Further Pure Mathematics 1 SolutionBank

Taylor Series Mixed Exercise 6
1 Let f(x) =(x—§jcotx and a =%:> fla) =0
£ (x) = (x—ﬂ(—cos ec’x)+cotx = f'(a)=1
'(x) = (x—§j2cotxcos ec2x+(—2 cos ec2x) = f"(a) =—4

f(x) = (x - %j (—2 cosec'x—4cot’ xcos eczx) +6cotxcosec’x = f"(a) =12

Substituting into the Taylor series expansion gives

n) —4 ) 12 n)
=0+l x——|+—|x——| +—| x——| +
4) 2! 4 3! 4
T 7\ Ay
=l x——|-2|x——| +2 x——) +... as required
4 4 4

fx)

2 a f(x)=In(1+¢") ] so f(0)=1In2
e =1- x=1—(1+e")’1 1
f(x) = L+ £(0) =~
l+e / 2
e’ . 1
So f"(x)= or use the quotient rule f"(0) =—
(x) (1+e)C)2 q ( ) 4
X\2 ¥ X X\ X
b f"(x)= (1+e) e(l ex)24(1+e )e Use the quotient rule and chain rule.
+e
I+e')e" {(1+e")—2e"} e (1-¢" "
_(reeri(iee)-2e) _e'(i-e) £70) =0
(1+¢") (1+e")

¢ Using Maclaurin’s expansion:
2

In(l+e)=In2+>+>+...
28

The expansion is valid for -1<e* <1=10,¢e" <1 so for x <0

2 4 6
(4x) +(4x) _(4x) .
2! 4! 6!
+2x4—§x6+...
45

3 a cosd4x=1-

=1-8x7

b cosdx=1-2sin’2x,

so 2sin’2x =1—cos4x = 8x> —%x“ +%4i56x6 +...

sin” 2x =4x* —
3 45
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2 2\? 4
S e +l e e+ L no other terms required
2 20 2 24

2 3 4 2 4
. X X X
4 Using e =l+x+—+—+-—+... and cosx=1-—+-——...
2 6 24 24
e =e 7 * =exe 2 xeM

dy . dy
5 a —=2+x+sinyand x,=0,y,=0 (1) so|—| =2
dx yandxo=02=0 0 (dxjo
2

. . . d’y dy
Differentiating (1) gives —— =1+ cos y— 2
gg e Y3 2)

o dy i ) d’y
Substituting x, =0, y, =0, (aj =2 into (2) gives (gjo =3

0

Differentiating (2) gives d3—y—cos dz—y—sin Y 2 A3
g2 g I y o y dr

o dy d’y ) ) d’y
Substitutin =0,|—=| =2,| —| =3 into(3) gives | — | =3
gyo (dxl (dxz . ()g dx3 .
2 2 3 3
Substituting found values into y = y, +x d_y] +X d—); +X d—); +...
dr), 2!{dx”) 3!\dx" )

y:2x+é)c2 +lx3 +...
2 2

b At x=0.1, y~ 2(0.1)+%(0.1)2 +%(0.1)3 =0.2155

6 In[(1+x)>(1-2x)]=2In(1+x)+In (1-2x)

= x_£+£_£+ + (_2x)_(—2x)2 +(—2x)3 _(—2X)4+
2 3 4 7 2 3 4

3 4

=2x—x° +2x3 —lx4 —2x—2x* —§x 4x" +...
3 2 3

=-3x*-2x*—...
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d’ dy
7 x+2) X +3y=0 1
o —( ) y= (1)
d’y d’ y dy dy
Differentiating (1) gives —— +2 —+3—=0
gg o —(x ) o
3
So that d——( +2)Gl YooY @
dx’ dx
2
Substituting initial data in (1) gives [d—);J =2
dx 0
d3
Substituting known data in (2) gives (_y] =—4
dx’ .
2
Soy= 2+4x+2i—4i+
21 31
2 2 5
=2+4x+x" ——x
3
8 a f(x)=In(secx+tanx) f(0)=In1=0
2
F(x) = secxtanx+sec’ x _ sec x(tan x +sec x) ~ secx F0) =1
secx +tanx secx +tanx
f"(x) =secxtanx £"(0)=0
f""(x) = sec xsec” X + sec x tan x tan x f"'(0)=1

3
Substituting into Maclaurin’s expansion gives y = x + % +...

b We use the expansions:

In(sec x + tan x) :x+%x3 +...
sinx=x—4x* +..

3
to see that:

sin x —In(sec x + tan x)

x(cosx—1)
(x—%x3 +...)—(x+%x3 +)
- x(1-1x"+...-1)

_143
Ly’ +...

- 3

—1x+..

. sinx —In(sec x + tan x)

= lim
=0 x(cosx—1)

1,3

—3X + 2

—11m3—=—
=01y 4y 3
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9 We first make note of the fact that:

. _l ln2_ —In2 =l _l :i
sinh(In2) = L (¢"* - %) 2(2 2) :
_l In2 —In2 =l l :i
cosh(In2) =L (¢ + ) 2(2+2) :
and that%cosh x =sinh x, %sinh x = cosh x , which implies that:
2k 2k+1

W cosh x =cosh x, W cosh x =sinh x

d2k 5 d2k+1 3
:>(dx2k costh :Z, (Wcosth :Z

x=In2 x=In2

Then, the Taylor series about x = In 2 is:

0 1 dl
coshx=>» —(x—In2) (— cosh x]
;‘ I! dx’

x=In2

Thus we deduce that:
a The n™ term when n is even is:

5
—(x—-In2)"
4n!( )

b The n™ term when »n is odd is:

3
—(x—-In2)"
4n!( )

10 Consider the first two terms in the Taylor series of cosx around x = m:

gLl 2 1 4
COSX = 1+2(x ) +24(x ) +...

Then the limit is given by:

2 2
im &Y i KCan N
orl4cosx  rl(x—m) + 4 (x—m) +...
1

m 2
ond 4 (x—m)" +...
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11 Consider the first two terms in the Taylor series:

1.3,1.s
arctanx =x—=-x"+—-x" +...
3 5

— arctanx—x=—+ X +1 x5 + ..

3 5

1 3, 1.5
EX +§X +...

s o 13,1 s
=>sinx—x= 3!x +5!x +...

sinx=x-—

Then we can evaluate the limit:

3 5
. arctanx—x . —3X +3x +..
lim——————=1im 3 .
=0 sinx—x 0 —3xT + X+
14 1,2
. =il
=lim——2 =2

12 a We differentiate the respective Taylor series term by term and match that up with the derivative.
Firstly:
e =l+x+dx+lr 4l
2! 3! r!
d

x 2 3 2,4 3
- —e —1+2—!x+§x +4—!X

v -1 r+1 -
+LE T X+
r! (r+1)!

d «_ 1l
=-——e —1+x+2!x +3!x +

| e B B
(r—l)!x +r!x+ e

xr.l’_...

4.

&

=

X

+

dg -3, CEDCr+D
b dxsmx—l 3!x+ + 2r )] x+

dgioj- Lo G
:>dxsmx—1 2!x + +(2r)!

d __ 2.4 5. .. (=1)"(2r) 2(r-1)+1
C dxCOS)C— 2!x+4!x + +—(21")' X

d _ 13 =1 2D+,
:>dxCOSX— x+3!x + +(2r_1)!x +

_1 r-1 ~ )
=—(x—ix3+---+Lx2(’ D4 |=—sinx

X 4--=cosx

+ ...

3! 2r—1)!

© Pearson Education Ltd 2018. Copying permitted for purchasing institution only. This material is not copyright free. 5



Further Pure Mathematics 1 SolutionBank

2
13 —+y—= 1
PR @

2 d3 2 2
Differentiating 3x—{+ y% = x, gives g% A (—yj -1 Q)
dZ
Substituting initial values into (1) gives [Fj =1
1

2 3

d’y . . d’y
=2and [—] = linto (2) gives [—j =-3.
de 1 dx3

Using Taylor’s expansion in the form with x, =1

Substituting (d_yj
dx

1

y:O+2(x—1)+%(x—l)2 +%(x—1)3 +o

1 1
=2(x =D +—(x=1 == (x=1)" +...
(x-1) 2( ) 2(x )

2 4

. X .- .
14a You can write cosx =1- [——— +.. .]; it is not necessary to have higher powers:

2 24

-1
1 1 x* X

secx = = — =l ———+...
cosXx 1—(%—%4-,,,) 2 24

Using the binomial expansion but only requiring powers up to x*

secx=1+(—1){—(%_;_4}+(_1;('—2){_(%_;_4} .

4

2 4
ST A +x—+higherpowersofx
2 24) 4

2
B
2 24

sin x
b tanx=

=sinxXsecx
COS X
xox x5,
=l x——+—— .|| +—+—x"+...
31 5! 2 24
s X 1 5 X
=X+—+—xX ————x +—+

2 247 31 23D s

1 1), (5 1 1),
=x+|——— || ———+— X +...
2 6 24 12 120
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14 ¢ Using the series expansions:
3

X
tanx=x+?+...

2 2
e :1+2x+42i'+...:>e2"—1:2x+4i+...

we can evalaute the limit:
x3 2

tan x X+—+.. 1+ 4. 1
lim —= =lim 432 =1ingj’—x=§
¢ - 2+ 4 24— +...

2! 2!

2 3 2
15a Using e” =1+x+%+x—'+... and cos3x=l—(3x)

. xr X 9yx?
ecos3x=|1l+x+—+—+...|| ] ——+...
2 6 2

+...

b Using the series expansion in the first part we can deduce that:

excos3x=1+x—4x2—§x3+...

sinx=x—4Lx+...
6
cosx=1-Lx? ..
2
= e* cos3x—sin x—cosx = —%xz —%)f +...

Then we can evaulate the limit:
. e cos3x—sinx—cosx
lim

x>0 X +2x°
L I B 1By T
=lim —— =lm——=—
x>0 2x°+x =0 24X 4
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2
16 a Differentiating ?ix_J; +x° % +y=0 (1) withrespect to x, gives:
3 2
NP L Q)

dd T de T A dx

2
Substituting given data x, =0, y, =2and (%) =1linto (1) gives [d 4 ] =-2
0 0

&

L2
3

2

2 2 3 3
So using Taylor series y=y0+x(d—yj + X [d yj + X (d y] +
0 0 0

2
Substituting x, =0, (d_yj =1 and &y =—2into (2) gives
dx J, dx” ),

0

de ), 21l de? ) 31l d
3
=2x-x -
4 6

b Differentiating (2) with respect to x gives:

2 3 2 2
n xd—);+2d—y+x2d);+2xd);+d);=0 A3)
dx dx dx dx dx®  dx

2 3
Substituting x =0, (d_yj =1, [d—);j =-2 and [d—)};J =—1linto (3) gives,
dx dx
0 0 0

dx
4 4

atx=0, 32 4 201+ (<2) =0, sojx—f=o

drt
17a f(x)=(1+x)’In(1+x)
f'(x) =(1+x)2%+2(1+x) In (1+x)=(1+x)(1+2 In (1+x))
X
f"(x)=(1+x)(ij+(l+21n(l+x))=3+21n(1+x)
1+x

f!!!(x) — (%)

£(0)=0,f'(0) =1, £"(0) =3, £"'(0) =2

b Using Maclaurin’s expansion

(1+x)21n(1+x):0+(l)x+%x2 +%x3 +...

:x+§x2 +lx3 +...
2 3

© Pearson Education Ltd 2018. Copying permitted for purchasing institution only. This material is not copyright free. 8



Further Pure Mathematics 1 SolutionBank

x° 1 x° ’ 1 x° } 1 x° *
el B e T B e S B I e S B I e ST It
( 3! j 2( 3! j 3( 3! j 4( 3! j

x’ 1, x 1, 4 1 4
=lx——+...|——=|x—+ +—(x + .)——(x +...) noother terms necessary
6 2 3 3 4
¥ ox xt
=X—— _———
2 6 12
n L PR B
6 1 ~ |6 4
b IO ln(l+s1nx)dx~_[0 (x 5 + s 1 dx
2 3 4 5 % 2 3 4 5
ML TP T T T 0116 Bdp)
2 6 24 60| 72 1296 31104 466560
19a f(x)=¢e""" = e 3 =¢'xe? (As only terms up to x° are required, only first two terms

of tan x are needed.)

2 3 3
X x X .
=(1+x+3+¥+...j(1+?+...j no other terms required.

x3 x2 x3
=l I+—+x+—+—+...
3 20 31

x2 3
=l+x+—+—+...
2 2

b e ™ =e™, soreplacing x by — x in a gives

¢ Using the series expansions:

e :1+x+%x2 +%x3 +...

X _ 1.2,1.3
e —1+x+2x +6x +...

=™ —e" :%x3 +...

We can evaluate the limit:
3
X+

tan x X

e —et .
lim———=lim————
20sinX—x 20— X ..
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20 We use the following series expansions:

x—sinx=%x3—%x5...

20 o 2__1 8 _1 s
= x"(x—sinx) —(3!)2x +... 3% +...
cosx®=1-dLxt+ L b4

2 41
2 4_ 2 8 _ 1 .8
=2cosx” —2+x —mx +...—Ex +...

Then we can evaluate the limit:

x*(x —sin x)* Lt 4+

lim > - =lim="—
=02cosx” —24x" 0 LxT 4.

1
=lim§+...=l
=0b4 3

21 a Differentiating the given differential equation with respect to x gives:

3 2 2
yd_i}+d_yd_i}+2d_yd_‘1}+d_y=0
dx’  dx dx dx dx~ dx

3 2
SOd—;V=—l Y 3d—f+1
dx y|dre| dx
. dy
b Giventhat y, =1 |— | =latx=0,
dx 0

) =050 82| -
(dx2l+(l) +(1) =0, So(dxzjo 2,

3 3
And —df —— L 32 +1), s0 d_{ =5
) () ax’ ),
_ 3
Soy=1+(1)x+Qx2+ix3+...=1+x—x2+5i+...
217 3 6

¢ The approximation is best for small values of x (closed to 0): x = 0.2, therefore, would be
acceptable, but not x = 50

222 f(x)=Incosx £(0)=0
f(x) =Y _ tanx £/(0) = 0
COs X
f"(x) = —sec’ x £(0) = -1
f""(x) = —2sec’x tan x £'(0)=0
£""(x) = —2sec’ x —4sec’ xtan’ x £7"(0) = -2

Substituting into Maclaurin:
2 4 2 4

x x
In cosx—(—l)a+(—2)m+...— —————
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22b Using 1+cosx =2cos’ (%), In(1+cosx) = In2cos’ (gj =In2+2In cos(gj

1(xY 1(x) x> Xt
so In(lI+cosx)=In24+23——|=| ——|=| —...p=InN2———-"—— ..
2\ 2 12(2 4 96

¢ Using the series expansions derived above, we deduce that:

ln(Zcosx)=ln2+lncosx:1n2—%x2+...
= In(1+cos x)—In(2cos x) = (ln2—%x2 +)
—(ln2-1y2 1,
(In2 7 +...) R +...
1.2

l—cosx==x"+...
2

Then we can calculate the limit:

_ 1
lim In(1+ cos x) —In(2 cos x) i
x—0 1—cosx x—0 3

23a Let y=3",thenln y=In3" =xIn3= y=¢"s03" =¢* "

(xIn3) +(xln3)3 L
! 3!
x*(In3) +x3(123)3 L

3 =e¢™ =1+(xIn3)+

=1l+xIn3+

2 3
N In3 N (In3) N (In3)

=1.73 3 s.f.
2 8 48 ( )

b Putx=%:\/§z1

24a f(x)=cosecx

f'(x) = —cosecxcot x

i f"(x) =—cosecx(—cosec’x)+ cot x(cosec x cotx)
= cosec x (cosec’x + cot” x)
= cosec x {cosec’x + (cosec’x —1)}

= cosec x {2cosec’x — 1}

ii f"(x) = cosec x(—4cosec’ x cot x) — cosec x cot x(2cosec’ x — 1)

2
= —cosec x cot x(6cosec”x —1)
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N

24D f(%j =2, f'(%j =2, f”(%j =32, f"'(ﬁj =-12

N2 (a2
Substituting all values into y =y, +(x—x,) (d_yj + M(d—yj +... with x, = kid

dx 2! dx’
cosec x = 2+(—x/5)(x—%j+(32—\/!§)(x_%j +%(x_§j 4
=ﬁ_ﬁ(x_£}£(x_£}z_M(x_£j3+
4)" 2 4 6 4

25a We take f(x)= ln(l + 2cos(%)) , then differentiating:
1 _ nsin (%)
f'(x)z———.|-2.2 (M))=_—2
) 1+2cos (%) ( 2 1+2cos (%)
.24 in? (m
Fry = n| cos (%) s nsin’ (%) 2
2 (1+2cos(%)) (1+2cos(%))
n2(2+cos(ﬂ))

2

2(1+2 cos(%))2

b Evaluating the above at x =1, we find:
f(1)=In1=0,f'(1) = -n,£"(1) = -7

Hence the Taylor expansion about x =1 is:

f(x) = —m(x—1) +%(—n2)(x— )% +...

= 1n(1+2cos(%)) - —n(x—l)—%z(x—l)z ;..

¢ We use the Taylor expansion of In(2—x) about x = 1:

1n(2—x):—(x—1)—%(x—l)2+...

Then we can evaluate the limit:
In(1+2cos(= _ (v _1)?
I (3) . —mr=D-5 (=1

ol 3In(2-x) =1 3(—(x—1)—L(x—1)>+..)
- (x—1)+... _n

ol 34+ (x-D+... 3
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Challenge
d I 2 (=D
a We have alnx == (&)) IT, so holds for n =1
Assume true for n =k where k£ >1
Then:
dk+l d

W1nx =a(—1)k+l (k=DLx*

= _k(_l)k+1 . (k _ 1) I x*k*l — (_l)(k+1)+1 M

k+1
X

So true for n =k +1
The result then follows by induction.

b Hence the Taylor series about x =a, a >0 is:

S (=) (n=1)! ’
Inx=Ina+ E —(x—
X a 2 g (x—a)

=lna+ i b (x—a)"

na"
(_1)n+1
¢ In our case we have a, = —(x—a)", so:
na

a n x—a 1
= _(x—a)- - —

; a(n+1) a 1+

. la x—a
= lim |2 = =| -
n—00 an a
where we have used liml =0
n—w N

This is strictly less than 1 if and only if 0 < x < 2a
So the ratio test shows that the Taylor series expansion converges for x such that 0 < x < 2a

d We want to extend the range to include x =2a

Setting x = 2a, we have an alternating series with b, = %

Clearly, b, >0 forall n>1, and limb, =lim1 =0

n—o n—wo 11

ol s
n

Finally, b, >b,., =

which is true for all n>1

Hence, by the alternating series test, the Taylor series converges at x =2a Hence, the Taylor
series converges for all 0 < x <2a as required.
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