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Integration, Mixed Exercise 13

1a [(x+1)(2x-5) dr=[(2x" —3x-5) dx

3 2
X

=25 3% _sxic
3 72

3 2
=2x —3x" -5x+c

[ oo
b j[x3+x3de=T+T+c
3 3
4 2
=3x3+3x3+c
' _ 2 _i — 2 _ _ 2
2 f(x)—x 3x ~ =x"—3x—2x
X
3 2 -1
Sof(x)=2-32-2% ¢
2 -1
Sof(x)zlx3—§x2+g+c
3 2 X
But f(I)=1=>1-3+2+c=1

=1
Soc=+

So the equation is y :%x3 —%xz +g+l

3 a j(8x3 —6x” +5) dx=8);—4—6%3+5x+c

=2x"=2x+5x+c

1 3 1
b J.(Sx+2)xE dx = I(sz +2x2j dx

a

%§=(t+1f = +2t+1

3 2
=>x=—+2—+t+c
3 2

But x =0 when 7 =2.
So0=3%+4+2+c¢
=c=-%
Sox=1if++1-2
Whent=3,x=4+9+3-%

Sox=23 or124

y% =x +3
Soy=(x%+3)2

1

Soy:(x3)2+6x;+9

Soy=x%+6x%+9
(4=6,B=9)

jydx:J.(x%+6x%+9)dx

4

j(;’?—abj dx = j(%ﬁ —abj dx

-2
a x
= —x——abx+c

3 2
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9

2

I(L—ab] dr=——2 —abx+c

3x° 6x
= —3%+14x+c
X
Equating coefficients —% = —% and
—ab =14
a=4,b=-35
f'(r) =—9.8¢
2
f(r) = 28 +c
=—4.97 + ¢

f(0) = —4.9(0)* + ¢
=70
c=170

f(f) = —4.92 + 70

f(3) = —4.9(3)* + 70
=259

The height of the rock above the ground
after 3 seconds is 25.9 m.

10a f(t)= j(5+2z) dr

2
=5t+2L+c
2

=5t+t* +c¢

As f(0) =0, 5(0)+0% +c=0
c=0
f(t) = 5t + 1>

b When f(£) = 100, 5¢+1> =100

£+5t—100=0

Using the formula
5% J5% —4(1)(-100)
2(1)
5% J425
2

t=T78o0rt=-12.8
Ast>0,¢t="17.8 seconds

11a

12a

13a

2=5+2x-x"

= x’-2x-3=0
= (x=3)(x+1)=0
= x=-1(4),3(B)

Area ofR:J-3 (5+2x—x2—2)dx
-1
=J._31(3+2x—x2)dx
=(3x+x2 —%xs):
=(9+9-4)—(3+1+1)
=9+2-1%
=102

(e

=1-4x 7 —x"+4=5-4x " —x°

(x—3)2 =x"—6x+9
Sox(x—S)2 =X’ —6x" +9x
y=0=x=0or 3(twice)
So 4 is the point (3,0).

dy

= =0=0=3x"-12x+9
dx

= 0=3(x"-4x+3)
=0=3(x-3)(x-1)

=0=1or3

x =3 at 4, the minimum, so B is (1,4)

(Found by substituting x = 1 into original
equation.)

© Pearson Education Ltd 2017. Copying permitted for purchasing institution only. This material is not copyright free. 2



Pure Mathematics Year 1/AS

SolutionBank

13¢ Areaof R =I:<x3 —6x° +9x) dx

14a y-= 3x—4x

d—yzgx P4ix4x
dx
d—y=%x_%+2x_7
dx

1
_3x? 4x?
T3 1
2 2
3 1
=2x*-8x’+c

= (2x3v3-8V3)—(2-8)
=-2/3+6
=6-2\3

SoA=6and B= -2

15a y=12xé—x
d

b %:O:x:4,y:12x2—23:16

So B is the point (4,16).

16 a

17 a

x(8-x)=12

=8x—-x" =12
=0=x"-8x+12
:>0:(x—6)(x—2)
=>x=2o0rx=6

M is on the same line as L.
So M is the point (6,12).

Area =j:(8x—x2)dx

= 4x2_"_3 8
3 6
=(4x64—312)—(4x36—-2¢)

=256-1702-144+72
=131

A is the point(1,0), B is the point (5,0).
x—1=(x—1)(x—5)
:>0:(x—1)(x—5—1)

= 0=(x—1)(x-06)

=>x=1x=6

So C is the point (6,5).

Ay

Drop a perpendicular from C to the x-axis
to a point D.
The area of the shaded region is

Area of triangle ABD —Lé (x - 1) (x -5 ) dx

= Area of ABD —j:(xz —6x+5) dx

|

5

il

1
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17b Area =(4x5x5)~ [ (x* ~6x+5) dr

= 12%—[%)63 -3x? +5x]:
=124-[(72-108+30) (412 -75+25)]
- 12-[(-6)-(-54]

25
—124-21
~104

18 a For the point 4, which lies on the line and
the curve

4q9+25=p+40-16
= 4q9=p-1 (1

For the point B, which lies on the line and
the curve

8qg+25=p+80-64
= 8¢=p-9 (2)
Subtracting (2)—(1)
=49 =-8

=>qg=-2
Substituting into (1)
= p=1+4q
=>p=-7

b Atd, y=4g+25=17
So C is given by
17=-7+10x—x"
x*—10x+24=0
(x—6)(x—4):0
x=4,x=6
So C is the point (6,17)

¢ The required area is

Lé (=7 +10x — x*) dx —area of rectangle

2

SolutionBank

18c Area =(-7x+5x" - §x3)
= (—42+180-72)—(—-28+80—%)-34

—4 1
=3 or I3

19

—

(%—8\/;+4x—5jdx

X
=j(9x-2—8x%+4x—5)dx

9x~! Sx% 4x*
= - + -S5x+c
-1 3 2
9 16x

=——= +2x° =5x+c

20 A =j9(i—A d

_Ax}

{;
fox -]
(oo
=(

1

6(9)" - 4(9)) - (6(4)" - 4(4))
18-94)—(12-44)

0=UA+6)4-1)
A=-6o0or4d=1

21a fi(x )_M

_ Q2-x)Q2-x*)2-x%)

2

X
_ (4—4x" +x"H2-x%)

2
X

= x> (8—-12x> + 6x* —x%)

=8x? —12+6x*—x*
SoA=6and B= -1

b f'(x)=—16x7+ 12x — 4x°

¢ fx)= j(sx-2—12+6x2—x4)dx

-1 3 5
_ & —12x+6%—x?+c

5

=8 s — e
X 5
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21¢ Whenx=—-2andy=9 24a x(x—3)(x+2)=0
8 , (=2 x=0,x=3orx=-2
A2y e =9 The points are 4(—2, 0) and B(3, 0).
4+24-16+2+c=9 o X
I b _Lx(x—3)(x+2)dx—'[ox(x—3)(x+2)dx
5
5 I P N (s 2
f(X)=—§—12x+2x3—x——ﬂ —jiz(x X 6x)dx Io(x X 6x)dx
X 5 5
4 3 270
22a y=3—5x— 2% Io(xa_xz_m)dx{x__x__g}
Wheny=0,3 - 5x —2x* =0 2 4 3 2,
G +x)(1-2x)=0 4 0
x=-3orx=1 =[7—?—3x2}
The points are A4(—3, 0) and B(<, 0). -2
4 3 4 73
— 0__0__3(0)2 _ ( 2) _( 2) _3(_2)2
3 ) 4 3 4 3
b j2(3—5x—2x)dx
- =0-(4+5-12)
_[5p5 20 =54
L 2 31,
12 e 5 PN 3
_| 302 C5(3) 2(3) j(x3—x2—6x)dx= X X 302
=13() R 0 4 3
2 3 0
34 33 5 04 03 5
32 (-3 = -2 33) |- ———=3(0
~ 3)(_3)_5(23) _2(33)} (4 3 ()) (4 3 (0)
=(8-9-27)
4
(i) (%49 0
i Sy
=141

Total is 54 — (= 152)=21L
238 (r—4)2x+3)=0 otalareais 55 — (= 154)= 213

x=4orx=-3

The points are A(—2, 0) and B(4, 0).

b R= [ (x-4)2x+3) dr

4
=[x —5x-12) dx

_[24)° 54
|3 2

2A-1SC37

_ - —12(-2
EEUEE L
- (-40-48)-(~3- 4 +19)

=551

Area = 551¢

—12(4)]
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Challenge

To find the points of intersection:

x2—5x+7=%x2—%x+7
23— 10x + 14=x>—5x + 14
X2=5x=0

x(x—5)=0

x=0orx=5

Area R =
(area under the curve y = 1x* —3x+7)

— (area under the curve y = x> — 5x + 7)

Area under the curve: y= 1x* —3x+7:

Area under the curve = _[05 (Ex?—3x+7) dx

1 X 1 5% ’
=|oxX———x—+7x
32 2 2 .
e 2 5
:LJL”@
_6 0
3 2
_[2_30) +7(5)
6 4
0°  5(0)
_[?_ (4) +7(0)J
=(2-12435)
241

Area under the curve: y = x> — 5x + 7:
Area under the curve = j: (x> =5x+7)dx

3 2 5
{LJL”@

32 .
5 5(5)°
=|—- +7(5
(3 5 (5)
0’ 5(0)
— =—===-+7(0
(3 5 (0)
= (12 -12435)
=141
R=24L-141
=103
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