—j-4k

i j Kk
BDxDC=|-1 0 2 |=2i-8j+k
2 -1 -4

b i ABxBC=-BAxBC=>| ABxBC|=|BAxBC|
So area oftriangleABC=%|ﬂxE’| = |Exﬁ’|

=%|—5i+j+7k| =%\/25+1+49
53

_1 3
2 2
b ii ABxBC =-BAxBC=> BAxBC =—-ABxBC
BD.(BAx BC )= (=i +2K).(~5i+j+ 7k) =5+14 =19

So volume of tetrahedron ABCD =% BD.(BAx BC)| = %
i j k
10a bxc== -1 3 |=i+2j
4 -2 5

As a=2(bxc), OP is perpendicular to O—Q and to O—R, ie. OP is perpendicular to the
plane OQR.

b |OP|=|a|=v2"+4 =20=2V5
Area of OOR =%|bxc|:%w/12+22 :g

x£x2\/g:§
2 3

1 : 1
Volume of tetrahedron = 3 x base x height = 3

¢ Using the scalar triple product:

2 4 0
a(bxc)=|2 -1 3|=2(-5+6)—4(10-12)=2+8=10
4 25

a.(b xc¢) is 6 x volume of tetrahedron (from part b), so result verified.
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i j ok
11a OBxOC =(2i—j—4k)x(-2i+4j-2k)=|2 -1 —4|=18i+12j+6k
2 4 =2

b @.(ﬂxﬁ*):(3i+2j+k).(18i+12j+6k) =54+24+6=84

84_

So volume in design units :% OA.(OBx R‘) = 0 14

Prototype volume = volume in design unitsx2’ =14x8=112cm’
= Mass of a prototype model =112x1.13 =127 g (to the nearest gram)

12 By drawing a rough sketch, the three non-parallel edges of the parallelepiped that join at the origin
are given by the vectors 0.6i + 0.6j, 0.9i — 0.9j, and —0.4i — 0.4j — 1.3k

0.6 0.6 0
The volume in the scientist’s scale =[{ 0.9 —-0.9 0 [=0.6(-0.9x-1.3)—-0.6(0.9x—-1.3) =1.404
04 -04 -13

1 angstrom (A) = 0.1 nanometres, so 1 nanometre = 10 A, and 1 cubic nanometre = 10> A
So volume unit cell of crystal in cubic angstroms =1.404 x10° =1400A (2 s.f)

13a The volume of the parallelepiped = ‘@(ﬁ)x ﬁ])‘

The volume of the tetrahedron = é‘ﬁ' (W X W)‘

Now from the diagram:

EC = AB
EM = L1BD

2
NC = NB+BC

Using these results and the fact that both the vector product and the scalar product are distributive
over vector addition, this gives:

Volume of the tetrahedron = L E(ﬁ X (ﬁ + R‘))‘
12
— % AB. ((ﬁ x ﬁ) + (E X FC))‘ as vector product distributive
= 1 AB. (ﬁ X ﬁ) +AB. (ﬁ x BC )‘ as scalar product distributive
12

But BDxNB is perpendicular to AB so ﬂ?(ﬁ X NTB) =0

So the expression for the volume of the tetrahedron simplifies to %‘E(ﬁ X R‘)‘

Hence the ratio of the two volumes is 12 :1

b The ratio remains unchanged since the argument in part a does not use any data about N other
than it lies on the line AB.
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14 Split the pyramid into two tetrahedrons AEDB and CEDB so the volume of the pyramid is just the
combined volume of the two tetrahedrons.

AD=i+2k, AB=i+2j+k, AE=4i+k

1 0 2
E.(Exﬁ):l 2 1l=2-16=-14
4 0 1

Volume of AEDB = =1|—14|=E !
6 6 3
CB=-i-2k, CD=-i-2j-k, CE=2i-2j-2k
-1 0 -2
CB.(CDxCE)=|-1 -2 -1=-2-12=-14
2 2 =2

Volume of CEDB = =%|_14| =% -

7 7
Hence the combined volume = —-+—-=—

Challenge

a Leta=aji+aj+ak b=bit+bj+bk c=ci+cj+ck
a a, a,

a(bxe)=\b b, b= a,(be;—bic,)—a,(be; —bye)) +ay(be, —byc,)

G 6 G
= a,(b,c; —byc,) + a,(bye, —bicy) + as(be, —byc))
axb=(ai+aj+ak)x(bi+b,j+bk)

=abk-abj—abk+abi+abj—abi=(ab—ab)i+(ab —ab,)j+(ab,—a,b)k

(axb).c=((a,b, - ab,)i+(ab, - ab)j+(ab,—a,b)k).(ci+c,j+ck)
=(a,b,—ab,))c, +(a,b —ab,)c,+(ab,—ab)c,
=a,(b,c,—bc,)+a,(bc, —bc,)+a(bc,— b,

So a.(bxc)=(axb).c

b d.(ax(b+c))=(dxa).(b+c)

applying part a
=(dxa)b+(dxa).c scalar product is distributive over vector addition
=d.(axb)+d(axc) applying part a
=d(axb+taxc)

scalar product is distributive over vector addition

¢ Since the equality holds for any choice of vector d, it follows that ax(b+c¢)=axb+axc¢
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