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Differentiation, Mixed Exercise 12

1

f(x) = 10x?
f'(x) = lim

h—0

f(x+h) —f(x)
h

2 2

_ Iim10(x+h) —10x

h—0
_ I.mle2 +20xh +10h® —10x°
- h—0 h
_ . 20xh +10h?
= lim=—/—_"—__
h—0
lim h(20x +10h)

h—0

= Ling(ZOx +10h)

Ash — 0, 20x + 10h —» 20x
So f'(x) = 20x

A has coordinates (1, 4).
The y-coordinate of B is
(1 +8x)% + 3(1 + 8x)
=13+ 38x + 3(8x)? + (8x)® + 3 + 35x
= (8x) + 3(5x)? + 65x + 4
Gradient of AB
- Y=Y
X, =X
(8x)" +3(8x)" +65x +4—4
OX
(8x)" +3(8x)" + 65x
OX
= (8x)° +35x + 6

As dx — 0, (5x)2 + 35x + 6 — 6
Therefore, the gradient of the curve at
point A 'is 6.

y:3x2+3+i2:3x2+3+x‘2
X

dy = BX — 2X 3= 6X — %

dx X

When x=1,d—y=6><1—£3
dx 1
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a

When x=3,ﬂ:6><3—£3
dx 3
_18- 2
27
172
27

The gradients at points A, B and C are 4,
112 and 172, respectively.

y=7x%-x3
- 14x — 3x2
dx

d_y =16 when
dx

14x — 3x2 = 16

32— 14x+16=0
(3x—8)(x—2) =0

x:§ orx=2
y=x3—11x+1
d—y:3x2—11
dx
d—yzlwhen
dx
3x¢-11=1
x¢=12
=4
X=%2

Whenx=2,y=23-11(2) +1=-13
When x=-2,y=(-2)°—11(=2)+ 1 =15
The gradient is 1 at the points (2, —13) and
(-2, 15).

f(x):x+g =x+9x!
X

f'(x):1—9x‘2:1—i2
X
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6 b f'(x) =0when

a y=12x2 - x?

dx (2
1 1
d—y:6x 2—gx2
dx 2
1
==x 2(4-x)
. dy _ ..
b The gradient is zero when Fvi 0:
X
1
3y 2(4-x) =0
x=4

Whenx=4,y=12x2-23=16
The gradient is zero at the point with
coordinates (4, 16).

3 1 3 1
a [xz —1J[x 2 +1j:x+x2 -x2-1

s 1
b y=x+x2-x2-1
L 3
Y130 1y
dx 2 2
c Whenx:4,d—y=1+§x2+lxi3
dx 2 3
42
:1+3+i
16
_4t
16

10

11

12a

b i

SolutionBank

X2 + 2X
2

Lety = 2x° + VX +

= 2x° + X2 +1+2x7*

1
d—y:6x2 PPN
dx 1 )

—6xE =

2Jx X

The point (1, 2) lies on the curve with
equation y = ax? + bx + ¢, S0

2=a+b+c 1)

The point (2, 1) also lies on the curve, so
l=4a+2b+c (@)

(2) — (1) gives:

-1=3a+b (3)

@ 2ax+b

dx

The gradient of the curve is zero at (2, 1),
SO

O=4da+b 4)

(4) — (3) gives:

l1=a

Substituting a = 1 into (3) givesb =—4
Substitutinga =1 and b =—4 into (1)
givesc=5
Therefore,a=1,b=-4,c=5

y =x3 —5x? + 5x + 2
Y 30— 10x+5
dx

3X°—10x+5=2
3x2—-10x+3=0
(B3x—1)(x—3)=0

. or3
3
X = 3 is the coordinate at P,

1
sox= = atQ.
3 Q
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12b ii x=3 y=27-45+15+2=-1
So equation of the tangent is
y+1=2(x-3)
y=2x-17

il Whenx=0,y=-7
and wheny =0,x= £
So points R and S are (0, —7) and
7. 0).
Length of RS = /(-7)? +(%)2

71+ =16

13 y=— —x+3x*=8x1—x+3x°

><|oo

d—y=—8x’2—1+6x=—£2 — 1+ 6X
dx X

Whenx:2,y:g—2+3><22:14

W8 a9
dx 4

The equation of the tangent through the point
(2, 14) with gradient 9 is
y—14=9(x—2)

y=9x-18+ 14

y=9x-4
The normal at (2, 14) has gradient —%.
So its equation is

1
-14=——(x—-2

y 9 (x-2)

9y +x =128

14a 2y =3x3—7x%+4x
_3is 1.
y=—=X"— =X+ 2x
2 2
LI
dx 2

At (0, 0), x =0, gradient of curve is
0-0+2=2.

Gradient of normal at (0, 0) is —%.

The equation of the normal at (0, 0) is

y=—£x
=
At (1, 0), x =1, gradient of curve is
9 q4p--1
2 2

Gradient of normal at (1, 0) is 2.

14 a The equation of the normal at (1, 0) is
y=2(x—1).
The normals meet when y = 2x — 2 and

4 2 1
=2 —|-2=——= | check in y=—=xXx
y (5) 5( Y= j
(

N has coordinates (£, —2).

VA

NG 3

Area of AOAN = %base X height

Base (b) =1

2

Height (h) = —

ght (h) c
Area:lxl g 1
2 5 5

15 y=x}-2x*—-4x-1

When x =0, y = —1 so the point P
is (0, -1)
For the gradient of line L:

dy =3x2—4x— 4
dx

At point P, when x =0, dy =—
dx

The y-intercept of line L is —1.

Equation of L isy = —4x — 1.

Point Q is where the curve and line

intersect:

XC—2x2—4x—1=—-4x—-1
xX—-2x2=0
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15

16a

17

X*(x—2)=0

x=0or?2

x = 0 at point P, so x = 2 at point Q.
When x = 2, y = —9 substituting into the
original equation

Using Pythagoras’ theorem:

distance PQ = /(2 - 0)? + (-9 — (1))’

= /68
= J4x17
= 217
3
y:x5+@ (x>0)
X
dy_ 3., .48
dx 2 X2
Puttingd—y:
dx
3.5 48
— X =—
2 x?
5
X2 =32
x=4

3
Substituting x =4 into y = x? +ﬁ gives:
X

y=8+12=20
Sox:4andy:20Wheng—y:0.
X

2 1
d_¥:§X2+£
dx 4 X
2
Whenx:4,d—¥=§+%=5>o
dx“ 8 64 8
S minimum

y=x3—56x2+7x— 14

ay _ 3x2—10x + 7

dx

Putting 3x> — 10x+7=0
Bx—-7(x-1)=0

Sox:Z orx=1
3
Whenx:Z,
3

A3

329

27

17

18a

19

SolutionBank
5
= 12>
y 27
When x =1,
y=13-5(1)2+7(1) - 14
=-11

So (£,-12%) and (1, —11) are stationary
points.

f'(x) = x2—2+% (x>0)

f"(x) = 2x —%
X

Whenx =4, f"(x) =8 — 2
64

= 7£
32

For an increasing function, f'(x) >0

x2—2+i2 >0
X

1 2
) e

This is true for all x, except x = 1 (where
f'(1) = 0).
So the function is an increasing function.

y =x%— 6x2 + 9x
@ _ 3x2—12x+9
dx
Putting 3x> — 12x+9=0
3x*—4x+3)=0
3x—1H)(x—3)=0
Sox=1lorx=3
So there are stationary points when x = 1
and x = 3.
2
9Y - ex-12
dx
2
Whenx =1, ‘;—¥ =6-12=-6<0,50
X
maximum point
2

Whenx:3,3—¥:18—12:6>0,so
X

minimum point
Whenx=1,y=1-6+9=4

So (1, 4) is a maximum point.
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20a

2la

f(x) = 3x* — 8x3 — 6x% + 24x + 20

f(x) = 12x3 — 24x% — 12x + 24

12(x3 —2x2 —x + 2)

12(x — 1)(x2 —x—2)
=12x—D)(x—2)(x + 1)

Sox=1,x=2o0rx=-1

f(1)=3-8-6+24+20

=33
f(2) = 3(2)* — 8(2)° — 6(2) + 24(2) + 20
=28
f(-1)=3+8-6-24+20
=1

So (1, 33), (2, 28) and (-1, 1) are
stationary points.

f(x) = 36x% — 48x — 12

f"(1) =36 -48—-12=-24<0,so
maximum

f"(2) = 36(2)> — 48(2) — 12=36 >0, sO
minimum
f"(-1),y=36+48-12=72>0, so
minimum

So (1, 33) is a maximum point and (2, 28)
and (—1, 1) are minimum points.

Vi

(L. 1) _
0 X
f(x) = ZOO—E—XZ
X
f'(x) = 2_520_2)(
X

At the maximum point, B, f'(x) =0
250

v —2X=
250 = 2x°
x3 =125
X=5
Whenx:5,y:f(5):200—% - 52

=125

21b

22a

23a

The coordinates of B are (5, 125).
. 1,
P has coordinates m,(x, S_EX j
1 2
OP%2=(x—0)*+ (S—Exz —Oj
— 2 2 1 4
=x-+25-5x+ ZX

x* —4x% + 25

Nk

Given f(x) = %x“ —4x2 + 25

f'(x) = x3 —8x
When f'(x) =0,
xX—8x=0
x(x*—8)=0
x=0o0rx*=8
x:00rx:izﬁ

f"(x) =3x*—8

When x =0, f”(x) = -8 < 0, so maximum
When x? =8, f"(x)=3x8—-8=16>0,
SO minimum

Substituting x? = 8 into f(x):

OP2:% x8—-4x8+25=9

So OP =3 whenx = +22

y=3+5x+x*—x°
Lety =0, then
3+56x+x2—x3=0
B-x)(1+2x+x3)=0
B-x(1+x?=0
x=3orx=—-1wheny=0
The curve touches the x-axis at x = —1 (A)
and cuts the axis at x = 3 (C).
C has coordinates (3, 0)

gy - 5+ 2x — 3x2
dx
Putting ay =

dx

5+2x—3x=0
(G-3x)(1+x)=0

Sox:§orx:—1
3

When x = E
3
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2 3
23b y=3+5(2|+[2] -[2] 2o 26 A=2me+ 229 _ o 4 2000x !
3 3 3 o dA " 2000
SoBis (3,98). E—=mm—2mmx2=Mm— >
X X
Whenx=-1,y=0 dA
SoAis (-1, 0). Putting ™ =0
2 e 200
X =f(x =f’ X
y =1k y =) ,_ 2000 _ 500
0<x<05 Positive Above x-axis X = P
X T T
gradient
x=05 Maximum Cuts x-axis 27a The total length of wire is
05<x<1.2 Negative Below x-axis (Zy +x +W_Xj m
gradient
x=1.2 Minimum Cuts x-axis As total length is 2m,
12<x<21 Positive Above x-axis 2y + x(1+ Ej =9
gradient 2
x=21 Maximum Cuts x-axis y= 1_1){“2}
x>2.1 Negative Below x-axis 2 2
gradient with asymptote
o b Area, R 1 (x)
= + — g =
y=0 rea, Xy 27{2)
I 1 T) .
A Substituting y = 1—Ex(1+ Ej gives:
% R=x[1-=x-Zx |+ Zx2
= . 4 8
= Tlme)gs) N
§ 05\/12 211\_/ = 5(8_4x_2nX+EX)
= X
= —(8—4x —nx)
8
25 V=n(40r —r?> —rd) dr
dav ¢ For maximumR, — =0
— =40n — 2ar — 3xr? dx
dr 1 , T,

R=x——=X"-—X
Putting CI—V:O 2 8
dr drR T

(40 —2r—-3r)=0 d—:l—x—zx
(4+r)(10-3r)=0 X iR
_10 ir=a Puttlng&:O
3
10 x= 1
As r is positive, r = —
P 3 1+7
Substituting into the given expression for 4
V: =
447
Ve o 40><E_lOO_lOOO _ 23007T
3 9 27 27
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2 3
27 ¢ Substituting x = 4 into R: 28d V=7 40x£_ 10)_(10
d+n 3 3 3
R-—— 1 (8— 16 4r j 400 100 1000
2(4+n) 4+ 441 =7T( 3 9 27 j
R 1 ><32+87t—16—4rt 2300
2(4 + n) 447 =5 7
27
1 ><16+4n
2(4+m) A+m e Lid has surface area x> + 27X
_4(4—+n)2 When x :E,
2(4+7t) 3
: is s (100, 22) 10
= 9 3 9
447
) ) Percentage of total surface area =
28a Let the height of the tin be hcm. 160 200
The area of the curved surface of the 8907r x100 = 5 - 22.2..%

tin = 2txh cm?
The area of the base of the tin = nx% cm?

T,::jefrfixogr:;e curved surface of the 29a Let the equal sides of AADE be a metres.
The area of the top of the lid = nx? cm? A
Total area of sheet metal is 80r cm?.
S0 271x? + 2nx + 2nxh = 80n
2
ho30-X=X X
X a
The volume, V, of the tin is given by
V = x°h
:nx2(40—x—x2) E u D
X o
= m(40x — x% — x3) Using Pythagoras’ theorem,
a2+ a2 = x2
2a2 = x?
b v = (40 — 2x — 3%?) )
dx 8.2 = X_
Putting C(Ij—v =0 2 1
X - = -
40— 2% — 32 =0 Area of AADE = 5 x base x height
(10-3x)(4+x)=0 1
10 =—_xaxa
Sox= — orx=-4 2
3 X2
10 =—-m
But x is positive, so x = — 4
b Area of two triangular ends
c dz\g = m(—2 — 6x) :gxx_zzx_z
dx 4 2
10 dv _ Let the length AB = CD =y metres

Whenx=—, —=n(-2-20) <0
3 dx

So V is a maximum.
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29b Area of two rectangular sides
2
:2xay:2ay:2\/§y
X2 x? x?
S0S=— +2,]—y=—+xyvJ2
2 \/Zy 2 2

But capacity of storage tank = %xz Xy

So %xzy = 4000

_ 16000
==
Substituting for y in equation for S gives:
_ x2 16000v2
Sz —4+———
2 X

ds _ _ 16000y2
dx X

Putting 3—8 =0
X

_ 1600042
X= ———
X
x3 = 16 000~/2
x =20+/2 =28.28 (4 5.f.)
When x = 20\/5 ,
S =400 + 800 = 1200
2
g ISy, 320030\/5
dx X

2
When x = 20\/5, 3—? =3 >0, so value is a minimum.
X
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Challenge

7 7 7
a (x+h)'= x7+( Jx6h+( Jx5h2+( Jx4h3+
1 2 3

=x" + 7x%h + 21x°h? + 35x*h3 + . . .

7
o 40 | Fxeh) = £()
dx h—0 h
7 7
_ Iim(x+h) —X
h—0
- X"+ 7x°h + 21x°h? + 35x*h® — x’
"~ hoo h
_ lim 7x°h + 21x°h? + 35x*h°
T ho0 h
_ lim h(7x® + 21x°h + 35x*h?)
h—0 h

= Ihim0(7x6 + 21x°h + 35x°h?)

6 5 42 6 d(x’) _ 6
Ash — 0, 7x° + 21xh + 35x*h —>7x,sod——7x
X
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