Further Pure Mathematics 1 SolutionBank

Taylor Series 6C

d’y d’y dy
1 Differentiating —= = x + 2y, withrespecttox, gives—==1+2— (1
8 dx? Y P g dx’ dx 1)

Differentiating (1) gives

&t T
o . d’y :
Substituting x, =0, y, =1 1nt0@ =x+2y, gives
2 2
Y os2ays0| 2 =2
dx 0 dx 0
3
Substituting (d_yj = 1 into (1) gives d—J; =1+ 2(lj =2
dx ), 2 dx® ), 2
Substitutin dz—y =2 into (2) gives d4_y =2(2)=4
g ax ) g o 0

So using the Taylor expansionin the form where x, =0, i.e. ii

3 4
y—1+ NI ) I ) S U S S S A
2 2' 3! 4! 2 3 6

. . d’y dy )
2 Differentiating (14 x*)—= + x— =0, gives
g ( )dx2 FmiLE:
dy’ d’y dy dy e dzy dy
1+x° +2x—2+Xx =0 (1 ie. (1+x%)—=+3x =0
( )dx3 dx? dx2 dx @) ( )dx dx2 dx

2 2
Substituting x=0 and (d_yj =1 into (1 + xz)d_)2/+ xd_y =0, gives d_-); =0
dx J, dx dx dx” ),

2

3
Substituting x =0, (d_yj =1 and d—); =0 into (1) gives d—); =-1
dx J, dx” ), dx® ),

Sousing the Taylor expansion in the formii,

() J (—1) 3 x’

y=0+Ix+-—x"+—"x +..=x——+...
3! 6
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3 Differentiating —+ y—¢* =0, gives —+——¢ =0 1
gty g o (0))
d’y d°
Differentiating (1) gives é+£—e -0 Q)

Substituting x, =0 and y, =2 into d_y+y —-e' =0, gives (d_yj +2-1=0, so (d_yj =-1
dx dx J, 0

L dy . . d’y d’y
Substitut =0,] —| =-linto(1 — | +(-D-1)=0 — | =2
ubstituting x (dx) 1no()g1ves[dx2j0 (=D —() so(dx2 O

0
L d’y . . d’y d’y
Substituting x =0, | —= | =2 into (2) gives | — | +(2)—(1)=0 so =-1
u g x (dle 2)g (dx30 2)-0= o 0

Substituting into the Taylor series with x, =0, gives

y= 2+( 1)X+(2) (3) 3

3
X
=2—x+x"——...
6

2
4 Differentiating jx_); + x%: + y =0 with respect to x gives
3 3 2
&'y Sl ix d f+dy Y_o i.e.d—);+xd—);+2d—y=0
dx dx® dx dx dx dx dx
Differentiating (1) gives
4 2 2 4 3 2
l{mixf sz +2jx2 0 (), ie jxi;erjx);Jr?)jx); =0
Substituting x =0, y =1 andd—y =2 into dz—y+ xd—y+ =0 gives
g > Y or o dr y g
2 2
I voei=0=| 92| o
dx” ), dx
2
Substituting x =0, (d_yj =2 and d—J; =—1 into (1) gives
dx J, dx” ),
3 3
d—{ +0(=1)+2(2)=0, so d—gv =4
dx’ ), dx’ )
2 3
Substituting x =0 (dy ) =2, d—); =—land d—J; =—4 into (2) gives
dx J, dx” ), dx’ ),

YY) Loy =0, sl 2] -
(dx4JO+O( 4)+3(-1) O,SO(dx4JO 3

Substituting into the Taylor series with form ii, gives

b% =l+2x+—(_l) x’ +—(_4) x +Q)x4 +
2! 3! 4!

=1+2x—5x2 —zx3 +lx4 +...

8

© Pearson Education Ltd 2018. Copying permitted for purchasing institution only. This material is not copyright free. 2



Further Pure Mathematics 1 SolutionBank

2 3 2
d—;v+2d—y:3xy gives jx—f+2jx—;v:3x%+3y )

5 Differentiating ™

o dy . d’y _dy dy
Substitutin =1, y,=land| — | =-linto —+2—=3 1ves =5
u g X Yo (dle & dr Xy g (dx

1
dy d’y . . d’y
Substituting x, =1, y, =1 =—land | —- | =5into (1) gives | — | =-10
g Xy Yo = (dx)l (dxzjl M g [dxgl
Substituting into the form of the Taylor series form i, with x, =1, gives

y=1+(—1)(x—1)+%)(x—l)2 +%(x—1)3 +...

=1—(x—1)+§(x—1)2 —%(x—1)3 _

2
6 Differentiating jx—); +2 y% +3° =1+x, twice with respect to x, gives
d’y d’y dy} , dy
LR PR +3y"—=1 (1
& 7 ar (dx PR

d*y d’y _dy(d’y (dyj d’y dzy (dy)
) +2 +4 +3 +6 =0 (2
o T dx(dxz g b e @

2 2
Substituting x =0, y =1 and — dy _11n1;od 4 +2dy +y3 =1+x gives d_y =-2
dx dx’ dx 0
2 3
Substltutlng y= 1’ (Qj —1and d = -2 into (1) gives d—i} =0
dx ), & 0 dx” ),

2 3 4
Substituting y =1, (dy j =1, ¢’y =-2, d—); =0 into (2) gives d—i} =12
0 dx” ), dx” ),

dx dx2
—(_22') Qs 02 e,

So, using the Taylor series form ii, y =1+ 1x + 3 T

1
so y=l+x-x’ +EX4 +...

7 a Differentiating (1+ 2x)d—y = x +2y” with respect to x

y+2dy}_1+4ydy 1)

2

{(1+2 ) & &

Differentiating (1) gives

i Pl i)

d’y d’y ( yj
= (1+2x) L ral-y) "L =g Y
( x)dx3 ( y)dx2 dx

© Pearson Education Ltd 2018. Copying permitted for purchasing institution only. This material is not copyright free. 3



Further Pure Mathematics 1 SolutionBank

7 b Substituting x, =0 and y, =1 into (1+ 2x)% =x+2y° gives (%) =2(1)=2
0
Substituting known values into (1) gives

&y _ ) _
(dxz jo +2(2)_1+4(1)(2):>(dx2 jo =5

3
Substituting known values into (2) gives (jx_yj =4(2) =16
0

3

2 2 3 3
Sousingy:y0+x(d_y) +x_d_)2; +x_d_)3/ N
dr ), 2@ ) 3@ ),

3

y=1+2)c+i)c2 +Ex3 +...=1+2)c+§)c2 +§x +...
2! 3! 3

. . . d . .
8 Differentiating smxay + ycosx = y> with respect to x, gives

2
sinxd—)2;+ cosxd—y +(—ysinx+cosxd—y):2yd—y 1)
dx dx dx dx

dzy

2

dy . dy
+2cosx——ysinx=2y—
o 7 Vi

or sinx

. d . 1 (d 1
Substituting x, = %, y= V2 into smxay+ycosx =y” gives f(&yj +V2Xx—==2

NG

(2

d . .
Substituting x, = %, yoﬁ, (ayj =/2 into (1) gives

%{jx—y] +2[%j(ﬁ>—(@[%}=z<ﬁxﬁ)

o . _ dy (x—x0)2 d2y
Substituting all values into y =y, + (x — xo)(alo + 1 o x +...

2
gives the series solution y =~/2 + \/E(x —%) +ﬂ(x —EJ +...

2 4
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. Cody o, . . d*y dy
9 a i Differentiating — — x” — y°~ =0 with respect to x, gives —2y—=-2x=0 1
LI y p gives 5 =2y 1)

3

d y d? b% dyj
ii Differentiating (1) gives —— —2 -2 -2=0
g()gi y— ( 1

dx2
3 2 2
. . . d'y d’y (dyj d’y (dyj dy
b Differentiating (2) gives ———-2y—=—-2| — || — |- 4
g( )gV dx4 ydx3 dx dxz dx dx2

3
dyzdy 6dy dyo 3)

SO
dx* dx3 dx  dx?

¢ Substituting x, =0, y, =1, into %— x> —y* =0 gives

(d_yj —0—1:1,so(d—yj =1
dx 0 dx 0

Substituting x, =0, y, =1, (%) =1 into (1) gives
0

&y &’y
(Kl —2(1)(1) - 2(0) = 0, s0 (dx l =2

2
Substituting y, =1, (dy j =1 (d_yJ = 2 into (2) gives
0

dx dx’ o
d3y] 2 d’y
— | =2(H(2)-2(1)" =2,s0| —| =8
(dx"’ 0 dx3 0
2 3
Substituting y, =1, (d_yj =1 d—); =2 and d—J; =28 into (3) gives
dx J, dx” ) dx” ),

V) e —61)2) =0, 50| L] =
(dx4 l 2(1)(8) - 6(1)(2) = O, so(dx4 l 28

Substituting these values into the form of Taylor’s series form ii, gives

potr s DO, 09

+...=1+x+x° +£x3 +lx4 +...
3! 4 3 6
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10 Differentiating cos xd—y + ysinx + 2y’ = 0, (1) with respect to x, gives

cosx——y/%+ycosx+y//d—{+6 : &y =0, (2

Differentiating again
3 2 2 2
cosxﬁ—smxd—y—ysmx+cosxdy+6y2d—);+12y(d—yj =0, @3
dx’ dx’ dx dx dx
Substituting x, =0, y, =1 into (1) gives (d_y) +2(1)=0, so (d_y) =-2
dx 0 dx 0

Substituting x, =0, y, =1, (gﬁj = -2 into (2) gives
0

2

&y o dy) _
(dle+l+6(l)( 2) O,so(dle 11

2
Substituting x =0, y =1, (dy j =-2, (d_yj =11 into (3) gives
0 0

dx
d’ o
(g’f} +(D)(=2)+6()(A1) +12(1)(-2)?, so (K{J — 112
0 0
Substituting these values into the form of Taylor’s series form ii,

L) s

ives y=1+ 2x+
gives y (-2) 1" 3t

y=1—2x—i—1—1x2 —Eyf +...
2 3

Ignoring terms in x*and higher powers, y~1—2x+ 12—1x2 ELRE

11 a We consider the differential equation:

2
d—i}:4x%—2y

Differentiating both sides:

2

:df 4 Y 4df 2,4, 4df
& dx A Cdr dv de
2 2 3 2 3

jx{ 29 e rax —6 T a2
4 3

jxf 6ij 43; 4x jxf 4xjx4+1ojx3

=

=

ie. p=4,9=10
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11 b Now use the initial conditions given to find:

d2
—(x—l) 4.1.2-2.2-4

d3
—( —1)=2-2+4-1.4=20

d4
—(x—l) 6-4+4-1.20=104

5
d—( =1)=10-20+4-1-104 =616

Plugging this into the Taylor expansion for y(x), we see:
y(x)=2+2(x—-1) + 4(x 1)° + 20(x 1)’

4' 104(x-1)* + 1-616(x — 1)° +..
= (x) = 2+2(x—1)+2(x—1)2 +m(x—1)3

+Q(x 1) + (x 1) +..
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