Further Pure Mathematics 1 SolutionBank

The t- formulae 5C

1 a 2sin@—cosf@=2 1 b sin@+5cosf=-1

0 ) o o
Using the substitution t=tan§ Using the substitution l‘=tan§

2 g2
) 2t B 1—¢ _» 2t2_5 1 t2 _ 1
1+¢ 1+ ¢ 1+1¢ 1+1¢

At—1+1 =2+2F 2p45-50 =-1-1°
£ —4t+3=0 4" =2t-6=0
(t-3)(t-1)=0 20 -t-3=0
f=3ori=1 (2t-3)(¢+1)=0
3
t==ort=-1
an?=3 ?
2 0 3
0 tan—=—
5—1.249... 2 2
6=2.50 9_092...
6=197
ortanQ:l
2 0
o_r or tan—=-1
2 4 2
6 n
T — ==
0=2=157 27
o="T-471
2
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1 ¢ tanf-5secd=7 e 2cotd—cosecd =0
Using the substitution ¢ = tang Using the substitution ¢ = tang
2t 1+¢ 1-¢ 1+7
-5 =7 2 + =0
1-¢ [l—tzJ [ 2t j [ 2t j
2t-5-5¢" =7-17¢ 2-22-1-2=0
28 +2t-12=0 3t -1=0
' +t-6=0 a1
(1+3)(¢-2)=0 3
1 1
l‘=—301‘l‘=2 {=— 0ort=——
7 7
tangz—?; 0 1
2 tan—=—
0 2 3
527'[—1.249... gzz
6=3.79 2 6
) 0="2-1.05
or tan— =2 3
2
0 1
g=1.107... or tan—=——
2 2 B
0=221 0 T
2 "%
d 7cotf+3cosecd =9 5
. o o 0=—=5.24
Using the substitution ¢ = tanE 3
A=) 510 2 a sin20-2c0520=1—3c0s20
2t 2t
772 +3+ 32 =18¢ Using the substitution ¢ = tan @
10-4¢ =18¢ ) i
4 +186-10=0 2f2_2(1‘fzj=1_ﬁ(l‘fzj
212 49—5=0 I+1¢ I+1¢ I+1¢
(2t-1)(t+5)=0 2-2+20 =1+ —3+3"
2 2 _
t:% orfoe§ 3= =2t43-3=0
2 —_—
) (V3-1)r-20-(V3-3)=0
tan —=—
2 2
2:0.436...
2
6=093
or tanQ:—S
2
g:n—1.373...
2
0=3.54
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24428163
t:
2(\6 — 1)
You need to evaluate /28 — 16x/§
Let a+bv3 =~/28—16+/3, where

a and b are integers.

Then (a+b\/§)2 ~28-163
& +30° +2an3=28-16{3

So a* +3b> =28 and ab = -8
Solving simultaneously gives:

@ +3(ﬁ;J=28
a

a®+192 =284’
a*—28a*+192=0
(a2—16)(a2—12)=0

So a*> =16 (since a is an integer)
Therefore a = +4

a=4=>b=-2

a=-4=5b=2

Therefore 28 —16+3/3 =4 —2/3
or V28—164/3 = -4+ 243

Nowt:zi\/zs—m\@
2(\6—1)

Sot=2+\/28—16\/§

2(\6—1)

~ 2+(4—2\/§) ~ 6—23

- 2(«5—1) N

V3(23-2)

23-2

3

or ¢ =

2+(—4+2\/§)__2+2\g_1
2(v3-1) C23-2

Thereforet=\/§:>0=§or9=4?n
and t=1:>9=£ or@:s_n
4 4

3 a l6cotx—9tanx =0

. o X
Using the substitution ¢ = tan 5

2
16| 1= —9( 2t2)=0
2 1—¢

16(1-£) ~18¢(21) =0
16(1—2t2+t4)—36t2=0
16 -32¢ +16¢ —=36t2 =0
16t — 68t +16=0

4t 1717 +4=0

b Substituting u = >
4u —17u+4=0
(4u—1)(u—4)=0

1

u=Z oru=4
tzzé—l1 ort’ =4
z‘=l orz‘=—l ort=2ort=-2
2 2

tan£= l

2
£=0.463
2
0=0.93
tan£= —l

2 2
g= n—0.463...
2
0=5.36
tang =2

2
£= 1.107...
2
0=2.21
tan —= -2

2
Q=n—l.107...
2
0=4.07
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4 a 10sinfcosf—3cosd=-3

. _ X
Using the substitution ¢ = tan;

2t \(1-¢ 1-£2)
10(1+t2j(mj_3(1+t2j__3
201 (1-2)-3(1-¢*) = -3(1+ )

206 -208 =343t ==3(1+26 +1*)
200208 =3+ 3¢ =-3-61> - 3¢
61* =201 + 6¢* +201 = 0

3t =106 + 362 +10t =0

t(3£ =107 +3t+10) =0

Let f(r)=3£—10¢* +3¢+10

Then f(2)=3x2’-10x2*+6+10=0
So (t—2) is a factor of f(t)

3¢ =107 +3t+10 = (£ =2) (3¢ + kt - 5)

Equating coefficients of #:

-10=k-6

So k=-4

2360 =108 +3t+10= (1 -2) (3 -4t -5)

L t(t=2) (30 —41-5)=0

4476 2+4/19
6

Sot=0, t=2,0rt=
3

tan£= 0
2

9_0
2

=0
tan£= 2
2

Q: 1.107...
2
0=221

2+\/E
3

0
tan—=

Q: 1.129...
2

0=2.26

0_2-419
3

ta

Q=n—0.666...
2

0=4.95

5 a

SolutionBank

3sin26 +cos260 +3tan260 =1
Using the substitution ¢ = tan @

_ 2
3[ 2t2j+1 t2+3[ 2t2j=1
1+¢ 1+¢ 1-¢

6t(1—t2)+(1—t2)2+6t(1+t2)
=(1+t2)(1—t2)

6t—6+1-2+t" +6t+6£=1-+"
2t =2t +12¢t=0

=t +6t=0

t4—t2+6t=t(t3—t+6)
(1+2) is a factor of £* —¢ +6,
So £ —t+6=(t+2)(¢ +kt +3)

Equating coefficients of £
0=2+k
So k=-2

Therefore (7 + 2)(1‘2 —2t+ 3) =0

Note that # —2¢+ 3 =0 has no solutions,
since

'b? —4dac'=(-2) —4x1x3=-8<0

Therefore t =0 or ¢t =-2

tand=0
O=0o0rf=m

tan@d=-2
O=n-1.107...0or 8=2n-1.107...
6=2.030r #=5.18

tan @ +cos260 =1
Using the substitution ¢ = tan @

=

t+ - =1

1+¢
t(l+t2)+l—t2=l+t2

t+1 -t =1t
£ =2t +t=0
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6 b t(r-20+1)=0 b £+£-22=0
(1-1) =0 £(f+1-2)=0
Let f(t)=t3+t—2
tand =0 —1P11-2=
O=0orf=mor @=2mn f(l)_l +1-2=0
So t—1 is a factor of f(t)

tan@ =1 So f(f)=(t_1)(t2+kt+2)

T B T 5m
0= 2 ! f=m+ 24 Equating coefficients of 2
0=-1+k
7 a 2sin26—cos46—4tanf =—1 k=1
2 2
2sin26’—(cos2 20 —sin? 26’)—4tan¢9 Therefore ¢ (t_l)(t +t+2)=0

=-1

2sin26 —cos’ 26 +sin” 260 —4tan 0
=1

Using the substitution ¢ = tané

Note that > +7+2 =0
has no solutions, since

b —4dac'=1"-4x1x2=-7<0

Sot=0o0r¢t=1

2 2
2t 1-¢ 2t
2(1+t2j_(1+t2j +(1+t2j A=t tan&=0

6=0,0=mn, 0=2n

4(1+22)~(1-22) + 42 ~4r(142) tan6 =1
(1+t2)2 9:5,92n+£:5_”
. 4 4 4
4t(1+t2)—(1—t2)2 +47° —4t(l+t2)2
= —(1+z‘2)2
4+48 (120 +11)+47 =41 (1427 +1°)
=—(1+27 +¢)
U+4F 142 44— 4
=127

48 -4 +8t7 =0
£+t-2=0
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8 S5cos@—12cosecd =12 Challenge
Usine the substituti 4 0 5sin260+12cosf =—12
sing the substitution 7= ans 10sin&cos @ +12cosf =—12
5 l—ti 12 1+¢ _ 1o Substitute t:tang
1+¢ 2t ) ,
2t 1-1¢ 1-1¢
2 2\ _ 2 10 +12 =12
5(26)(1-27)-12(1+27) =12(2¢)(1+¢7) (1+t2j(1+t2j (1+t2j
2 2 4\ _ 3
10¢(1-£2) = 12(1+26> +1*) = 241 + 241 200(1-7) 12(1-7)
+ —_
10 -10¢° —12 - 24¢* —12¢* (1+t2)2 1+ 7
=24t + 24¢° 2
2 2 2\ _ 2
12¢* + 347 + 241> + 14 +12 = 0 206(1=2)+12(1-2 ) (142 ) = —12(1+ )
61 +176 + 1267 + 7t +6 =0 20 -208 +12(1- ") = =12(1+27 +1*)
4 3 2
Let f () =61 +176 +12*+ 7t +6 207 - 207 +12-12¢* = —12 - 247 —12¢*
f(-1)=6-17+12-7+6=0 206’ - 201 - 241% - 24 =0
3 2 _
So (¢+1) is a factor of f(¢) S —6"—-5t-6=0
Also f(-2)=96-136+48—14+6=0 Let £(£)=5F—67—5t~6
So (¢+2) is a factor of f'(¢) £(2)=5%2" ~6x2* ~5x2-6=0
2
Therefore (1+1)(t+2) =1 +3t+2 So 7~ 2 isa factor of £ (f)
is a factor of f(t) So f(t)=(t—2)(5t2+kt+3)
6t' +176 +12t* + 7t +6 Equating coefficients of ¢*
= (£ +3t+2) (67 +kt +3) ~6=—10+k
Equate coefficients of £: k=4
12=3+3k+12 5
So k =—1 Therefore (t—2)(5t +4t+3)
Note that 5¢t* +4t+3 =0
So (t+1)(¢t+2)(6" —1+3)=0 has no solutions, since
Note that 67° —1+3=0 'h? —4ac'=4>-4x5x3=-34<0
has no solutions, since S 5
'b? —4ac' = (~1) —4x6x3=-71<0 0r=
Sot=—-lort=-2 0
tan—=2
tan — = —1 ) 2
Q_n_ﬂ 521.107...,
5 4 0=221
3n
0= N 4.71 Check possible values of &
0
tan% =-2 for which tan (EJ is undefined,
g:n—1.107... ?lIldWthh is in the given range 0 < 0 < 2n
ie. d=m
0=4.07 This gives

5sin2m+12cos = 5><O+12><(—1) =-12

So &= 1s also a solution.
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