Further Pure Mathematics 1 SolutionBank

Vectors Mixed Exercise 1

i j k
1 a bxe=|1 —2 2 |=4i+10j+8k
3 2 -4

b Using the result for b x ¢ from part a gives
a.(bxc)=(2i+3j).(4i+10j+8k)=8+30=38

1 . 1
¢ Area of triangle OBC :5|b||c|s1n6?=5|b><c|

:%|4i+10j+8k| SN eI

2

:l\/16+100+6 :ﬂ
2 2
_ 3@= 3\/2«6:3\/5

2 2

d Using the result for a.(b x ¢) from part b gives

Volume of tetrahedron OABC = éa.(b x¢)= % = %
i j Kk

2 a OBxOC=(i-4j-3K)x(-i+3j-k)=| 1 -4 -3|=13i+4j—k
-1 3 -1

b Volume in design units
1‘— — — 1 1 27 9
—|0A4.|OBxOC ‘=— 2i+j+3k).(13i+4j-Kk)|=—|26+4-3|=—=—
|0 )| = <li+j+ 30030+ 4j -k = | =

One cubic design unit =4 x4 x4 =64 cm’

9
So volume of prototype package = 5 x 64 =288 cm’
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3 Volume of the parallelepiped is ‘a(ﬁfxﬁ)‘

Volume of the tetrahedron is é‘ﬂ.(ﬁ'xEM )‘
EA=-3i+j-2k
EC=FA+AC=-3i+j—2k+4i+j—2k =i+2j—4k
EF =EA+ AF =-3i+j-2k +2i—5j+k =—i—4j—-k

EM =2(EF)=-2{-8;_2

EM—3(EF) Si-Si-3k
-3 -1 2

So volume of parallelepiped=| 1 2 —4 |=-3(-18)—(-1)(-5)+(-2)(-2)=53
-1 -4 -1

-3 -1 2
And volume of tetrahedron = é I 2 4= é{_{_?J B (_1)(_¥J * (_2)(_§B

2 8 2

3 3 3
_108-10+8 106 53
18 18 9

Therefore volume of the tetrahedron is é of volume of the parallelepiped.

Alternatively, prove the general result as follows:
Volume of tetrahedron =é‘§4(E—C X W)‘ = é‘ﬂ(ﬁ‘ X %ﬁj‘
1 2 ‘— — ==\ = (== ==
~ —xZ|EA.(BC < EF )| = |E4.(EC < EF)
6 3 9

= é volume of parallelepiped.

© Pearson Education Ltd 2018. Copying permitted for purchasing institution only. This material is not copyright free. 2



Further Pure Mathematics 1 SolutionBank

4 Let the position vector of point C relative to the origin be ¢ = xi + yj+ zk

1
Then the volume of the tetrahedron is given by P |c.(axb)]

i j k
axb=|5 2 0 |=-6i+15j-9k
2 -1 -3
This gives
1 | . . 1 1
g|c.(a><b)|:g|(x1+y]+zk).(—61+15]—9k)]:g|—6x+15y—9z]:5]—2x+5y—3z|

So if the volume is 5 m’, then the locus of admissible points is
1

5 | 2x+5y-3z|=5=|-2x+5y-3z|=10

So Cartesian equations satisfying this equation are

—2x+5y-3z=10=2x-5y+3x+10=0
and 2x-5y+3z=10=2x-5y+3x-10=0

5 a Equation of L is r=3i—-3j+2k +s(j+2k)
When s=2,r=3i—j+2k, so Plieson [,

Equation of L, is r =8i-+3j+#(5i+4j—2k)
When t=-1,r=3i-j+2k, so Plieson L,

i

i Kk
b bxb, =0 1 2
5 4

=-10i+10j-5k

1 2

-2

¢ The normal to the plane is in direction of b, Xxb,. So —2i+2j—k is a normal to the plane.

Using r.n = a.n, with n=3i+ j—k and a = 3i — 3j— 2k (note a can be the position vector of any
point on the plane), this gives a vector equation of the plane as:

r(=2i+2j-k)=(3i-3j—-2Kk).(-2i+2j-k)=—6-6+2=—10
So 2x—-2y+2z=10 is a Cartesian equation of the plane.
d AP =(3i—j+2K)—(3i—3j—2k) =2j+4k = 2b,
A,P = (3i— j+2K)— (8i +3j) = (-5i—4j+ 2k) = -b,
Area of triangle PA4, 4, =%‘ﬁxﬁ‘ = %|2bl ><—b2|
=[b, xb,|=|-10i +10j - 5K]| from part b

= J(~10)> +(10)> +(-5)
=\225=15
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6 a AB=(i-3j+5k)—(=j+2k)=i-2j+3k
CD = (j+2Kk)—(2i—2j+7k) =—2i+3j—5k

i j kK
p=ABxCD=|1 -2 3 |=i-j-k
2 3 -5

b AC=(2i-2j+7k)—(=j+2K)=2i—j+5k
ACp=Qi-j+5k)(i-j-k)=2+1-5=-2

¢ The line containing 4B has equation r =—j+2k + A AB
The line containing CD has equation r =2i— j+ 5k + ,uC—D
So the shortest distance between the lines containing AB and the line containing CD is
|(=j+2K) - (2i— j+5k). 4B x C
| | ABxCD |

p| 2 2 23
S T E R

7 a b=OM =—4i+j-2k
Let a = xi + yj+ zk, then as a represents a point on the line

xi+ yj+ zk x (=4i+ j—2k) = 5i— 10k

i j Kk
= x y =z |=5i-10k
-4 1 =2

— (=2y—2)i+(2x —42)j+ (x +4y)k = 5i— 10k

Comparing coefficients gives

—2y—z=5 1)
2x—-4z=0 2)
x+4y=-10 A3)

Any value chosen for x will give a point on the line. Let x =2 say
Then from equation (3): 4y=-12=y=-3

And from equation (2): 4-4z=0=>z=1

Therefore (2,—3, 1) is a point on the line.

So the equation of line may be written as r = 2i—3j+k +¢(—47+ j— 2Kk)

b It has already been shown in part a that (2, -3, 1) lies on the line / with vector equation
rxOM =5i—10k,s0 ON x OM = 5i —10k

Area of triangle OMN = %‘O—M X O—N‘ = %‘O—N X O—M‘ = %|5i - 10k|

L o <25 55 s ey
2 2 2
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8 a AB=(3i+j+4k)—(i+3j+3k) =2i—-2j+k
AC=(2i+4j+Kk)—(i+3j+3k) =i+ j—2k
A vector normal to the plane ABC is the direction ABx AC.

i j kK
ABxAC=|2 -2 1 |=3i+5j+4k
1 1 =2

A unit vector normal to the plane is ;(ﬁ +5j+4Kk) = L(3i +5j+4Kk)
V3 +5 +4° 50

b Using r.n=a.n, with n=3i+5j+4k and a =i+ 3j+ 3k (note a can be the position vector of any
point on the plane), this gives a vector equation of the plane as:
r.(3i+5j+4k)=(i+3j+3k).(3i+5j+4k)=3+15+12=30
So 3x+5y+4z=30 is a Cartesian equation of the plane.

¢ The perpendicular distance from the origin to a plane with equation r.n = k£ where n is a unit
vector perpendicular to the plane is 4.

1 30
So from part b, the vector equation of the plane is r.——(3i+5j+4k) = —
V50 v50

30 :30\/5_0:3ﬁ

So the perpendicular distance from the origin to the plane = —
J50 50

9 a Two non-parallel lines in the plane with vector equation r =i+sj+7(i—k) are jandi—k

k

J
So a normal to the plane is jxi—-k={ 0 1 0 |=-i—-k
1 0 -1

i

As i+K is parallel to —i—K, it must be is perpendicular to the plane.

b Frompartb, n= %(i +Kk) is a unit vector perpendicular to the plane.
Using r.n = a.n, with a =1, this gives a vector equation of the plane as
1 1 1
r—(i+k)=(>).—=({i+k)=—
V2 V2 V2

1. . .
So as — (i +Kk) 1s a unit vector,

V2

the perpendicular distance from the origin to the plane = % = 72 =0.707 (3s.f)
c Asr L(i +k)= L is a vector equation of the plane
2 V2

1 1 C
A Cartesian equation of the plane is T(x +z)= T, which simplifies to x + z =1
2 2
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10a AB=0B-04=(5i-2j+k)—(i+j+k) =4i—3j
AC=0C-04 =(3i+2j+6Kk)—(i+j+k)=2i+j+5k

A perpendicular vector to the plane is in direction ABx AC

i j Kk
ABxAC=|4 -3 0|=-15i-20j+10k
2 1 5

b The equation of the plane containing 4, B and C'is

Using r.n = a.n, with a =i+ j+k, this gives a vector equation of the plane as

r.(-15i-20j+10k) = (i+ j+k).(-15i-20j+ 10k) =-15-20+10=-25

So a Cartesian equation of the plane is —15x —20y+ 10z = -25, which simplifies to 3x+4y -2z =35
¢ AD=0D-0A4=(i+5j+6K)—(i+j+k)=4j+5k

Volume of tetrahedron ABCD = %‘E(@ X E)‘

:é|(4j+5k)-(—15i—20j +10k) :é|(_80+50)| :%:5

11a AC=0C-04=(2i-3j)—Gi-5j-Kk)=—i+2j+k
BC =0C-0B =(2i-3j)—(-i+5j+7k) =3i—-8j— 7k

i j Kk
ACxBC=|-1 2 1 |=—6i—4j+2k
3 -8 -7

b ABxAC is a normal to the plane // and 3i—5j—K is a point on the plane
So an equation of the plane is
r.(—6i—4j+2k)=Gi-5j-k).(-6i—-4j+2k)=-18+20-2=0
This simplifies to r.(3i+2j—-k) =0
¢ As3i+2j—kisanormal to the plane, the perpendicular from the point (2, 3, —2) to the plane has

the equation
r=2i+3j-2k+ A(3i+2j-k)

Using the result from part b, this meets the plane when
(@+32)i+(3+24)j+(-2- D)k ).(3i+2j-K)=0
=3(2+34)+2(3+24)-1(-2-1)=0

=144+14=0

=>A=-1

Substitute A =—1 into the equation of the line gives

r=2i+3j-2k+(-DGBi+2j-k)=—i+j-k
So the perpendicular from (2, 3, —2) meets the plane at (-1, 1, 1)
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ij
12a pxq=Gi—j+2k)xQi+j-k)=[3 -1 2 |=-i+7j+5k
2 1 -1

b pxq is a normal to the plane and the point with position vector 3i — j+ 2k is on the plane, so an
equation of the plane is
r.(—i+7j+5k)=Gi-j+2Kk).(-i+7j+5k)=-3-7+10=0
So a Cartesian equation for the plane is —x+7y+5z=0

¢ (r—p)xq=0 is one form of the vector equation of a line passing through the point with position
vector p and parallel to the vector q. So the equation can also be written as
r=pq+Aq,ie. r=3i—j+2k+A2i+j-k)
This meets the plane r.(i+ j+k)=2 when
(B+20)+(=1+0)+2-1))(i+]j+K) =2
=0B+20)+(-1+ M)+ (2-A)=2=2A+4=2=A=-1

Substitute 4 =—1 into the equation of the line gives
r=3i—-j+2k+(-D)2i+j-k)=i-2j+3k
So the coordinates of point 7 are (1, -2, 3)

13a Let the respective normal to each plane be n, and n,, then
n =2i+2j-k and n,=i-2j
Let the acute angle between the two planes be 8, then @ is also the angle between the respective
normal to each plane, so
n.n, | 12x1-2x2] 2 25
ENIEN Nl e e N E
= 0 ="72.7°=73° (to the nearest degree)

cost =
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13 b The direction of the line of intersection is perpendicular to the normal of each plane.

i j k
Hence the directionis | 2 2 -1 |=-2i-j-6k
1 2 0

Any scalar multiple of this vector is also in the direction of the line of intersection, so simplify by
multiplying by —1 to get 2i+ j+ 6k

Find a point on the line by setting y = 0 and solving the Cartesian equations of the two planes.

2x+2y—-2z=9 1)
x=2y=17 2)
Substituting for y in equation (2) gives: x =7
Substituting for x and y in equation (1) gives: 2x7-z=9=2z=5
So 7i+ 5k is the position vector of a point on the line of intersection
A line passing through a point with position vector a and parallel to vector b has the vector
equation r x b = a x b, so an equation of the line of intersection is
i j k
rxi+j+6k)=(7i+5k)x(2i+j+6k)=|7 0 5 |=-5i1-32j+7k
21 6
So the equation is r x (2i+ j+ 6k) =—-5i—32j+ 7k

14a The normal to the plane 77 is in the direction

i k
(4i+j+2k)x3i+2j-k)=| 4 2 |=-5i+10j+5k
3

N — e

-1

The line L is in the direction (2i+ 3j—4Kk)
Finding the scalar product of the direction of the normal to the plane and the direction of the line
(=5i+10j+5k).(2i+3j—4k)=-10+30-20=0

This means that the line L is perpendicular to the normal to the plane, so the line L is parallel to the
plane /7.
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14b The line L passes through point (2, 1, -3)
The perpendicular to plane /7 through the point (2, 1, —3) has a vector equation
r=2i+j—-3k+A(-5i+10j+5k)
As the normal to the plane is —5i+10j+ 5k and i+ 3j+ 4k is the position vector of a point on the
plane, the equation of the plane may be written as
r.(-5i+10j+5k)=(i+3j+4k).(-5i+10j+5k)=-5+30+20=45
So the perpendicular to the plane /7 from (2, 1, —3) meets the plane when
(2= 50)i+(1+10M)j+(=3+50)K )(=5+10j+ 5k) = 45
= —-10+25A+10+100A — 15+ 251 =45

:>1507»=60:>7»:%

2
Substituting A = 3 into the equation of the perpendicular to plane /7 through the point (2, 1, -3)

gives r = 5j—Kk, so the perpendicular to /7 from (2, 1, —3) meets the plane at (0, 5, —1). As the line
is parallel to the plane, the shortest distance from L to /7 is the distance between these points, i.e.

JQ2=0Y +(1=5) +(=3—(=1)) =~/4+16+4 =24 =26 =490 (3s.f)

Alternatively, note that as L is parallel to the plane /7, the shortest distance between L and the
plane will also be the shortest distance between L and any line L; on the plane that is non-parallel
with L. These two lines are skew.

Write the equation of L as r =a +tb, where a =2i+ j— 3k and b = 2i +3j— 4k
And L; as r = ¢ +sd, where ¢ =i+ 3j+ 4Kk, a point on the plane, and d = 4i+ j+ 2k, a direction on

the plane
i j Kk

bxd=2 3 -4 |=10i—-20j-10k
4 1 2

Using the result for the shortest distance between two skew lines

(a—c)(bx d)| 3 |(i —2j—7k).(10i—20j— 10k)|
[bxd)| || 107+ (=20 +(-10)° |
10+40+70 120 12

~ Je00 10v6 e

15a A normal to the plane is 2i+ j+ 3Kk so the line / is parallel to this vector and it passes through the
point with position vector i+ 2j+ k, hence a vector equation of the line is
r=i+2j+k+A2i+j+3k)

Shortest distance =

=2J6=490 (3s.£)

b From the vector equation, the coordinates of a point on / are (1+2A4,2+ A, 1+34)
So the line / meets the plane /7 when
2(1+20)+(2+ 1)+ 3(1+30) =21
=14r+7=21=A=1
Substitute A =1 into the equation of the line / gives r =3i+3j+ 4k
So M has coordinates (3, 3, 4)
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15¢ OPXOM =(i+2j+k)x (3i+3j+4k)= —5i—j—3k

W = i
W DN e
o= T

d Let @ be the acute angle between the vectors OP and OM
Then, by simple geometry, the distance d from P to the line OM is ‘E" sin@

From the definition of the vector product sinf = Oix ﬂf
loA|om
So d =‘0—P‘Sin9 - ‘O—PHO—PXO—M _ ‘O—PXOTJ
ofom]~[om

_NSHED (3 \Bs
V344 34

e This sketch shows the problem

1 1Y

P

W:(3i+3j+4k)—(i+2j+k):2i+j+3k

Therefore ]\TQ =2i+j+3k

And OO0 = OM + MO = (3i+3j+4k)+(2i+ j+3K) = 5i +4j+ 7k
So Q has coordinates (5, 4, 7)
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16a BC=(2i+3j+3K)—(i+2j+3k)=i+]
BD = (3i+2j+4Kk)—(i+2j+3K)=2i+k

i j k
So BCxBD=|1 1 0|=i —j—2k which is normal to the plane BCD
2 01

Using r.n = a.n, with a =i+ 2j+ 3Kk, this gives a vector equation of the plane BCD as
r.(i—-j—2k)=(+2j+3k).(i-j-2k)=1-2-6=-7

This may be written in Cartesian formas x—y—-2z+7=0

b Let o be the angle between BC and the plane x+2y+3z=4 and @ be the acute angle
between BC and the normal to this plane, which is i+2j+ 3k.

Then o =90-60 = sina =cos@
|(i+j).(i+2j+3k)|_ 3

PP +22 43 V2414

So sina = cosd = =0.567 (3s.f)

¢ Let 4 have coordinates (x, y, z)
Then AC =(2-x)i+(3-1)j+(3-2)k and AD=(G-x)i+(2—y)j+(4-2)k
As AC is perpendicular to BD, AC.BD=0
So2(2-x)+(3-2)=0
=2x+z=7 1)
As AD is perpendicular to BC, AD.BC =0
SoB3-x)+(2—-y)=0
=>x+y=5 2)
As AB=26
(x=17+(y=2) +(z-3)* =26 3)
Substituting z=7-2x and y=5-x from equation (1) and (2) into equation (3) gives

(x=1Y+(3-x)"+(4-2x)" =26

¥ =2x+14+9-6x+x>+16-16x+4x> =26
6x° —24x=0

x(x-4)=0

=>x=0o0r4

When x=0,y=5and z=7

When x=4, y=1and z=-1

The two possible positions are (0, 5, 7) and (4, 1, —1)
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17a AB=(4i+2j-3k)—(-2i+j+5k)=6i+j—8k

Hence the direction ratios are 6:1: -8

b The direction cosines are given by
6

6
l: =
J36+1+64 101
1
"= ol
8
ho__8
V101

¢ As the point 4 lies on the line, the Cartesian equation of the line is

x+2 y-1 z-5 . x+2 y-1_z-5

Com T () () )

18 The direction cosines for the line are
[=cosa, m=cosfl, n=cosy

Using the identity I +m” +n° =1 gives
cos’ a+cos” f+cos’y =1

Using the trigonometric identity cos’ @ =1-sin’ @ gives
3—sin® @ —sin’ f—sin’ y =1

Hence sin’  +sin” f+sin’ y =2

ll
19 L, has direction vector 1, = 4| m,
n

12

Similarly L, has direction vector r, = | m,

n,

For some real numbers A and u

Since the lines are parallel, r, = fr, for some real number ¢ hence

u

!
Ay =ty = =5

2

m
Am, = tum, = — ="
m, A

2

n
/1n1=tyn2:>n—l=—
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20a The direction cosines for W, are

[ =cos45° :L m = cos 60° :%, n=cos 60’ :%

\/5 >
Hence an equation for W, is r = y| 1
1
The lines intersect if

8+3\/§
V2 4 3

r=u| 1 |= 0 +A| -4
1 52 1
4
This gives
ﬁu=8+jﬁ+u )
pu=-41 (2)
p= ¥+ 2 3

Substituting equation (2) in equation (3) gives

52 NG

—41 =—2+/1:ﬁ =——
4 4
Substituting for A in equation (2) gives u = V2

8+3J2 32
4

Equation (1) holds for these values of A and u as V2x2=2= 4

Hence there is a solution, so the lines intersect at point A and substituting for =2 in the equation

for W, gives the coordinates of 4 as (2,\/5 ,\/5 )

b As the pylon lies in the xy-plane and is perpendicular to that plane AB =—2k and
OB = OA+ 4B = 2i —2j+ 2k =2k = 2i —/2j
— 2
Distance from origin to point B = ‘OB‘ =,[2°+ (\/5) =6

Converting model units to metres, the distance = 1046 =24.5m (3s.f)

¢ In reality the wires won’t be perfectly straight, as there will be some sag.
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21 Find the direction vectors of the new plane by transforming the direction vectors for the original
plane giving

1 0 330 6 1 0 3)\-4 2
1 2-1(|3|=|-8|and | 1 2 -1 1 [=]-8
-1 0 2){2 4 -1 0 2)\2 8

Hence the normal to the transformed plane is given by

i
6 -8 4 |=-32i—-40j-32k
2 -8 8

Simplify by dividing by -8, so 4i+5j+4k is a normal to [/ s

Find a point on //, by transforming a point on /7,
I -2 -1||1|=]0

So —2i—3k is apointon [/ )
Using r.n = a.n, with n = 4i+5j+ 4k and a = -2i — 3k, this gives a vector equation of the plane as:

r.(4i+5j+4K) = (=2i— 3k).(4i + 5j+ 4k) = -8 — 12 =20

(4)
This can be written r.{SJ =-20
4
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Challenge

Two direction vectors in the plane given by r, = pi—7k and r, =gj-rk
Hence a normal to the plane is given by

i j k
p 0 —r |=gri+ prj+ pgk
0 g -r

Using r.n = a.n, with n = gri + prj+ pgk and a = pi, a point on the plane, this gives a vector
equation of the plane as:

r.gri+ prj+ pgk = pi.(gri+ prj+ pgk) = pqr
If d is the length of the perpendicular from the origin to the plane then r.in =d

[n |
Sod= Par
\/q2r2+p2r2+p2q2
e pzqzrz
- 22 2.2 2 2
qr +pr+pq
1 q2r2+p2r2+p2q2_ 1 1 1
iy 722 Sot s to
pqr p q r
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