Further Pure Mathematics 1 SolutionBank

Reducible differential equations 9 Mixed Exercise

1 a Giventhatz=y ', theny=z"s0 Y_ -z 4
dx dx
. dy 2
The equation xa+ y =y~ Inx becomes
—xz” % +z 2 Inx
dx
Dividing through by —xz 2 gives e _z = v
dx x X
.“_ldx ~Inx l

b Integrating factorise” * =e¢ "' =
X

So the differential equation becomes

B e 1
X x’
Using integration by parts
dv 1 du 1 1
u=-Inx,—=—5=>—=-—v=——
dx x dx X X
I_ln_xdx_ln_x_j dx
Inx 1

z
X X X
z

=z=Inx+cx+1
B |
l+ex+1nx
1
2 a Given that = y y= 22 and — dy lz ; 4z
de 2 dx'

the differential equation becomes
1 1 1

cosxz 2 ——-z%sinx+z 2=0
dx

1
Divide through by z 2:cos x% —zsinx=-1

. . . . dz sinx
b Differential equation is — — z=—Secx
cos X
_J' smx » |
Integrating factor is e ¥ =" =cosx

So %(zcosx) =-1

= ZCOSX=—X+cC

—z=—XSeCx+csecx

¢ )’ =csecx—xsecx
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3 a Given that Z=Z,y=zx SO d—y:z—i-x%
X dx dx

. dy
The equation (x*—y*)—— xy =0 becomes
q (¥7=07) 3 -

(x2 —zzxz)(z—i-x%J—xzx =0

:>(1—Zz)z+(1—zz)x%—z:0

dz z
S>x—=——-
dx 1-z
dz z
=>x—= -
dx 1-z

b Separating the variables the equation becomes
1-2° 1
[~=dz=[-dr
z X
|
= _EZ —lnz=Inx+c

2
:—lx—z—lnlzlnx+c

2y X

x2
:>—E—2—lny+lnx=lnx+c
IR T S
2y2 Y

=2y’(Iny+c)+x* =0

4 a z=1:>y=xzandd—y:z—i-xE
X dx dx
So d_y:—y(x+y) becomes Z+x%=—xz(x+xz)
dx x(y—x) dx x(xz—x)
dz z(1+z)
=Sz+x—=
z—1
g L _z(+z) 2z
dx z—1 z—-1
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4 b Separating the variables,
il [ RN
2z x

1 1
= —z——Inz=lnx+c¢
2 2

:ll—llnl=lnx+c
2x 2 x
:ll—llny+llnx=lnx+c
2x 2 2
:l—llnyzllnx+c
2x 2 2
5 a GiventhatZ=Z,y=zxzmdd—y=z+xg
X dx dx
. dy —3xy
The equation — =—; > becomes
dx y -3x
ZHx—= 3z —z= =
z2-3 -3

3x ) ) .
=Iny+ 57 = ¢ (since c is an arbitrary
y

constant, we can change the sign.)

6 a Letu=x+y,then d_u=1+%/ and so

%:(x+y+1)(x+y—l) becomes
ot () (u-1)=u -1

du _ >

dx
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7 a Giventhatu=y—x—2,d—u=d—y—1
dx dx

So d—y=(y—x—2)2 becomes d—u+1=u2
dx
:>d—u:u2—1
du
b =X
qu—l
1., u-1
> —Ih—=x+c
2 u+l
u_1262(x+c)
u+l
u—l 2x .. 2¢
= ——=4e”" writing Aase
u+l

S0 A is positive

=u-1=A4e"(u+1)

1+ 4™
=u= 2x
1-Ae
P £
4 1- Ae™
= —x+2+l+Aezx
7 — Ae™
1 3
8 a v=u Z,Q:—lu ; du
dr 2 dr
3 1 3
Equation becomes —%u Zd—b;xt+u 2 =2¢'u 2 which rearranges to %—27bl=—4z‘2
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8 b Using integrating factor e 't =e =42, get

i(uz‘2 ) =—4=ut?=-4t+c, and u=—4 + cf*

dt
. .. . 1
Then the general solution for the original equation is v = ————=
1* (c—4t)
. 1 1 1 ) . 1
Given that v=— whent=1, =—, so ¢ = 8 and the particular solution is v = ——
c—4 2 2 (8—41)
u dx
9 a Let x=¢",then —=¢
du
and dy dy dx =" d—y = xd—y Find d_y in terms of x and Q, and
du dx du dx dx du dx
2 2
dzy dx dy dz_y % show that j—y = x%+x % then
2 u
du® du dx dx du substitute into the differential equation.
L &y
dx dx’
2 2
x2d—)2)+4xd—y+2y=lnx:>d—);+3d—y+2y:lnx=u *
du du
The auxiliary equation is
m’ +3m+2=0
w (m+2)(m+1)=0
= m=—1or -2
~Thecf. is y=Ae™ +Be™
2
Let the p.i. be y:ku+,u:d—y: dy =0
du du’
Substitute into =
SN2+ 2u=u
1
Equate coefficients of u: 2A=1=A = 5
3
constants: 3A+2u=0 .. u= 1
The b.i. ] 1 y 3
. Thepiis y=—u——
LI Y =Ry
- . —u —2u 1 3
The general solution is y = Ae “ + Be ™" + Eu .
But x=¢"—>u=Inx
1 1
Also e =x'=—ande™ =x"=—
x X
. . .. A B 1 3
.. The general solution of the original equationis y=—+—+ Elnx 2
X X
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9 b But y=1when x=1

l=A+B-> = A+B=1> (1)
4 4

1:—A—2B+%:>A+2B:—% Q)

1
Solve the simultaneous equations (1) and (2) to give B = _2Z and A=4

4 9
.. The equation of the solution curve described is y =— e +—1Inx .
x 4x
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10 z=sinx %:cosx and %:%xcosx
dz—);:—d—ysinx+cosxi—);x%
=—%sinx+cos2 xdz—);
d’y dy

—= +tanx——+ ycos’ x = cos’ x ™"
dx

d? . d d
= coszx—g)—smx—y+ fan x cos x % + ycos® x = cos> xe”
dz dz dz

The auxiliary equation is m* +1=0=>m=*1i

. Thec.f.is y=Acosz+Bsinz

2
Thep.i.is y=ie® = Y_ Ae” and d—J; =\e’
dz dz

Substitute in * to give

2xe” :ez:>?»:l
2

.. The general solution of % is y = Acosz+ Bsinz+ %ez
The original equation { has solution

y = Acos(sin x) + Bsin (sin x) + % e
But y=1 when x=0

1=4 +l = A= 1
2 2
dy . . . 1 sin x
4 = cos x(—Asin(sin x)) + cos x(B cos(sin x)) + Ecosxe
As d_y=3 when x=0
dx

3=B+l:>B=2l
2 2

sin x

= lcos (sin x) +§sin (sin x) +le
) 2 2
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2
11a t:e”,u:Int,d—u:l,d—?:_i2
de ¢ dt t
dx drxr du d°x d’°x 1 dx 1
T X T T X 2
dt du dt de& du” ¢ du ¢
So equation becomes

2
s (%x%—;ﬂx%j—2t(%x%j+2x:4 In(e”)
u u u

2
d §—3£+2x=4u
du du

which rearranges to

b Auxiliary equation is m*> —3m+2=0
=>(m-2)(m-1)=0
=>m=2,1
So the general solution is
x=Ae™ + Be' + f(u)
where f'(u) is a particular integral
Putting f'(u) = au + b we obtain
—3a+2(au+b)=4u

=a=2,b=3
= x=Ade* + Be" +2u+3
= At* + Bt+2Int+3

¢ As ¢ gets very large, the distance of the particle from its original position becomes very large.

dx dv d’x dv d’v
—=V+t—,—2:2—+t—2
dt dr dt de  dt
Equation becomes

2
2| 2 9 g g I +(4—2t2)tv=t4
dt  d? dt

12a

2
. v
which rearranges to 2—-—2v=¢
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2
2y Yo, 2L
di 2

Auxiliary equation is m* —1=0
=>m==l

so the general solution is

v=Ae' +Be + f(1)

where f'(¢) is a particular integral
Letf(t)=at+b

so equation becomes

—(at+b) =lt =a =—l,b =0
2 2
so the general solution is
v=Ae' +Be” —lt
2

1
= x = Ate' + Bte™" —512

13a u=v*1:>d—u=—v*2Q
dt dt

L

dr dr

So the equation becomes

1000 du 500 ¢
T R

u® dt u u’

= % +0.5u =0.001¢ as required.

b Integrating factor is e
so the equation becomes

%(e“‘u) =0.001ze"

Using integration by parts
[o.0012¢" dt

—0.0017x 2" — j 2e%% % 0.001d¢
= 0.002£€"5 —0.004¢" + ¢

So we obtain
e”u =0.002te" —0.004e" +c
= u =0.002¢ —0.004 +ce ™™
1 500¢"

V= =
0.002¢—0.004+ce ™ ™ (t-2)+c

© Pearson Education Ltd 2018. Copying permitted for purchasing institution only. This material is not copyright free. 9



Further Pure Mathematics 1 SolutionBank

13¢ 2= _
—-0.004 +c¢
= c¢=0.504

be 1 _500e™
0.002¢ —0.004 +0.504e > ™' (t—2)+252

d L 0.002¢ —0.004 +0.504¢ >
v
So for large t = 0.002¢

This will increase without limit
sov—>0

This means that the model is not valid for large ¢ because we would expect v to reach a terminal
velocity.

Challenge

. d .
Substitute u = ay so equation becomes

du
—=1Uu

= y=—-In(x+B)+4
= A—In(x + B) as required.
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