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Taylor Series 6B

1 a We can evaluate the limit directly since there are no singularities:
T+x 740 7

1 ==

=05-x 5-0 5

b Again, there are no singularities, so:
. 3-2x 3-2-0 3
lim = =—
=0 x+2 0+2 2

¢ Here we should divide through by x in the numerator and denominator and then use the fact that

_ 4 _ _
lim! =0: lim 2 =2¥ — imx"2-972_

e Q4yxy e 2] 041

d Again, dividing through by x , we find:
. 4x+1 . 4+L 440
lim =lim—== =2
o3 42x w342 042

2 a We make use of the Taylor expansion about x = 0:

3 3
) sin4x 4
sin4x=4x——x’ +---= =4——x"+
3! X 3!
. sindx
= lim =4
x—0 X

b Here we use cosx =1—- x>+ L x* +... tosee that:

21 4!

I, cosx—1 1
cosx—l=——x"+--> > S
2 X 2

. cosx—1 1

= lim —=—=

x—0 X 2

9

¢ Weuse ¢ =1+3x+=x>+--- to see:

2!
x 1
e =1 3+x+-

e3’c—l:3x+2x2 o=
2!

) X 1
= lim 3 =—
=0t -1 3

3
d We use arctan4x = 4x_4?x3 +... to see:

X 1

arctandx  4—4 x7 4.

) X 1
=lim—————=—
x=0arctan4x 4
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3 a We use the Taylor series for sinx about x =1t

) 1
sinx = cosm(x —m) —gcosn(x —m) +...

= sinx=—(x—7t)+%(x—7t)3 +...

Then we find:
limX =T = lim+ —]
X—>T slnx X—OT _1+g(x_n)2

b Here we look for a Taylor expansion about x = 2 for sin(x” —4):
d . 2 2
—sin(x” —4)=2xcos(x” —4
= ( ) ( )

= sin(x* —4) =sin(2* - 4)
+2:2-cos(2 =4)(x=2)+(x=2)* +...
— sin(x’ —4) = 4(x—2) + (x=2)"...

So we find that:

. 2
lim sin(x” —4)

lim = =lim (4+(x-2)+...)=4
4 a We make use of the Taylor series for In(1+x) about x = 0 to deduce that:

4
In(l+x%) = x>~ + ..

2
Then we see:
2 2
lig A+ ) _ lim[l 2 j =1
x>0 X x>0 2

1
b Now we want the Taylor series for Inx about x = 1 given by: Inx=(x—1) —E(x —1)*+...
Then we note that:

(x=1)=Rx-DEx+1)
Inx _ x+1_%(\/;+1)(x_1)2+ ......

:>\/__1

And observe that in the limit as x — 1, the second and remaining terms do go to zero, so:
lim 0% _ f111=2

x—1 x_l
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4 ¢ We calculate the leading order terms in the denominator and numerator:

e —e"“—2x:(1+x+%x2 +%x3 +)
—(l—x+%x2 —%x3 +...)—2x=%x3 +...
x> —xIn(1+x) = x* —x(x—%x2 +)

:%f+m

Then we can take the limit after dividing through by x’ to obtain:

e —e*-2x

d We perform a similar procedure:

e* sinx—x=(1+x2+...)(x—%x3+...)—x
:x—x+x3—%xﬁh":%x +...
2y _ 2 1 4 _3_1.
xln(l+x)—x(x > +) XX +...

Then in the limit we have that;

2, 3
e’ sinx—x .. tx +.. 5

2y M
=0 xIn(l+x7) 0 x” —..

5 a The first few leading order terms in the Taylor series for sinx and e are:

o 1.3, 1.5
SIMx=x —3!)6 +—5!x +...
1 1 2 1.3
e’ =1 x+—2!x —3!x +...

which can be found easily by differentiating the two functions using:

—X

—sSInXx=CcoSx, —CcoSXx=—sinx,—e  =—e
dx dx
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5 b Now we compute:

1 1 l-e"-sinx

sinx l-e* sinx(1—-e™)

Plugging in the Taylor expansions:

l—e"‘—sinx:l—(l—x+Lx2+...)—(x+...)

2!
:—%x2+...
sinx(1—e™) z(x+...)-(1—(1—x+...))
=x"+...

Then we can take the limit:

. 1 1 . l—e " —sinx
lim| —— =lm——————
=o\sinx l-e™ ) 0sinx(l-e™)

_1,2
:lim( R j:lim—zx te_ 1

—=0\sinx l—-e”

we find that the first few leading order terms in the Taylor series for Inx and Jx about x=1 are
given by:

_ 1 2, 2 3
lnx—(x—l)—i(x—l) +§(x—1) +...
:lnx:(x—l)—%(x—l)z+%(x—1)3+...

1+ LrnL L2 L3 1)
J}_Hz(x Doy =D +gpg@=1"+..

LD L2+ L 1)
= x—1+2(x 1) 8(x 1) +16(x 1)’ +...

b We have that:

11 -l+lx—x
Jx Inx-1 (Inx—1)vx
B “l+ (=D =31+ (1 S (=D = L (=1 +...)
(=Dt D ) (I =D = (=) =)
C24+l(x-D+.. 2

= —->—=2,as x —>1
—1+i(x-D+... -1
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7 a Weuse i (smh x) = cosh x as well as- (cosh x) = sinh x to write down:

sinh x = x+1x +Lx +..

6 120
where we use sinh(0=0, cosh0=1

11m(2x cosech3x) =1lim 2x
x>0 x>0 ginh 3x

. 2x ) 2
lim =lim >
0 3x + 1 (3x)’ =034+ 1 (9x7)+...

b Note that cosech x = s; , SO =

+
. 2
= hn(}(2x cosech3x) = 3

%\/1 +4x =2(1+4x)"

8 a We compute the necessary derivatives: %2(1 + 4x)_% =—4(1+ 4x)_%

— J1+4x :3+%(x—2)—%(x—2)2+...

b To find the limit we can find a finite Taylor series for x* —2x° —8 such that
4 p)
x'—=2x" -8

=24(x—2)+22(x—2)* +8(x =2y’ +(x—2)*
Then writing \/1+4x—3:%(x—2)—2—27(x—2)2+...

The limit is given by:
. Al+4x-3 . 2-Z(x-2)+.. 1
lim = lim =—

2yt —2x2 =8  224422(x-2)+... 36

Challenge
a We do the required differentiation:

d 5 1
—J1+5y==(1+5y)
& y 2( »)

d(5 1 25 3
— | Z1+5y)7 |=—Z2(1+5y)
dy(Z( ») j 4( »)

i(—§(1+5y)_%j :ﬁ(1+5y)—%
dy 4

5,_25 125 .3
1+5y—1+2y 8y +16y +..
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Challenge

b Now we make the substitution y = % in the expression v/x* + 5x —x and note that taking the

limit as x — o0 is the same as taking the limit as y—0

\/x2+5x—x=l«/1+5 —l
Y Yy
Then: =l((1+i —§y2+_,_)_1):§_2y+

y\\' 7278
5_25 _>
(2 8y+...) :

= limvx*> +5x —x =lim
—0

X—>0 y
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