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Taylor Series Mixed Exercise 6

1 Let f(x) cot
4

x x
π = − 

 
 and a 

4

π
= ⇒  f(a) = 0 

 f ′ (x) ( )2cos ec cot
4

x x x
π = − − + ⇒ 

 
 f ′ (a) = 1 

 f''(x) ( )2 22cot cos ec 2cos ec
4

x x x x
π = − + − ⇒ 

 
 f''(a) = −4 

 f'''(x) ( )4 2 2 22cos ec 4cot cos ec 6cot cos ec
4

x x x x x x
π = − − − + ⇒ 

 
 f'''(a) = 12 

 Substituting into the Taylor series expansion gives 

 f(x) 

2 3

2 3

4 12
0 1

4 2! 4 3! 4

2 2  as required
4 4 4

x x x

x x x

π − π π     = + − + − + − +     
     

π π π     = − − − + − +     
     

…

…

  

 

 

2 a f ( ) ln (1 e ) so f (0) ln 2xx = + =  

  
e

f ( )
e

x

x
x′ =

1+
       

1
f (0)

2
′ =  

 

 

  So 
e

f ( )
( e )

x

x
x

2
″ =

1+
 or use the quotient rule  

1
f (0)

4
″ =  

 

 b 
( e ) e e ( e )e

f ( )
( e )

( e )e {( e ) e } e ( e )
f ( )

( e ) ( e )

x x x x x

x

x x x x x x

x x

x
2

4

4 3

1+ − 2 1+
″′ =

1+

1+ 1+ − 2 1−
= = ″′ 0 = 0

1+ 1+

 

 

 c Using Maclaurin’s expansion: 

   
2

ln (1 e ) ln 2
2 8

x x x
+ = + + +…  

  The expansion is valid for     1 e 1 0, e 1x x− < ⇒� �  so for   0x�  

 

3 a 
2 4 6

2 4 6

(4 ) (4 ) (4 )
cos 4 1

2! 4! 6!

32 256
1 8

3 45

x x x
x

x x x

= − + − +

= − + − +

…

…

 

 

 b 
2cos 4 1 2sin 2 ,x x= −  

 

  so sin cosx x x x x2 2 4 632 256
2 2 =1− 4 = 8 − + +

3 45
…  

   sin x x x x2 2 4 616 128
2 = 4 − + +

3 45
…  

( e )
e

x

x

−11
=1− = 1− 1+

1+
 

Use the quotient rule and chain rule. 
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4 Using ex
x x x

x
2 3 4

=1+ + + + +
2 6 24

…  and cos
x x

x
2 4

=1− + −
2 24

…  

    

2 4
2 4

1 +
2 24cosx 2 24

2
2 2 4

2 4 4

2 4 4 2 4

e = e = e× e × e

1
= e 1 … 1 +… no other terms required

2 2 2 24

= e 1 … 1 …
2 8 24

= e 1 … = e 1 …
2 8 24 2 6

x x x x

x x x

x x x

x x x x x

 
−  − 

 

      
+ − + − + +     

     

   
− + + + +  

   

   
− + + + − + +   

   

 

 

5 a 
d d

sin and , so
d d

y y
x y x y

x x
0 0

0

 = 2 + + = 0 = 0 = 2 
 

(1)

 

  Differentiating (1) gives 
d d

cos
dd

y y
y
xx

2

2
= 1+ (2)  

  Substituting 
2

0 0 2

0 0

d d
0, 0, 2 into gives 3

d d

y y
x y

x x

  = = = =  
   

(2)  

  Differentiating (2) gives 
d d d

cos sin
d d d

y y y
y y

x x x

23 2

3 2

 = −  
 

(3)  

  Substituting 
2

0 2

0 0

d d
0, 2, 3

d d

y y
y

x x

  = = =  
   

into (3) gives 
3

3

0

d
3

d

y

x

 
= 

 
 

  Substituting found values into 
2 3

0

0 0 0

d d d

d 2! d 3! d

y x y x y
y= y + x + + +…

x x x

2 3

2 3

                      
 

  y x x x2 33 1
= 2 + + +

2 2
…  

 

 b At . , ( . ) ( . ) ( . ) .x y 2 33 1
= 0 1 ≈ 2 0 1 + 0 1 + 0 1 = 0 2155

2 2
 

 

6 ln 2

2 3 4 2 3 4

2 3 4 2 3 4

2 3

[(1 ) (1 2 )] 2ln (1 ) ln (1 2 )

( 2 ) ( 2 ) ( 2 )
2 ( 2 )

2 3 4 2 3 4

2 1 8
2 2 2 4

3 2 3

3 2

x x x x

x x x x x x
x x

x x x x x x x x

x x

+ − = + + −

  − − − 
= − + − + + − − + − +   

   

= − + − − − − − +

= − − −

… …

…

…
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7 
d d

( )
dd

y y
x y

xx

2

2
− + 2 + 3 = 0 (1)  

 Differentiating (1) gives 
d d d d

( )
d d d d

y y y y
x

x x x x

3 2

2 2
− + 2 − + 3 = 0  

 So that 
d d d

( )
d d d

y y y
x

x x x

3 2

2 2
− + 2 + 2 = 0 (2)  

 Substituting initial data in (1) gives 
2

2

0

d
2

d

y

x

 
= 

 
 

 Substituting known data in (2) gives 
3

3

0

d
4

d

y

x

 
= − 

 
 

  So 
! !

x x
y x

x x x

2 3

2 3

2 4
= 2 + 4 + − +

2 3
2

= 2 + 4 + −
3

…

 

 

8 a 
2

2

f ( ) ln (sec tan ) f (0) ln1 0

sec tan sec sec (tan sec )
f ( ) sec f (0) 1

sec tan sec tan

f ( ) sec tan f (0) 0

f ( ) sec sec sec tan tan f (0) 1

x x x

x x x x x x
x x

x x x x

x x x

x x x x x x

= + = =

+ +
′ = = = ′ =

+ +
″ = ″ =

″′ = + ″′ =

 

  Substituting into Maclaurin’s expansion gives 
x

y x
3

= + +
6
…  

 

 b We use the expansions: 

  

3

31sin ..

1ln(sec tan ) ...
6

.
3!

x x x x

x x x

+ = + +

= − +
  

  to see that: 

  

( ) ( )1 1
3! 6

1
2

1
3

1
2

1

3 3

2

3

3

0

3

10 3

2

3

sin ln(sec tan )

(cos 1)

...

(1 ...

...

...

sin ln(sec ta

..

n )

(cos 1)

...
lim

..

.

1)

lim

2

3.x

x

x x x

x x

x x x x

x x

x

x

x x x

x x

x

x→

→

− +
−

− −+
=

−

+ +

− +

− +
=
− +

− +
−

− +

− +

⇒

==
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9 We first make note of the fact that: 

 
( )
( )

ln 2 ln 2

ln 2 ln 2

31 1 1sinh(ln 2) ( ) 2
2 2 2 4

51 1 1cosh(ln 2) ( ) 2
2 2 2 4

e e

e e

−

−

= − = − =

= + = + =
  

 

 and that cosh sinh , sind d
d d

h cosh
x

x x x x
x

= = , which implies that: 

 

2 2 1

2 2 1

2 2

ln 2 l

1

2 2

n 2

1

d d
cosh cosh , cosh sinh

d d

d 5 d
cosh , cosh

d 4 d 4

3

k k

k k

k k

k k

x x

x x x x
x x

x x
x x

+

=

+

+
=

+

= =

   
⇒    

  
=


=

  

 

 Then, the Taylor series about ln 2x = is: 

 
0 ln 2

d
( ln 2) cosh

1
c sh

! d
o

l

l

l

xl

x x
x

x
l

∞

==

 
−  =

 
∑   

 

 Thus we deduce that: 

 a The thn  term when n  is even is: 

  (
4

)
!

n 2
5

l nx
n

−   

 

 b The thn  term when n  is odd is: 

  (
4

)
!

n 2
3

l nx
n

−   

 

10  Consider the first two terms in the Taylor series of cos x  around π:x =  

 
2 41 1cos π)1 ( ( ...

2
π)

24
x x x= − + − + − +   

 

 Then the limit is given by: 

 

2 2

1 1
2 24

1 1
2 2

4π

π
4

2π

2

( (
lim lim

1 c

π)

os ( ( ...

1
lim

( ...

π)

π) π)

2
π)

x x

x

x x

x x x

x

→ →

→

− −
+ − + − +

=
+ − +

=

=
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11  Consider the first two terms in the Taylor series: 

 

3 5

3 5

3 5

3 5

1 1arctan ...
3 5

1 1 ...arctan

sin

sin

3 5

1 1 ...
3! 5!

1 1 ...
3! 5!

x x x x

x x

x

x x

x x

xx x

x

x

= − + +

− + +

− + +

⇒ − =

=

− + +⇒ − =

  

 

 Then we can evaluate the limit: 

 

1 1
3 5

1 10
3! 5!

1 1
3 5

1 1
6 5

3 5

3 50

2

!

20

...
l

arcta
im

lim 2

n
lim

sin ...

...

...

x x

x

x xx x

x x x x

x

x→

→ →

− + +−
− − + +

− + +
=

− +

=

=
+

 

 

12  a We differentiate the respective Taylor series term by term and match that up with the derivative. 

Firstly: 

 1

3

3

1

2 3

2

2

1 11
2! !

d
d

1
3!

32 41
2

!

d
d

1
( 1

! 3! 4!

1
( 1)!

1 11
2! 3!

!)!
1

x r

x

r

x

r x

r

r

e x x x
r

e
x

x

x

r x
r

e
x

x e
r

x x

r x
r

x x x

x
r

−

−

+ + +

= + + + +

++ +
+

= + + + +

+ +

= + + +

⇒

+

⇒

+ =
−

⋯ ⋯

⋯

⋯

⋯

⋯

  

 

 b 
2 2( 1)d

d (2 1

(2 1)3sin 1
)!3!

r
r

r

r

x
x x x

−
+

+
+

= − + +⋯ ⋯  

2 2( 1)d cos
d (2

1sin 1
2! )!

r
rx x

x r
x x= − + +

−
⇒ + =⋯ ⋯  

c 
2( 1) 13 (2 )2 4cos

2! 4!

( 1)d
d (2 )!

r
rx

x

r
x

r
x x − +−

+= − + + +⋯ ⋯  

23

1
3

( 1) 1

2( 1) 1

( 1)d
d (2 1)!

( 1)
sin

(2 1

1cos

)

3!

1
3! !

r
r

r
r

x
x r

x x

x x x

x x
r

−

− +

− +

= − + + +

= − −

−
⇒ +

−

 −
= − − 

+ + +

⋯ ⋯

⋯ ⋯
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13 
d d

dd

y y
y x
xx

2

2
+ = (1)  

 Differentiating 
d d

,
dd

y y
y x
xx

2

2
+ = gives 

d d d

dd d

y y y
y

xx x

23 2

3 2

 + + =1 
 

(2)  

 Substituting initial values into (1) gives 
2

2

1

d
1

d

y

x

 
= 

 
 

 Substituting 
1

d
2

d

y

x

  = 
 

and 
2

2

1

d
1

d

y

x

 
= 

 
into (2) gives 

3

3

d
3.

d

y

x

 
= − 

 
 

 Using Taylor’s expansion in the form with 0 1x =  

   
( ) ( )

( ) ( ) ( )
! !

y x x x2 31 −3
= 0 + 2 −1 + −1 + −1 +

2 3
…  

   ( ) ( ) ( )x x x2 31 1
= 2 −1 + −1 − −1 +

2 2
…  

 

14 a You can write 
2 4

cos 1 ;
2 24

x x
x

 
= − − + 

 
…

 

it is not necessary to have higher powers: 

   
( )2 4

1
2 4

2 24

1 1
sec 1

cos 2 241 x x

x x
x

x

−
   

= = = − − +  
− − +   

…

…

 

 

  Using the binomial expansion but only requiring powers up to 
4x  

   

( )( )
sec ( )

!

higher powers of

x x x x
x

x x x
x

x
x

2
2 4 2 4

2 4 4

2
4

     −1 −2   
=1+ −1 − − + − − +      2 24 2 2 24       

 
=1+ − + + 2 24 4 

5
=1+ + +

2 24

…

…

 

 

 b 
sin

tan sin sec
cos

x
x x x

x
= = ×  

       

! !

! ( !) !

x x x
x x

x x x
x x x

x x x

x
x x

x
x x

3 5 2
4

3 3 5
5 5

3 5

3
5

3
5

  5
= − + − 1+ + +  3 5 2 24  

5 1
= + + − − + +

2 24 3 2 3 5

1 1 5 1 1   = + − + − + +   2 6 24 12 120   

16
= + + +

3 120
2

= + + +
3 15

… …

…

…

…

…
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14 c Using the series expansions: 

  

3

2 2
2 2

tan ...
3

4 4
1 2 ... 1 2 ...

2! 2!

x x

x
x x

x x
x xe e

= + +

= + + + − = + +⇒

  

 

  we can evalaute the limit: 

  

3 2

22 00 0

... 1 ...
tan 13 3lim

44 2
2 ...2 ...

2!2

lim lim

!

1x x x x

x x
x

x

xxe
x

→ → →
= = =

−

+ + + +

+ ++ +
 

 

15 a Using 
2 3

e 1
2! 3!

x x x
x= + + + +…  and 

2(3 )
cos 3 1

2!

x
x = − +…  

  

e cosx x x x
x x

x x x x
x

x x x

2 3 2

2 2 3 3

2 3

  9
3 = 1+ + + + 1− +  2 6 2  

    9 9 
= 1+ + − + − +    2 2 6 2     

13
= 1+ − 4 − +

3

… …

…

…

 

 b Using the series expansion in the first part we can deduce that: 

  

3

2

2 3

2

31sin ...
6

1cos 1

13
cos3 1 4

3

...

7 25cos3 sin cos ...
6

2

2

x

x

e x x x x

x x x x x

x x x

x x

e

= −

= −

⇒

= + − − +

+

+

− − = − − +

…

  

 

  Then we can evaulate the limit: 

  
0

7 25 7 25
2 6 2 6

0

2

0

3

2 3

2 3

cos
l

3 sin
im

2

... ... 7
lim lim

2 4

c s

2

o

x

x x

xe

x x

x x x

x

x x x

x x

→

→ →

+
− −

− −

= = −
+ +

+ − − +
=
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16 a Differentiating  

2
2

2

d d
0 with respect to , gives:

d d

y y
x y x

x x
+ + = (1)  

   
d d d d

d d d d

y y y y
x x

x x x x

3 2
2

3 2
+ 2 + + = 0 (2)  

  Substituting given data 0 00, 2x y= = and 
0

d
1

d

y

x

  = 
 

into (1) gives 
2

2

0

d
2

d

y

x

 
= − 

 
 

  Substituting 
0

0

d
0, 1

d

y
x

x

 = = 
 

 and 
2

2

0

d
2

d

y

x

 
= − 

 
into (2) gives 

d

d

y

x

3

3
0

1
   =−   

 

  So using Taylor series 
d d d

d ! !d d

y x y x y
y y x

x x x

2 2 3 3

0 2 3
0 0 0

    = + + + +     2 3     
…  

    
x

y x x
3

2= 2 + − − +
6
…  

 

 b Differentiating (2) with respect to x gives: 

   

4 2 3 2 2
2

4 2 3 2 2

d d d d d d
2 2 2 0

dd d d d d

y y y y y y
x x x

xx x x x x
+ + + + + = (3)  

  Substituting 
2

2

0 0

d d
0, 1, 2

d d

y y
x

x x

  = = = −  
   

and 
3

3

0

d
1

d

y

x

 
= − 

 
into (3) gives, 

   

4 4

4 4

d d
at 0, 2(1) ( 2) 0, so 0

d d

y y
x

x x
= + + − = =  

 

17 a f ( ) ( ) ln ( )x x x21+ 1+=  

  

2 1
f ( ) (1 ) 2(1 ) ln (1 ) = (1+ )(1 2 ln (1 ))

1

2
f ( ) (1 ) (1 2ln (1 )) 3 2ln (1 )

1

2
f ( )

1

f (0) 0, f (0) 1, f (0) 3, f (0) 2

x x x x x x
x

x x x x
x

x
x

′ = + + + + + +
+

 ″ = + + + + = + + + 

 ″′ =  + 
= ′ = ″ = ″′ =

 

 

 b Using Maclaurin’s expansion  

 

  

2 2 3

2 3

3 2
(1 ) ln (1 ) 0 (1)

2! 3!

3 1

2 3

x x x x x

x x x

+ + = + + + +

= + + +

…

…
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18 a 

( )

3

2 3 4
3 3 3 3

3 4
2 3 4

2 3 4

ln (1 sin ) ln 1
3!

1 1 1

3! 2 3! 3 3! 4 3!

1 1 1
( ) noother terms necessary

6 2 3 3 4

2 6 12

x
x x

x x x x
x x x x

x x
x x x x

x x x
x

  
+ = + − +  

  

       
= − + − − + + − + − − + +       
       

   
= − + − − + + + − +   
   

= − + − +

…

… … … … …

… … … …

…

 

 

 

 b 

π π

π

ln ( sin ) d d

π π π π
. ( d.p.)

x x x
x x x x

x x x x

2 3 4
6 6

0 0

2 3 4 5 2 3 4 56

0

 
1+ ≈ − + − 2 6 12 

 
≈ − + − = − + − = 0 116 3 2 6 24 60 72 1296 31104 466560 

∫ ∫
 

 

19 a 

3 3

tan 3 3f ( ) e e e e

x x
x

x xx
+ +

= = = ×
…

 (As only terms up to x
3
 are required, only first two terms  

      of tan x are needed.) 

    

2 3 3

3 2 3

2 3

1 1 noother terms required.
2! 3! 3

= 1
3 2! 3!

1
2 2

x x x
x

x x x
x

x x
x

  
= + + + + + +  
  

 
+ + + + + 

 

= + + + +

… …

…

…

 

 

 b 
tan tan( )e e ,x x− −= so replacing x by – x in a gives 

  
tane x x x

x
2 3

− =1− + − +
2 2

… 

 

 c Using the series expansions: 

  

2 3

2

tan

tan

3

3

3

1 11
2 2

1 11 ...
2 6

1 ...
3

..

...

1s .in
3!

x

x

x

x

e

e x x x

x x x

e xe

x x x

= + + +

= + + + +

− =

−

+

− +

+

⇒

=

  

 

  We can evaluate the limit: 

  

tan 1
3

10
3!

1
3

1
6

3

30

0

...
lim

sin ...
lim

lim
...

...
2

x

x

x x

x

xe e

x x x→→

→

+−
− − +

+
− +

=

= = −
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20  We use the following series expansions: 

 

3 5

2 2

2

2 4 8

2

8

8

8

4 8

1 1sin ...
3! 5!

1 1sin ) ... ...
36(3!)

1 1

(

cos

1

1 ...
2 4!

2co 22 ... ..
4!

s
12

.

x

x

x

x x x x

x x x x

x x

x x x

− = −

− = + +

= − + +

− + = + = +

⇒ =

⇒

  

 

 Then we can evaluate the limit: 

 

82 2

2 4 80

1
36

10

0

12

1
36

1
12

...( sin )
lim

2cos 2

... 1

3

lim
...

lim
...

x x

x

xx x x

x x x→→

→

+−
− +

=

+
+

+

==

 

 

21 a Differentiating the given differential equation with respect to x gives: 

  
 

3 2 2

3 2 2

3 2

3 2

d d d d d d
2 0

d d dd d d

d 1 d d
So 3 1

dd d

y y y y y y
y

x x xx x x

y y y

y xx x

+ + + =

   
= − +  

  

 

 

 b Given that 
d

, at ,
d

y
y x

x
0

0

 =1 =1 = 0 
 

 

  
 

d d
( ) ( ) , so ,

d d

d d
And ( )( ( ) ), so

d ( ) d

( )
So ( )

! !

y y

x x

y y

x x

x
y x x x x x

2 2
2

2 2
0 0

3 3

3 3
0 0

3
2 3 2

   
+ 1 + 1 = 0 = −2   

   

   1
= − 1 3 −2 +1 = 5   1   

−2 5 5
=1+ 1 + + + =1+ − + +

2 3 6
… …

 

 

 c The approximation is best for small values of x (closed to 0): x = 0.2, therefore, would be 

 acceptable, but not x = 50 

 

22 a 

2

2

4 2 2

f ( ) ln cos  f (0) 0

sin
f ( ) tan f (0) 0

cos

f ( ) sec  f (0) 1

f ( ) 2sec tan f 0

f ( ) 2sec 4sec tan f (0) 2

x x

x
x x

x

x x

x x x

x x x x

= =

−
′ = = − ′ =

″ = − ″ = −

″′ = − ″′(0) =

″″ = − − ″″ = −

 

 

  Substituting into Maclaurin: 

   ln cos ( ) ( )
! !

x x x x
x

2 4 2 4

= −1 + −2 + = − − −
2 4 2 12

… … 
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22 b Using cos cos ,
x

x 2  1+ = 2  2 
ln

2(1 cos ) ln 2cos ln 2 2ln cos
2 2

x x
x

   + = = +   
   

 

  

2 4 2 41 1
so ln (1 cos ) ln 2 2 ln 2

2 2 12 2 4 96

x x x x
x

     + = + − − − = − − −    
     

… …  

 

 c Using the series expansions derived above, we deduce that: 

  
( )

2

2

2 2

2

1ln(1 cos ) ln(2cos )

1ln(2cos ) ln 2 ln cos ln 2 ...
2

...

1(ln 2

ln 2
4

1)
4

1

... ...
2

...1 cos
2

x x x

x

x

x x x

x

x

= + = − +

+

−

⇒ + − = −

=+ +

+−

−

=

  

 

  Then we can calculate the limit: 

  

2

20

1
4

10
2

1
4

10
2

lim
...ln(1 cos ) ln(2cos )

lim
1 cos ...

... 1
lim

... 2

x

x

x

xx x

x x→→

→

=
++ −

− +

+
=

+
=

 

 

23 a Let ,xy = 3 then ln In 3 ln 3ln 3 ln 3 = e so3 ex x x xy x y= = ⇒ =  

 

  
2 3

ln 3

2 2 3 3

( ln 3) ( ln 3)
3 e 1 ( ln 3)

2! 3!

(ln 3) (ln 3)
1 ln 3

2 6

x x x x
x

x x
x

= = + + + +

= + + + +

…

…

 

 

 b Put 

2 3ln 3 (ln3) (ln3)1
: 3 1 1.73 (3 s.f .)

2 2 8 48
x = ≈ + + + =  

 

24 a f ( ) cosec

f ( ) cosec cot

x x

x x x

=

′ = −
 

 

  i   2

22

2 2

2

f ( ) cosec ( cosec ) cot (cosec cot )

cosec ( cot )cosec

cosec {cosec (cosec 1)}

cosec {2cosec 1}

x x x x x x

x xx

x x x

x x

″ = − − +

= +

= + −

= −

 

 

  ii 2 2

2

f ( ) cosec ( 4cosec cot ) cosec cot (2cosec 1)

cosec cot (6cosec 1)

x x x x x x x

x x x

″′ = − − −

= − −
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24 b 
π π π π

f , f , f , f
       = 2 ′ = − 2 ″ = 3 2 ″′ = −11 2       4 4 4 4       

 

  Substituting all values into 
d ( ) d π

( ) with
d ! dx x

y x x y
y y x x x

x x
0 0

2 2
0

0 0 02

 − = + − + + =   2 4   
…  

  

2 3

2 3

π (3 2) π ( 11 2) π
cosec 2 ( 2)

4 2! 4 3! 4

π 3 2 π 11 2 π
2 2

4 2 4 6 4

x x x x

x x x

−     = + − − + − + − +     
     

     = − − + − − − +     
     

…

…

 

 

25 a We take ( )( )πf ( ) ln 1 2cos
2
xx = + , then differentiating: 

  

( ) ( )( ) ( )
( )

( )
( )

( )
( )( )

( )( )
( )( )

2

2 2

2

π

π
2π π

2π π

2π π

2

2 2

2

2

2 π

2
π

1

21 2cos 1 2cos

cos

2 (1 2cos 1 2c

πsinπf ( ) 2 sin

πsinπ
f (

os

2 cos

2 1 2c

) π
)

π

os

x

x x

x x

x x

x

x

xx

x

′ = ⋅ − ⋅ = −

 


+ +

+ +

+
= −

+

′′ = − +
 
 

  

 

 b Evaluating the above at 1x = , we find: 

  2f (1) ln1 0, f (1) π, f (1) π′ ′′= = = − = −   

 

  Hence the Taylor expansion about 1x =  is: 

  

( )( )
2 2

2
2

1f ( ) π( 1) ( π )( 1)
2!

π πl

...

.n 1 2cos π( 1) (
2

.1) .
2

x x x

x x x

= − − + − −

⇒ + = − − +− −

+
  

 

 c We use the Taylor expansion of ln(2 )x−  about x = 1:  

  
2ln(2 ) ( 1) ( ...1 1)

2
xx x− = − − − +−   

 

  Then we can evaluate the limit: 

  

( )( ) 2

2

π 2π
2

211

2

2

2

1
2

1

π

1

π( 1) ( 1)
lim

( 1)

π

ln 1 2cos ...
lim

3ln(2 ) 3( (

( 1) π

1) ...)

...

3 ... 3
lim

( 1)

x

x

x

x x x

x x

x

x

x

→

→

→

− − − −
=

−

− − −
=

−

+ +
− − − − +

+
=

− + +
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Challenge 

 

 a We have 1 1

1

(1 1)!1ln ( 1d
d

)x
x x x

+ −
= = − , so holds for 1n =  

  Assume true for n k=  where   1k�   

  Then: 

  

1
1

1

1 1 ( 1) 1

1

d d
ln ( 1) ( 1)

(( 1) 1)!
( 1)

!
d d

( 1) ( 1)!

k
k k

k

k k k

k

x k x
x x

k
k

x
xk

+
+ −

+

+ − − + +
+

=

+ −
= − = −

− ⋅ − ⋅

− ⋅ − ⋅
  

  So true for 1n k= +  

  The result then follows by induction. 

 

 b Hence the Taylor series about , 0x a a= >  is: 

 

  
1

1

1

1( 1) ( 1)!
ln ln ( )

!

( 1)
ln ( )

n

n

n
n

n

n
n

n

n
x a x a

n a

a x a
na

+∞

=

+

=

∞

− −
= + −

−
= + −

∑

∑
  

 

 c In our case we have 
1( 1)

( )
n

n

n n
a x a

na

+−
= − , so: 

 

  

1

1

1

1
( )

lim

( 1) 1

1

n

n

n

n

a

n

x

n

a n x a

a a n a

a x a

a a

x a+

+

→∞

−
+ +

= − − ⋅

−

= −

⇒ = −

⋅

=

  

 

 where we have used 1lim 0
n n→∞

=  

 This is strictly less than 1 if and only if 0 2x a< <  

 So the ratio test shows that the Taylor series expansion converges for x  such that 0 2x a< <  

 

 d We want to extend the range to include 2x a=   

  Setting 2x a= , we have an alternating series with 1
nb n
=  

  Clearly,   0nb �  for all   1n� , and 1lim lim 0
n n

nb n→∞ →∞
= =  

  Finally,       1 1 1
1 1

1n n

n
b

n n
b +

+
⇒ ⇒ +� � �   

 which is true for all   1n�  

 

Hence, by the alternating series test, the Taylor series converges at 2x a=  Hence, the Taylor 

series converges for all   0 2x a< �  as required.   

  

 


