Further Pure Mathematics 1

Conic sections 2 3D

1 x=acos,y=bsinf

dy _ bcosd

dx asin @
So tangent is
bcosl

asiné
Equation of tangent is bxcos@+aysin@ =ab
asiné

bcosl
asin@

y—bsinf =— (x—acosb)

Normal gradient is

So normal is y—bsinf =

x—acost
bcosH( )

Equation of normal is:
axsin @ —bycos@ = (a’ —b*)sindcos b

a a=2,b=1
So equation of tangent is:
xcos@+2ysinfd =2
Equation of normal is:
2xsin @ — ycos@ =3sinHcos b

2 2

b * 1+ c1=4=5p=3
25 9

So equation of tangent is:
3xcos@+5ysind =15

Equation of normal is:
Sxsin@—3ycos@ =16sinHcosl

2

X 2x dy
a 1y’ =1="242 0
5t 9 Vi
Q=—i so at (\/g,%)m =—£
dx 9y 3 6
Tangent at
2 2 45
82 y-2e- B
( 3)8 V3T YY)
:>6y+\/§x:9
Normal at

(\/g,gj is y—%=%(x—\/§)

35y —2/5 =18x—18/5
=35y =18x-16\/5

SolutionBank

2 2
2b LYo 2
16 4 8 2dr
dy X 1
2 =——soat (2,\3) m=—r
dx 4y C2NIm= T
Tangent at

(-2,43)is y-+3= f(x (-2))

:>2fy—x=8

Normal at

(=2,43)is y =3 = -2B(x = (-2))
:>y+2\/§x=—3\/§

3 Use the chain rule to find the gradient:
dy
Q _dr _ bcost
dv dx —gsin¢

dr
Then the equation of the tangent is given by
(y—bsint) = _bcos (x—acost)
sint

aysint—absin’ t = —bx cost+abcos’ t

bxcost+aysint =ab

4 a Using the method in Example 13,
substitute for y in the equation of the
ellipse.

2 2

%4—)}2 :l:%+(x+ﬁ)2 =1

So x> +4(x* +25x +5) =4
5%° +8/5x +16=0

This has discriminant:

(8\/5)2—4><5><16=0

So the line meets the ellipse at only one
point and therefore is a tangent to the
ellipse.
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4 b To find the point of contact, solve the

equation from part a for x:
5x° +8\5x+16=0

(5x+4)*=0

So the point of contact is (_%\E,%\BJ

dy _ 2cosé
 _3siné
3siné
2cos
Equation of normal is:
3siné
2cosf

x=3cosf,y=2sinf =

So gradient of normal is

y—2sinf =

(x—3cosf)

2ycosf —4cosfsind
=3xsinf—-9sinHcosd
2ycos@ —3xsin @

=-5sinfcos b

) X
6 y=mx+c isatangentto — +
a

SolutionBank

5 b Normal at P crosses the x-axis at

5
=0,x=——
Y 6

Substituting into the equation for the
normal from part a:

%Ssin0= —5sinéfcos b
: 1
:>sm0(5+c050J=0

:>sin0=00rcos€=—l

sin@d =0 gives 8 =0° or 180°
cosf = —% gives 6 = 120° or 240°
0=0°=x=3,y=0
0=180°=>x=-3,y=0

0=120°:>x=%,y=x/§

0=240°:>x=—§,y=—\/§

So the coordinates of other possible
positions of P are

(3,0),(—3,0)(—%,\6) or (—%,—x@j

2 2
Yo
b2
if a’m*+b*=¢*
y=2x+c=>m=2,c="?
2
x2+y7=1:>a=1,b=2

am’+b' = =1x4+4=,*
> =8 so c=+2\2
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titute y = + 3 into th tion ft
7 Substitute y = mx + 3 into the equation for 8 ¢ Gradient of normal is _%

the ellipse.
2 (mx+3)° 1 Equation of normal at P is
5 1 3
2 2 Yy —l=——|x—-|—=
S5x"+(mx+3)" =5 2 2
(5.+m2)x2.+6}.71x+4:0 . o x=0:>y:1_§=l
Since the line is a tangent the discriminant of 4 4
this equation must equal zero (must have SoA4is (0,%)
equal roots).
So 36m* =4x(5+m*)x4=80+16m d Tangentis y=2x+4,x=0=>y=4
20m’> =80 B0, 4)
m* =4
=42
- .2
The a’m’ +b* = ¢’ condition could
be used as in question 6.
So Bis (0, 4)
1 1) 3
Xy Area of AAPB =—| 4—— |x—
8 a y=mx+4, —+—=1 2 4) 2
N 115,345
=c=4,a" =3,b" =4 2 4 2 1
Using the condition a’m’ +b> =¢”:
2.2 22
am +bi=c 9 a Y0050, = 3sing
=3m’+4=16 do
3m* =12 d_y: 2CO,S(9 :—gcoté’
dx —3sind 3
m =12
Butm>0,som=2 2 )
b (%) +(?8) =1+E=1=RHS
2 2 9 4 25 25
b y=2x+4,—+2 =1 9 8) .
3 4 SoQ|—,—=|lieson E
Substitute into the equation for the ellipse: S
x> (4x> +16x+16)
3t 1 =1 ¢ Let O be the point (3cos @, 2sin ¢)
243 412041223 Using the coordinates of Q:
5 9 3
4" +12x+9=0 g=3cos¢:>cos¢=g
(2x+3)*=0

3 —§=2sin¢:>sin¢=—i
x=—5,y=2x+4=1 5 5

3
. So cotg=——
So Pis (-3, 1) P=-7
Gradient of tangent at Q is

2 2 3 1
——cotp=——x——=—
3 3 4 2
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9 d Tangent at P is perpendicular to tangent at

0, so gradient of tangent at P =—-2

—2=—gcot€:>tan0=l
3 3

So P is (L LJ
J107 /10

V10

Bl

1

2 2

10 y=mx+c and %+y—=l

46
=a’=9, b’ =46
b ratmt =" =>46+9m* = (1)
y=mx+c and x—2+y—2=1:>a2=25, b* =14
25 1
b ratmt =t = 14+25m’ = (2)
M-2)=32-16m> =0
=m' =2
.'.m=i\/§
m>=2 and 14+25m*> =c* = > =64
Se=18

Som=i\/§,c=i8
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11 Use the chain rule to find the gradient of the
tangent:
dy
dy 4 _ 4cosf _ cosd
dv dx -8sin@  2siné

dt
The equation of the tangent /; is given by
yodsing=—29 (:_8cos)
2sin

2ysin@—8sin® @=—xcos@+8cos’

Equation of the tangent is
xcos@+2ysinf =8

and its

Gradient of the normal /; is 2sin 0
cos @

equation is

2sin @
cosd

y—4sinf = (x—8cos )

ycos@—4sinfcosf=2xsind—16sin6cos

Equation of the normal is:
2xsin@ — ycos@ =12sinfcos b

Line /; cuts the x-axis at 4, so y = 0:
xcos@ =8 so x=_38secH
A is the point (8secd,0)

Line /> cuts the y-axis at B, so x = 0:
—ycosfd =12sinfcosf so y=—12sind

B is the point (0,—12sin 8)

Now find the equation of the line AB.
y—=0  0-(-12sin0)
x—8secd  8secH—0
y  x—8secd
12sinf  8secd

2ysecd =3xsinf —24secHsin b

3xsin@—2ysecd =24secHsinf
3xsinfcos@—2y =24sinf
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12 a Use the chain rule to find the gradient:

dy
Q_ﬁ_ 3cos@

dx dx  —5sin@

dé
Then the equation of/, is given by
y—3sinf = —3C?50(x—5c050)
Ssin

5ysin@—15sin* @ = -3xcos @ +15cos’ 0
3xcos@+5ysinf =15

At O the line cuts the y-axis, so x =0
Substitute in the equation for line /;:

Sysin@ =15 so y =—
sin &

The point Q has coordinates (0, .3 )
sin

The gradient of any line perpendicular to
[ is:

Ssin @

3cos@

Then the equation of /, is:
3 5sinf .
sinf 3cosd

3ysin@cos@—9cos =5xsin’

5xsin’ @ —3ysinfcos@ = -9 cosd

If [,cuts the x-axis at (—4, 0), then
substituting into the equation for /, gives

—20sin* @ =-9cos b
20(1—cos* @) =9cos b
20—20cos’ @ =9cos 8

20cos’ @ +9cos@—20=0
Using the quadratic formula to solve
gives:

~9+./81-4x20x(-20) -9+41
40 40

cosf =

Obviously cos@ # —% <-1,s0
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13a Use the chain rule to find the gradient:

dy
dy _ d¢ _ 4cost _ 2cost
dx dx —2sint sint
dt
Then an equation for /, is given by:

2cost

y—4sint =— (x—2cost)

sint
ysint —4sin®t = —2xcost +4cos’ ¢t

2xcost+ ysint =4

b Since /, is perpendicular to /,, the

gradient of /, is Sin
2cost
The line passes through the origin, so the
. sint
equationis y=mx= y=x
2cost

o sint
Substituting y = x
2cost

of [, to find the coordinates of the

intersection gives:
- 2

into the equation

sm- ¢
2xcost+x =4
, 2cost |
= 4xcos t+xsin”¢
=8cost
8cost
= x=

4cos’ t+sin’t

sin¢ 8cost

Y= X 2 )
Then = 2¢€0sf 4cos”t+sin”¢
4sint

4cos’ t+sin’t

The coordinates of Q are:

8cost 4sint
4dcos’t+sin’t 4cos’t+sin’t
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14 Use the chain rule to find the gradient:

dy
Q_i_ bcost

dr  dx  —gsins

dt
The equation of the tangent is:
y—bsint = (—bC?StJ(x—acost)
asint

aysint—absin®t = —bxcost +abcos’ t
= bxcost+aysint =ab

To find the x-intercept, substitute y = 0 in the
equation for the tangent:

a
bxcost=ab=>x=——
cost

To find the y-intercept, substitute x = 0 in the
equation for the tangent:

: b
aysint=ab—= y=——-

sin ¢
The area of the shaded triangle is:
1 a b ab
—X X . = .
2 cost sint 2sintcost
_ab
sin 2¢
= abcosec 2t

SolutionBank

15 Rearranging the equation for the ellipse:

., x? 2436 — x>
R R e

In the first Cartesian quadrant, the ellipse can
be seen as the graph of the function

2436 —x°
3

To find the area in the first quadrant,
integrate fromx=3tox =16

The integral 2 LG \/36—x"dx can be solved by

substituting 6sinu = x, as follows:

2[*\36-36sin’ u(6 cosu) du
= 4J.f\/1 —sin’ u(6cosu)du

=24 cos’u d

J.g cos wci Using the identity
o 2 —

=12L2(1+cos2u)du 2cos” @ =1+cos26
T : z

=12><§+[6sm2u];

=4n+ [—6 sinz}
3

—4n-33
The area of the shaded region is twice the
value of the integral, so it is 87 —6~/3
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Challenge

In the first Cartesian quadrant, the ellipse can be

2
seen as the graph of the function y = b, /1 _x_2
a

This can be integrated. The integral
2

J.Oab 1- x—de can be solved by substituting
a

x =asinu , as follows:
b_[f\/l —sin’u(acosu)du = ab_[f cos’u du

2]+ cos2u

The area of the ellipse is four times the area
contained in a single quadrant, so it is abn
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