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Reducible differential equations 9C

1 a If x=ufthen

dx du

—=—t+u

dr dt

So t(ut)(%t+uj—u2t2 =3¢

which rearranges to u (:1—1; =3t

b Solve the differential equation in « and ¢ to
get lu2= iz‘2+c, and then use u = > =3
2 2 t

to find ¢ = 3.
Sou’ =32+6 = xX*=31+68 =>x=

V3t + 61
The particular solution is x = t+/3t* +6

¢ The function increases without limit so the
displacement gets very large.

dv dz
—=—1+z

dr dt
So 3z%f (;Et + zj =2’ +¢, which
t

rearranges to 3zzt% =1-27°

b Differential equation in z and ¢ solves to
give [1-22°|= i;
t
Ifv=2fort=1,thenz=2,
and 4 =|-15| x 1 =15

Then #2z° - 1)=15=220 - £ =15¢

3
The particular solution is v = 43/1‘ +21 >t

1

(t3+15tj3
¢cC v=
2

2
dv 1(F+15t)3 (32 +15
=>—=— X
dt 3 2 2

So substituting t=2 we obtain
velocity = 2.6684... ~ 2.668
acceleration = 0.63199...= 0.632

4

d2v+(_z+ﬂjdv+(2_(2—t)v_(1+2t)vJ

d*

_+_
tde? 2 dt F

Rearranging terms gives

2 2

t t dt t

t t

2
which simplifies to d—l} _d 2v=¢”
de*  dt

b Auxiliary equation has roots 2 and —1, so
the complementary function is
v=Ae” + Be". To find the particular
integral, try v = Ate”

Then
2
dv_ Ae? + ZMez’andd—: =4)e” +4hre
dr ds
2
Sod—: v 2v =4he® +4nte* — (%e” +2Ate™ )
dr dr

—2Ate™ =3)e™
Letting A = % gives a particular integral of

1
v=—te*.

Therefore the general solution is

1
v=Ae* + Be™' + Ete”

Ae* +Be” 1 ,,
c s=—+—e";t#0
t 3
dx du d’x du d*u
a —=u+t—,—5=2—+t—
dt dr dt dr dr

So differential equation becomes
2 2
t 2d—”+td—? -2 u+td—uj+ 2 ut =1t
dr dr dr t

which rearranges to the required equation.
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4 b The auxiliary equation is m* +1=0
=>m==i

So the general solution is
u=Acost+Bsint+ f(t)

where f'(¢) is a particular integral
Let f(t)=at’ + bt +c
f'(t)=2at+b, f"(t)=2a

Then the equation becomes
2a+at’ +bt+c ="t
Soa=1,b=0,c=-2

So the general solution is

u=Acost+Bsint+t* -2

:>x=t(Acosz‘+Bsint+z‘2 —2)

¢ Astgets large, x gets large; the spring will
reach its elastic limit and/or break.
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