Further Pure Mathematics 1 SolutionBank

Conic Sections 1 2D

: x_ 20
= ==4+=
! a 1 d Solving xy =12 and y 313
YA simultaneously:
o(3+3)=r
x> +20x =36
- x> +20x-36=0
0] X
Using the quadratic formula:
—20+,/20° =4 x1x(-
e \/ X x( 36)
2
re —20++/544
b Solving xy=12 and y = —3x+15 2
simultaneously: 20+
= —20+4434 —_10+2/34
x(Bx+15) =12
-3x* +15x =12 2 a Solving xy =9 and y=x
x'=5x+4=0 simultaneously:
(x—4)(x-1)=0
x?=9

So x=1:>y=%=12
So x=3 and y = 3 (point Q)
12_3

or x=4:>y=z or x=-3 and y = -3 (point P)
So the coordinates are

P(l,lZ) and Q(4, 3)

¢ The midpoint of PQ is given by

w14 1243) ) (515
27 2 2’2

The gradient of PQ is 112 _43 = % =-3
The gradient of the perpendicular bisector
of PQ is therefore

Sl

(3) 3

The equation of the bisector is therefore

_15_1(,_5
Y=3 3(" 2)

_I5_x_ S5
YT 7376

_x_20
So y—3+3
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2 b Solving 3x - y+6=0 and xy =9
simultaneously:

3x—2+6=0 +
x

3x°+6x-9=0
x+2x-3=0
(x—l)(x+3)=0
x =-3 atpoint P.
Therefore at S, x=1 and y =9
So S has coordinates S (l, 9)

Solving x -3y -6=0 and xy =9
simultaneously:

x—3(2)—6=0
x

x2—6x-27=0
(x—9)(x+3)=0

x =-3 atpoint P.

Thereforeat 7, x =9 and y =1
So T has coordinates T’ (9, 1)

Therefore ST =y/(9—1)" +(1-9)’
=128 =82

¢ The midpoint of ST is

M(E’EJ =M(5,5)
2 2

Therefore M lies on the line y =x

SolutionBank

3 x=6f and y:é,so xy =36
t

Solving xy =36 and 3x+4y+48=0
simultaneously gives:

3x+4(§J+48:0
X

3x*+48x+144=0
x> +16x+48=0
(x+4)(x+12):O

When x =—4 then y:ﬁz_g

When x =—12 thenyziz_g,

-12

Solving xy =36 and 4x -3y -11=0

simultaneously gives:
36

4x-3| — |-11=0
X

4x* —11x—108=0

Using the quadratic formula:

1144/(=11) —4x4x (=108
BIREER( (1o

11443

8
When x =—4 then y = -9 (point Q)

When x = 24—7 then y = % (point R)

Both the lines 3x +4y + 48 =0 and
4x -3y —11=0 intersect the parabola
xy = 36 at the point (-4, -9), so Q is the
point (-4, -9)

. . (27 16
Hence, Pis (—12,-3) and R is (7, ?)

There are two approaches you can take to
find the area of triangle POR:

) R(27 16)

e

P(-12,-3)

0(-4,-9)
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3 continued

Method 1: Using Area = %ab sinC
PR|= [ £ 2] +[16.5) Z2 g7
4 3 12
2 2
|OR| = 2Tia) 4[] 21
3 12

|PQ|=\/(—12+4)2 +(=3+9) =10

Cosine rule: cos PRQ =

[PR" +]oR" - |Pof

2| PR||OR|
60625 4 46225 46225 100
2(212r )(35)

PRO=29.167

Area = = %|PR| |QR| sin PRQ

= ;(25*/—)(2—2)sm(29 167)

=89.6 units
Method 2: Geometrical approach

Area :(18§x141)—1(18§x81)
4 3) 20 4 3

—l(6x8)—1(103x141)
2 2047 3

(B L
4 3 214 3
_24_1(EXEJ

2\ 4 3

3225 1 (1875}

2 2\ 12
g L1849
2\ 12
3225 1875, 1849
12 24 24

6450 1875 576 1849

24 24 24 24
2150

24
1075

12

SolutionBank

P(Cp,ﬁj and Q (cq,ﬁj
p q

The gradient of PO is

c__c

4 P

cq—cp

My, =

1_1
9 »p

_—(¢-p)
q(q-p)
L
Pq

3

The equation of the line pQ is therefore

Y=p 1
X-p  pq
C
pq|y—=|=—(x-cp
)t
pgy—cq=cp-x

X+ pqy =cp+cq

So x+ pqy = C(p+q) as required.
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5 Solving 2> = 4ax (1)
and xy =c’ )
simultaneously:
2 4

c , C
From (2), y=—=)y =—
X X

Substituting into equation (1):

4
C

€ oy
e
¢t =4ax’
4
o
4a
c
X = 1
(4a)
2 3
y="=cx (4%)
Therefore (2) = x c?
y= (4a)% ¢

Therefore C and H intersect exactly
once, and the point of intersection is

{(4a)§ () CSJ

So the coordinates of P are P (%, 20)

At Q 5 x:—4c, SO —4cy =c?
02 C

H = =
ence y —4c 4

So the coordinates of O are Q(—4C,—%)

Therefore length PO

s (5]
-6

_ [405¢ 405 9\5c
16 4 4

7 a Substitute x =97 and y = 2 in the equation
t

4x -3y +69=0:

9

4(92‘)—3[;j+69 =0

36t—2—:+69=0

3612 +69t-27=0

1242 +23t—-9=0
b 12¢2+23t-9=0
(4t+9)(3t—1):O

Whent:—%:xz—% and y = —4

Whentzé = x=3and y =27

Therefore the required points are

(—%,— ) and (3, 27)

8 a x=12¢and y=12, 50 xy—144
t

b Whent=%,thenx=6 and y =24, s0

the coordinate of P is P(6, 24)

When ¢ =6,thenx=72 and y=2, so
the coordinate of ¢ is O(72,2)

PO|=\[(72-6) +(2-24)’
= 66" +227
= /4840
=22410
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8 ¢ PO has midpoint 9 b

M(6+272,242+2J:M(39,13)

The gradient of PO is
2-24 22 1

72-6 66 3

The gradient of the perpendicular bisector

of PO is therefore 3 As shown in the diagram,
The equation of the perpendicular bisector Area R = (Area of triangle POS)
of PO is therefore: + (Area of rectangle T')
y-13 — (Area under xy = 8 between
y—13=3(x—39) | g
y-13=3x-117 R:£5x3x6j+(6xl)—j;dx
y=3x-104 X ?
=15-8[Inx],
9 a Solving xy =8 and x+2y-10=0 =15—(8In8-8In2)
simultaneously: —15-8In4
x+2(§J—IO=O
X
¥ —10x+16=0
(x—2)(x-8)=0
x=2=>y=4
x=8=y=1

Therefore the required coordinates are

P(2,4) and O(8,1)
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Challenge
C is a hyperbola of the form xy = (2

rotated through an angle 45°
anticlockwise about the origin.

The transformation matrix required is:

sin45" cos45’ 1 1

V2 2
Applying this to a general point on the

hyperbola (cp, ij :
p

A 1
(c0s45° —sin45°J_ 2 2

1 1 P __c

22|72 o2
Lol e, e
2 2 N R

So k?=2¢% and k = ¢/2
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