Further Pure Mathematics 1 SolutionBank

Reducible differential equations 9A

1 a z= Y = y=xz
X
ay =z+ xa < Use the given substitution to express
& in terms of z, x and 4
dx dx

Substitute into the equation:

d_y. x
dx x y
dz 1
Z+x—=z+—
dx z
dz 1
Xx—=—
dx =z

Separate the variables:
1
Then |zdz=|— dx
Jez= ]

2
z
2
2

y—2=lnx+c, as z=

=lnx+c
P
X

X
¥ =2x*(Inx+ c)
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1 b As z=ly=zxand—y—z+x%
X dx
Q—Z+—2:>Z+x%22+—2
dx x y dx z
dz 1
X—=—2
dx =z

Separate the variables:
1
Then |z*dz=|—dx
JZa=]

3

z
—=lnx+c
3
But z=Z
X
3
y—3:lnx+c
3x

' =3x’(In x+ ¢)

c As Z:Z,yzzxandd—y=z+x%
X dx dx
2
.'.d—y:1+y—2:>z+x£zz+z2
dx x x dx
&
dx

Separate the variables:

1 1
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1d Z=Z:>y:zx andd—y:Z+x%
X

) d_y_x3+4y3 N dz x*+42°%°

. Z+x—=
dx 3xy? dx  3x %’
dz 1+47°
xX—= -
dx 377
B 1+2°
377

Separate the variables:

3z° 1
".J.1+Zz3 dZ:J.;dx

~.In(1+2°)=Inx+1In 4, where 4 is constant
o In(1+2°) =1In Ax

So 1+2° = Ax

And Z3=Ax—1.Butz:X
X

3

L= ax-1
X

y* = x*(Ax —1),where A is a positive constant.

1
2 a Givenz=y > y=z2 and d_y:_

1 de
_Z —
27 dx

.o dy dz
%_,_(%tanxjy = —(2secx)y3 Find aln terms of o and z

3 1 3
So :>—lz 2%+ ltanx z 2=2secxz 2
2 dr 2

S.——ztanx =4secx
dx
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2 b We wish to solve
dz
——ztanx=4secx *
dx

This is a first order equation which can be solved by using an integrating factor.

—| tan x dx
Incosx
J. =

The integrating factor is e

A

The equation that you obtain needs
=COoS X an integrating factor to solve it.

Multiply the equation * bycos x

Then cosxx%—zsinx=4
dx

d
—(zcosx) =4
(zcosx)

ZCOSX =.|.4dx
=4x+c
dx+c
Z:
coS X
L COS X
As y=z 2, y=
dx+c

1
3 a Giventhatz= x2, x=2z> and %=2z%
dt dt

. dx !
So the equation R t*x =t"x? becomes
t

dz
22— +122° =tz
dr

2

Divide through by 2z: 4, 1p, 1,
de 2 2
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3 b We wish to solve

dz 1
—+—tz==1
de 2
. . . Legs Lp
The integrating factoris e'2  =e°®

13 dz lt3 lt3
et —4—fleb z=—teb
dt 2 2

4 a Letz=y ', theny=z"and d—y:—z‘2%
dx dx

3
So dy 1 (x+1)

2
=-~——"9° becomes
dx xy X Y
3
dx x X

3

2:%+izz_(x+l)

X

Multiply through by —z
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4 b We wish to solve

3 (x+1)°
X

dz 1
—+—z=
dx x

1
. . . Pdx —dx Inx
The integrating factor is eI = e'[ ¥o= eI =X

" x%+z:—(x+l)3
dx

1e. %(xz) =—(x+1)
Xz = —J. (x+1)’dx

1
=—(x+*+c
20D

z =—L(x+1)4 +<
4x X

B 4x
4 dc—(x+1)*

1 1
5 a Giventhat z =y’ and so y =22 and %= z?

dz
dx

N | =

The equation 2(1+ x?) % +2xy = 1 becomes
Y

1 1 1
2(1+x2)xlz 2%+2xz2 =z?

1

ZZ
2

1+x

Multiply the equation by

Then%+ 2x22: 12
dx 1+x 1+x
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2x

) n Xz
5 b The integrating factor is € bt = ) 1

(1+x2)%+2xz =1

%[(1+x2)z] =1

(1+x7)z =1 dx

=x+c
X+c
=
(I+x7)
1 x+c
As y=2z2, =
4 R
C Whenx:O,y=2 ,'_2:\/Z:>c:4

B /x+4
7 1+x7

6  Given z=y """

1

y:Z,(H)
b1 d
dx n-1 dx
-1 " dz
= Z —_—
n—1 dx

% + Py = Qy" becomes

1 n

n
Z_Eg—i-Pz_E = Qz_E

n—1
Multiply each term by —(n—1)z"!

n 1 n
Then %—P(m—l)z”‘1 z"'==-Q(m-Dz" 'z !

ie. %—P(n—l)z =—0(n-1)
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7 a Given u=y+2x andso y=u—2x and d_y:%_

.. the differential equation d__(+2y+4x) becomes

I+y+2x
du 1+2u
& 1+u
du  —(1+2u)+2(1+u)
dx I+u
du 1
A l+u

b Separate the variables

[+u)du = [1xdx
u’ )
u +? = x + ¢, where ¢ is constant

2
And (y+2x)+@:x+c

2y+4dx+y* +dxy+4x> =2x+2c
ie 4x° +4xy+y’ +2y+2x =k, where k =2c

Challenge

Substitute y = l’d_y = _izﬁ
v dx v° dx
Differential equation becomes

2 (_Lﬂj_i_i
vide) v V?

Integrate both sides to get xv=—-Inx + C

Inx+C

) 1
Substitute v=— to get y =
y
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Rearrange the given substitution to

give y in terms of u and x, and Y

. du
in terms of —




