Further Pure Mathematics 1

Conic Sections 1 2C
1 Line: y=2x-3 (1)
Parabola: y* =3x ?2)
Substituting (1) into (2) gives
(2x-3)* =3x
(2x-3)2x-3)=3x
4x* —12x+9=3x
4x> —15x+9=0
(x-3)(4x-3)=0
x=3or 3
4
When x=3,y=2(3)-3=3
When x=§,y=2(§J—3=—g
4 2

4
Hence the coordinates of P and Q are

(3, 3) and (%, —%J respectively.

2 Line: y=x+6 (1)
Parabola: 1" =32x (2)

Substituting (1) into (2) gives

(x+6)*=32x
(x+6)(x+6)=32x
x> +12x+36=32x

x> =20x+36=0
(x—=2)(x—-18)=0
x=2orlg&

When x=2, y=2+6=8
When x=18,y=18+6=24

Hence the coordinates of 4 and B are
(2,8) and (18, 24) respectively.

|4B| = /(182 + (24 -8’
=162 +16
=16v2

Hence the exact length 4B is 1672

4 a =12t=>t==—
Y 12

b y

SolutionBank

3 Line: y=x-20 (1)

Parabola: »*=10x (2)

Substituting (1) into (2) gives

(x—20)* =10x
(x—20)(x—20)=10x
x> —40x+400=10x
x> =50x+400=0
(x—10)(x—40)=0
x=10 or 40

When x=10,y=10-20=-10
When x=40,y=40-20=20

Hence the coordinates of 4 and B are
(10, —10) and (40, 20) respectively.

The midpoint of 4 and B is
(10+40 -10+20

T J:(25,5)

Hence the coordinates of M are (25, 5)

Y

Substituting ¢ = % into x = 6¢° gives

2
x=6| <
12
y* =24x

Since a general parabola has equation

y* =4ax , here 4a =24s0 a=%=6

So the focus S, has coordinates (6, 0) and

the directrix has equation x + 6 =0
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4 ¢ The distance PS is the same as the
distance from P to the directrix, by the
focus-directrix property.

y
P
X, G
0 S(6, 0) x
x+6=0

Hence the distance PS =9

d Using diagram in ¢, the x-coordinate of
Pand Qis x=9-6=3

When x =3,1% =24(3) =72

Hence y = i\/7_2
=+736+2
—+63/2

So the coordinates are of P and Q are

(3,6+/2) and (3,-6+/2)

As P and Q are vertically above each
other then

PO =672 --6\2
=124/2

Hence, the distance PQ is 1242

SolutionBank

4 e Drawing a diagram of the triangle POS

5 a

gives:

P

12N2 = N

0

The x-coordinate of P and Q is 3 and the
x-coordinate of S is 6

Hence the height of the triangle is height
=6-3=3

The length of the base is 12+/2

Area=%(l2\/§)(3)

1
=5(36\/§)

— 182

Therefore the area of the triangle is 18v/2,
where k =18

P(étz,étJ
4 2

o 5, 5 .
Substituting x=Zt and y=5t1nto

y* =4ax gives:

DR

2 2

Rl = Sat*
4
2
—5=5a:>§=a
4 4

When a:%,y2 :4(§Jx:>y2 = Sx

The Cartesian equation of C is y* = 5x
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5

a

When y=35,
(5)* = 5x
2z)c:>)c=5

The x-coordinate of P is 5

As a= %, the equation of the directrix of

Cis x+§:Oor)c:—é
4 4

Therefore the coordinates of Q are
-+
4

The coordinates of P and Q are
(5, 5) and (—%, 3} respectively.

_35 _2_8

Mo T TS T I T 0s

T4 4

8
l:y—5:2—5(x—5)
[:25y—125=8(x-5)
[:25y—-125=8x-40
[:0=8x—-25y—-40+125
[:0=8x—-25y+85

An equation for /is 8x—25y+85=0

A general parabola with equation
»* =4ax has focus at (a,0)

Here y* =4x = 4a=4,giving a :%:1
So the focus S, has coordinates (1, 0)
Substituting y=4 into y° =4x gives:
16=4x=x= % =4

The x-coordinate of P is 4

6 ¢ The line / goes through
S(1,0)and P (4, 4)

Hence gradient of /, my, =—— :%
So [ has equation:
4
-0==(x-1
y 3 (x=1)

3y=4(x-1)
3y=4x-4
0=4x-3y-4

The line / has equation 4x—-3y—-4=0
d Line/: 4x-3y—-4=0 1)
Parabola C: V' =4x 2)

Substituting (2) into (1) gives

¥ =3y-4=0
(y-4(y+D=0
y=4or—1

You already know that y =4 at P.
SoatQ,y=-1

Substituting y = —linto y* = 4x gives

1
1) =d4x=>x=—
(-D 2

1
Hence the coordinates of Q are (Z,—lj

e The directrix of C has equation
x+1=0or x=-1

1
O has coordinates (Z,—lj

YA
x=-1
0 X
11 [
3 2
. . 1 5
From the diagram, distance = 1+Z = 2

Therefore the distance of the directrix of C

to the point Q is %
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7 a A general parabola with equation

y* = 4ax has focus at (a, 0)

Here y° =12x so4a=12:a=%=3

Hence the focus S has coordinates (3, 0)
and an directrix of C has equation:
x+3=0o0r x=-3

The coordinates of R are (-3, 0) as R lies
on both the directrix and the x-axis.

The directrix has equation x = -3

The (shortest) distance from P to the
directrix is the distance PQ, since PQ is
horizontal and hence meets the directrix at
a right angle.

The distance SP =12
The focus-directrix property implies that
SP=PQ=12

Therefore the x-coordinate of P is
X, =P0-3=12-3=9

As P lieson C, whenx =9
> =12(9)= y* =108

As y>0at P,soy, =108
N
=6:/3 = P(9, 63)

O lies on the directrix so its
x-coordinate is x, =—3

Also, QP is horizontal so the y-coordinate
of Ois y, =y, =6\3

Hence the exact coordinates of
Pare (9, 63 ) and the coordinates of

0 are (—3,6\/5)

SolutionBank

7 ¢
Do 2 -
Area (PORS) = % (6+12)6+/3
= % (18)(6+/3)
=(9)(6v3)

=543

The area of the quadrilateral PORS is
54\3and k =54

8 a P(16,8)
Substituting x =16 and y =8 into
y* =4ax gives (8)* =4a(16)

64 = 64a
a=ﬁ=1
64

0(4,b)

Substituting x =4,y =band a =1into
y* =4ax gives b? =4(1)(4)

» =16

b=+16

b=+4
As b<0,b=—4

Hence,a=1,b=—4
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8 b The coordinates of P and Q are
(16, 8) and (4, —4) respectively.

. _4-8 12,
416 -12

So / has equation: y —8=1(x—16)
y=x-8

¢ R has coordinates

[16+4’8+(—4)J:(10’2)
2 2

d As [, is perpendicular to /, m, =-1

Since /, passes through R, it has equation

y=2=-1(x-10)
y=2=—x+10
y=—x+12

-1, has equation y =—x+12

e Line /,: y=—x+12 1)
Parabola C:  y*> =4x Q)
Substituting (1) into (2) gives

(=x+12)* =4x
x?—=12x—12x+144 = 4x
x*—28x+144=0
(x—14)> =196 +144=0
(x—14)2=52=0
(x—14)* =52
x—14=+52
x—14=+J413
x—14=4213
x=14+213

[, meets C at the points with x coordinates

x=14+2/13

9 a The point P is P(at2,2at) and

the focus S is S(a,0)
The gradient of / is therefore
_2at-0
Ca’-a
2t
t* -1

mpg

Suppose point O has the coordinate

Q(atlz,Zatl)

Since / passes through P, O and S,
the gradient of PS = the gradient of 50.

Therefore
2t 2t,

-1 t’-1
26(1 -1) =21, (¢ -1)
' —t=tt" -t

tt)—t—tt’+t,=0

t
tP+1—tt-1=0
t

(l‘l—l‘)(l‘l+;)=0

So f, =t (at P)
or ¢, = 1L (at Q)

t

The coordinates of Q are therefore

0(at’, 2at,)= Q(% _2_aj

10 The shaded area is given by

10 10
[ydv=[6Vx dr

' o
:j6x% dx

0

5710
=[4]
0

—4x10°
= 44/1000
= 4010
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11 At point P,
1._(1.)
2x_(8x)
1,._x
2% " 64
32x = x?

x*=32x=0
x(x—32)=0

x #0since x=0at O, so x =32

and y2 :%X32:16, SO y = 4
Point P is therefore P(32, 4)

Now find the equation of C above the x-axis
between x =0 and x =32:

2 1 _Vx
y_z'xasoy_\/i

The shaded area is found by subtracting the
area of the triangle [with vertices at O, P and
(32, 0)] from the area under the curve (above
the x-axis) between O and P.

Area R =

12a AtPand Q, y° =8x2=16= y=1+4

Now by the diagram, a >0 and b <0
Therefore a =4 and b =-4
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12b A general parabola with equation

y* =4ax has focus at (a, 0)

Here, y° =8x=a =2

The parabola has directrix
X=—a=>x=-2

So the coordinates of T and P are
T(—2, O) and P(2, 4)

. . 4-—
The gradient of / is m, = 0 =1

2-(-2)

- The equationof / is 4 =x-2

= y=x+2

¢ The area of triangle POT is 3%8%4=16

The area bounded by the parabola, the line
x =0 and the line x =2 is

{m; a=42[ 2]

- 4&[@}
3

32

3

The required area R is therefore
16-32=16
3 3

13a A general parabola with equation

y* =4ax has focus at (a,0)
Here, y* =16x=>a =4
The focus is at the point S (4, O)

b AtP, y=4 s04>=16x and x =1
Therefore x-coordinate of Pis x =1

¢ [ passes through S(4, 0) and P(1, 4)
The gradient of [ is m, = 4-0__4
1-4 3

.. The equation of / is

__4x 16
s R i
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13d Q lies on both / and C, so satisfies both

y* =16x )
__4x_16

Y= 3 + 3 (2)

Hence, at O

_4x 16 _
( 3+3) 16x

16x> . 256 128x _
9 9 9
16x* +256—128x = 144x

16x* —272x+256=0
x*=17x+16=0
(x—l)(x—16)=0

16x

x#1 (since x=1 at P),so x =16
So Q has x-coordinate x =16

The branch of C which lies under the
x-axis has equation y = —4x

Hence, at Q, y = —4JT =-16

Defining 7 to be the point (16, 0), the
shaded area R is therefore given by

Area R= Ty dx{ —[area triangle STO]

16
- j 4% dd— L x12x16
) 2
16 .
:J.4xE dx—96
0
2 16_
—4[3x l 96
:4x(@j—96
3

24
3
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