Pure Mathematics Year 1/AS SolutionBank

Circles, Mixed Exercise 6

1 a QRisthe diameter of the circle so the centre, C, is the midpoint of QR

Midpoint :[11+(_5) ,12+0j =(3,6)
2 2
C(3, 6)
.1 . 1 21 2 2
b Radius = > of diameter = > of QR = > of \/(xz—xi) +(Y,— V)
= % of \/(-5-11)2 +(0—12)?
-1 of /400
2
1 .
= > of 20 = 10 units

¢ Circle with centre (3, 6) and radius 10:
(x—3)%+ (y—6)>=100

d P(13, 6) lies on the circle if P satisfies the equation, so substitute x = 13 and y = 6 into the
equation of the circle:
(13—3)?+ (6 — 6)>=100 + 0 = 100
Therefore, P lies on the circle.

2 The distance between (0, 0) and (5 —2) IS

\/(Xz_x1)2+(y2_y1) \/(5 0 \/52 25+4 \/E
The radius of the circle is /30.
As /29 <+/30 (0,0) lies inside the circle.

3 a xX+3x+y’+6y=3x—2y—7
X2 +y2+8y=—7
Completing the square gives:
(x—=0)>+(y+4)y°-16=-7
(x—0)°+(y+4)*=9
Centre of the circle is (0, —4) and the radius is 3.

b The circle intersects the y-axisat x =0
0-07+(y+4)3?=9
y2+8y+16=9
y2+8y+7=0
(y+1)(y+7)=0
y=-lory=-7
(0,-1) and (0, —7)
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3 ¢ Atthe x-axis,y =0

X2+ 0% +8(0) =7

X2 =7

There are no real solutions, so the circle does not intersect the x-axis.
4 a The centre of (x—8)+(y—8)" =117 is (8,8).

Substitute (8, 8) into (x +1)2 +(y- 3)2 =106

(8+1)° +(8-3)" =9% +5? =81+25=106 v

So (8, 8) lies on the circle (x+1)2 +(y—3)2 =106.

b As Q is the centre of the circle (x+1)2 +(y—3)2 =106 and P lies on this circle, the
length PQ must equal the radius.

So PQ = /106

Alternative method: Work out the distance between P(8, 8) and Q(—1, 3) using the
distance formula.

5 a Substitute (-1,0) into x*+y? =1
(-1)" +(0)’ =1+0=1
So (—1,0) is on the circle.

L \/zéJ into x> +y?=1

Substitute (— ,—
2

2 2
(3) JB) 13,
2 2 4 4
So (; \/—] is on the circle.

V3

Substitute (% —7J into x*+y®=1

]

So (%—%} is on the circle.
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So AB, BC and AC all equal ~/3.
AABC is equilateral.

6 a (x—k)>+(y—3k?=13,(3,0)
Substitute x = 3 and y = 0 into the equation of the circle.
(3—k)>+(0—-3k)?=13
9-6k+k?+9k?—13=0

10k’ —6k—4=0
5k?—-3k—-2=0
Bk+2)(k—-1)=0
k= _E ork=1
5
b Ask>0,k=1

Equation of the circle is (x — 1)2 + (y — 3)> = 13

7 X2+px+y?+4y=20,y=3x-9
Substitute y = 3x — 9 into the equation x> + px + y? + 4y = 20
X2+ px + (3x—9)? + 4(3x — 9) = 20
X2+ px+9x>—54x+81+12x—36—20=0
10x2 + (p—42)x +25=0
There are no solutions, so using the discriminant b? — 4ac < 0:
(p—42)*-4(10)(25)<0
(p—42)? <1000
p—42 < /1000
p < 42++/1000

p < 42+1010
42 ~10410 <p < 42 + 10410
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8 Substitute x=0intoy =2x -8
y=2(0)-8
y=-8

Substitutey =0intoy =2x -8
0=2x-8

2x =8

Xx=4

The line meets the coordinate axes at (0,-8) and(4,0).
The coordinates of the centre of the circle are at the midpoint:

(x1+x2'y1+yzj:(0+4’—8+0j:(£,—_8j:(2,_4)
2 2 2 2 2 2

The length of the diameter is

Vom0 + (s~ 3 = |(8=0) +(0~(-8)) = V<" =80 - 65 415
45

So the length of the radius is - 24/5.

The centre of the circle is (2,—4) and the radius is 2./5.
The equation of the circle is

(x—xl) <y yl>=
) =(246)

(x=2)'+

(x— 2) (y+4) =20

9 a Theradius is

\/(xz—x1)2 +(Y, =)’ =\/(8—4)2 +(10-0)" =+/42 +10° = /16 +100 = /116 = 2429

o] (,0) (a.0) x

e )
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9 b The centre is on the perpendicular bisector of (4,0) and(a,0.) So

10  Substitute y = 0 into (x—5)2 +y> =36
(x-5)" =36
x-5=1/36
X—5=16
Sox-5=6=>x=11

and x-5=-6=>x=-1
The coordinates of P and Q are (—1,0) and(11,0).

11 Substitute x = 0into (x+4)" +(y—-7)" =121
4+ (y-7)" =121
16+(y-7)" =121
(y-7)" =105
y—7=J_r\/1E
So y=7++105

The values of m and n are 7 ++/105 and 7 —+/105.
12a (x+5)%+ (y+2)>=125, A(a, 0), B(0, b)

AtA(a, 0): (a+5)%>+ (0 +2)>=125
a’+10a+25+4-125=0
a’?+10a—96=0
(a+16)(a—6)=0
Asa>0,a=6

At B(0, b): (0+5)?+ (b +2)*>=125
25+b?+4b+4—-125=0
b?+4b—-96=0
(b+12)(b—8)=0
Asb>0,b=8
Soa=6,b=8
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12b A(6, 0), B(0, 8)
Yo=Y — 8
X, =%  0-
y-intercept = 8

gradient =

Equation of the line AB isy = —%x +8

¢ Area of triangle OAB = %x 6 x 8 = 24 units?

13a By symmetry p =0.
VA

Using Pythagoras’ theorem

qQ°+7° =25
q° +49=625
q° =576

q =576
q=+24
Asq>0,q=24.

b The circle meets the y-axisat q£r; i.e.
at 24+25=49
and 24-25=-1
So the coordinates are (0, 49) and (0, —1).
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14  The gradient of the line joining (-3,-7) and (5,1) is
Y, -V, _1—(—7) _1+7 8 1

X,—% 5-(-3) 5+3 8

So the gradient of the tangent is . -1.

(2)
The equation of the tangent is
y=Y,=m(x-x)
y=(7)=-1(x-(-3)
y+7=-1(x+3)
y+7=-x-3
y=—-x-10orx+y+10=0
15
VA
A@3,7)
B(-5,3)
ol t@.-1) *
C

Let the coordinates of C be (p, ).
(2, -1) is the mid-point of (3, 7) and (p, q)
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15  So the coordinates of C are (1, -9).

The length of AB is

JOG =% ) + (¥, v,) =(-5-3) +(3-7)" =/(-8)" +(-4)° =/64+16 = /80

The length of BC is

\/(xz %)+ (Y, -y) = \/(—5—1)2 +(3—(—9))2 = (-6)* +(12)° =+/36+144 = /180
The area of AABC is

%\/180\/8_ - %\/1440 = %\/144><100 = %\/144 %100 = %lexlO ~ 60

16  (x—6)>+(y—5)2=17
Centre of the circle is (6, 5).

Equation of the line touching the circle isy = mx + 12

Substitute the equation of the line into the equation of the circle:
(X —6)? + (mx + 7)> =17
X2 —12x+ 36 + Mm% + 14mx + 49— 17 =0
(1+m?)x?+ (14m—12)x + 68 =0

There is one solution so using the discriminant b? — 4ac = 0:
(14m —12)>2—4(1 + m?)(68) = 0
196m? — 336m + 144 — 272m? — 272 =0
76m? + 336m + 128 = 0
19m? +84m+32=0
(19m+8)(m+4)=0

m:—i orm=—4
19

y= —%x+12andy:—4x+12

17a Gradientof AB = Y2~ %1 = 1-7 __
X,—%  5-3

Midpoint of AB = (SLZS%J =(4,4)

M(4, 4)

Line | is perpendicular to AB, so gradient of line | =

Wl

Y=Yy, =m(X—x)
1
—4=Z(x—-4
y 3(x )

© Pearson Education Ltd 2017. Copying permitted for purchasing institution only. This material is not copyright free. 9



Pure Mathematics Year 1/AS SolutionBank

17a y=

b C(-2,c)
1 8
=_(-2)+ — =2
y 3 (-2) 3
C(-2,2)
Radius of the circle = distance CA
= 0 = %) + (¥, ~ ¥.)* = {(-2-3)* +(2-7)* = /50
Equation of the circle is (x + 2)2 + (y — 2)? = 50

¢ Base of triangle = distance AB = /(5—3)% + (1-7)> = /40
Height of triangle = distance CM = /(4+2)% + (4-2)* = /40

Area of triangle ABC = %x V40 x /40 = 20 units?

18a (x—3)>+ (y+3)?>=52

The equations of the lines Iy and l2 arey = gx +cC

Diameter of the circle that touches I; and I, has gradient —% and passes through the

centre of the circle (3, —3)

2
= ——x+d
y 3
2
-3=-—=3)+d
3()
d=-1

y= —% X — 1 is the equation of the diameter that touches l1 and I,.
Solve the equation of the diameter and circle simultaneously:
(x—3)%+ (—%x +2)?=52

x2—6x+9+gx2—%x+4—52=0

13, 26

—X— —X—39=0

9 3

13x2 —78x — 351 =0
X2 —6x—27=0

X=9)(x+3)=0
X=9o0rx=-3
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18a Whenx=9,y= —%(9)—1=—7

Whenx=-3,y = —%(—3)—1:1

(9, —7) and (=3, 1) are the coordinates where the diameter touches lines |1 and I>.
P(9,-7) and Q(-3, 1)

b The equations of the lines Iy and l> are y = gx +C

I1 touches the circle at (-3, 1):
_ 3 _ 11 _ 3 11
=—(3)+c,c=—=,50y= —Xx+ —
2 2 2 2

I> touches the circle at (9, —7):
—7 = §(9)+C,C: _ﬂ,soy: EX— ﬂ‘
2 2 2 2

19a x2+6x+y>—2y=7
Equation of the linesarey =mx + 6

Substitute y = mx + 6 into the equation of the circle:
X2+ 6X + (MX + 6)> — 2(Mx + 6) =7
X2+ 6X + Mm%+ 12mx + 36 —2mx —12—-7=0
(1+m?)x%+(6+10m)x +17 =0

There is one solution so using the discriminant b? — 4ac = 0:
(6 +10m)? —4(1 + m?)(17) =0
100m? + 120m + 36 — 68m? — 68 = 0
32m? + 120m - 32 =0
4m?+15m—-4=0
@m-1)(m+4)=0

m:i orm=—4

4

1
y:Zx+6andy=—4x+6

b The gradient of I = % and the gradient of |> = —4, so the two lines are perpendicular,

Therefore, APRQ is a square.
X+ 6Xx+y?—2y=7
Completing the square:
(x+32—-9+(y-1>2-1=7

(x+3)2+(y—1)32=17
Radius = V17
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19b Let point P have the coordinates (X, y)
Using Pythagoras' theorem:
l2: (0 —X)? + (6 —y)*> =17

2
Using the equation for Iz, y = %x +6, (0—x)? +(6—Gx+ GD =17

x2+ix2:17
16
17,
16
x? = 16
X=14

=17

From the diagram we know that x is negative, so x = -4,y = %(—4) +6=35

P(—4,5)

Now let point Q have the coordinates (X, ).
Using the equation for I1, y = —4x + 6, (0 — )2 + (6 — (—4x + 6))? = 17
x* +16x* =17
17x% = 17
=1
X=1%1

From the diagram x is positive,sox=1,y=-4(1) + 6 =2

Q(1,2)
¢ Area of the square = radius? = 17 units?
20a Equation of the circle: (x — 6)% + (y — 9)? = 50
Equation of l1:y = —x + 21

Substitute the equation of the line into the equation of the circle:
(X —6)? + (—x + 12)> =50
x2—12x+36 +x2—24x+144-50=0
2x2—36x +130=0
x?—18x+65=0
(x—13)(x—5)=0
Xx=130rx=5
Whenx=13,y=-13+21=8
When x=5,y=-5+21=16
P(5, 16) and Q(13, 8)
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20b The gradient of the line AP = Y2~ %1 = 9-16 _
X,—%X  6-5

So the gradient of the line perpendicular to AP, I, is %

The equation of the perpendicular line is
y =Yy =m(x-x)

m = % and (x,,y;) =P(5, 16)

Soy—16= %(X—S)
1 107
=X+

X _—
7 7
The gradient of the line AQ = Y2 = =
X,—%  6-13 7
So the gradient of the line perpendicular to AQ, I3, is 7.
The equation of the perpendicular line is

y =Yy =m(x-x)
m=7and (x,Y,)=Q(13, 8)
Soy—8=7(x—13)
y=7x—83

Iy = %x+ gand l3:y=7x-83

9-8 1

¢ The gradient of the line PQ = Y2~ Y1 = 8-16 __
X,—%  13-5

So the gradient of the line perpendicular to PQ, l4, is 1.
The equation of the perpendicular line is

y =Y =m(x-x)

m=1and (x,Y;) =A(5,9)

Soy—9=1(x—6)

ls:y=x+3

d Iz:y:%x+ g,lg:y:YX—SBand ls:y=x+3

Solve these equations simultaneously one pair at a time:

I, and Is: ix+ ﬂ =7x— 83
7 7

X + 107 =49x — 581
48x = 688

x:4—3,soy:7(4—3)—83:2
3 3 3
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20d I and Is intersect at (— ?)

lIsand ls: 7x —83=x+3
6x = 86
_ 43 43 52

__SO = — = —
3 y= 3 3

Therefore all three lines intersect at R (4?3 %)

e Area of kite APRQ = % x AR x PQ

PQ = (X, —%)? +(y, - ¥.)? = /13-5)* +(8-16)° = 128 = 82
2 2 _ (4 2 (s 2 _ 2 (2 _ 1250 _ 2542
= \/(Xz_xi) +(y2_y1) - \/(3_6) +(T_9) - \/(3] +[§] - T - T
25\/— Y 843 = 200

Area = —><
2

2la y=-3x+12

Substitute x =0 intoy =-3x + 12
y=-3(0)+12=12
SoAis (0, 12)

Substitutey =0 intoy =-3x + 12
0=-3x+12

3x=12
Xx=4
So B is (4, 0).

b The mid-point of AB is
(xptx2 | yl+y2j=(0+4,12+0]=(2’6)

2 2 2 2
c if
40, 12)
0 B(4,0)
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21c ZAOB =90°, so AB is a diameter of the circle.

The centre of the circle is the mid-point of AB, i.e. (2, 6).
The length of the diameter AB is

JOu =% ) +(, = ¥,) =(4-0) +(0-12)° = /4? +(~12)" =16+144 = /160
J/160

So the radius of the circle is —

The equation of the circle is

(x_2>2+<y_6>2=[@f

(x-2) +(y-6)' =5

(x—2)2 +(y—6)2 =40

22a A(-3,-2), B(-6,0) and C(1, q)

AB = \J(x,~x)P (¥, ~¥)? = (-6+3)° +(0+2)* = VI3

Diameter = BC = \/(1+6)2 +(q-0)* = \/49+q2

AC = \/(1+3)2+(q+2)2 = \/16+q2+4q+4 = \/q2+4q+20

Using Pythagoras' theorem AC? + AB? = BC:
(0 + 4q + 20) + 13 = 49 + ¢?
490-16=0
q=4

b The centre of the circle is the midpoint of B(—6, 0) and C(1, 4)

Midpoint BC = (_6+1,Mj = (—5,2j
2 2 2

The radius is half of BC = % of \J49+ ¢ =
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23a R(~4, 3), S(7, 4) and T(8, -7)

RT = /(8+4)" +(-7-3)* = 244

RS = \/(7T+4)? +(4-3)* = V122

ST=(8-7)2+(-7-4)? =122

Using Pythagoras' theorem, ST? + RS? = 122 + 122 = 244 = RT?, therefore, RT is the
diameter of the circle.

b The radius of the circle is

%xdiameter :%\/244 :%\/4x6 :%\/Zx\/e_:%xzﬂzﬁ

The centre of the circle is the mid-point of RT:
(X1+X2 y1+y2j: —4+8 3+(_7) :(ﬂ __4]:(2 _2)
2 2 2 2 2" 2 '

So the equation of the circle is
(x-2) +(y+2) =(v61) or(x~2)} +(y+2) =61

24 A(~4,0), B4, 8) and C(6, 0)

The gradient of the line AB = Y2~ Y1 = 80 _4
X, =%  4+4

So the gradient of the line perpendicular to AB, is —1.

Midpoint of AB = (‘4;4,0—;;) = (0, 4)

The equation of the perpendicular line through the midpoint of AB is

Y=Y =m(x-x)

m=-1and (x,y;) =(0, 4)

Soy—4=—(x-0)

y=—x+4

The gradient of the line BC = Y21 = 0-8 _ 4

X,—% 6-4

So the gradient of the line perpendicular to BC, is %

ﬂ,w] = (5, 4)

Midpoint of BC = ( >
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24  The equation of the perpendicular line through the midpoint of BC is
y =Yy =m(x-x)

m = % and (x,,y;) = (5, 4)

Soy—4= %(X—5)

1 11
= X+ =
4 4
Solving these two equations simultaneously will give the centre of the circle:

1 11
—X+4=—X+—
4 4
—4x+16=x+11
95X =5
x=1soy=-1+4=3
The centre of the circle is (1, 3).

The radius is the distance from the centre of the circle (1, 3) to a point on the
circumference C(6, 0):

Radius = \/(6-1)? +(0-3)? = /34
The equation of the circle is (x — 1)? + (y — 3)> = 34

25a i A(-7,7)and B(1, 9)

The gradient of the line AB = 2% = 9= 7 = 1
X, =X 1+7 4

So the gradient of the line perpendicular to AB, is —4.

Midpoint of AB = (‘72”,7—;9) - (-3, 8)
The equation of the perpendicular line is

y =Y =m(x—x)
m=-4and (x,Yy;) =(-3,8)

Soy—8=—-4(x+3)
y=—-4x-4

i C(3,1)and D(-7, 1)

ThelineCDisy=1

Midpoint of CD = (?%} - (2, 1)

The equation of the perpendicular line is x = -2
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25b The two perpendicular bisectors cross at the centre of the circle
Solve y = —4x — 4 and x = —2 simultaneously:
y=—4(-2)—-4=4
The centre of the circle = (-2, 4)
The radius is the distance from the centre of the circle (=2, 4) to a point on the
circumference C(3, 1):

Radius = \/(3+2)% +(1-4)* = /34
The equation of the circle is (x + 2)? + (y — 4)? = 34

Challenge

a Solve (x —5)? + (y —3)? =20 and (x — 10)? + (y — 8)? = 10 simultaneously:
X2 —10x + 25 + y? — 6y + 9 = 20 and x*> — 20x + 100 + y?> — 16y + 64 = 10
x2—10x +y?— 6y + 14 =0 and x2 — 20x + y> — 16y + 154 =0
X2 —10x + y2 — 6y + 14 = x> — 20x + y?> — 16y + 154

—10x — 6y + 14 = —20x — 16y + 154
10x + 10y = 140
Xx+y=14
X+y-14=0

b Solve (x —5)% + (y — 3)2 = 20 and x + y = 14 simultaneously:
(9-yy+(y—3)*=20
81—-18y+y>+y?—6y+9=20
2y?—24y+70=0
y2—12y+35=0
y-9y-7=0
y=5ory=7

Wheny=5x=14-5=9
Wheny=7,x=14-7=7

P(7, 7) and Q(9, 5)

c Area of kite APBQ = %x PQx AB

PQ= (9-7)°+(5-7)* = /8

A(5, 3) and B(10, 8)

AB = \/(10-5)? +(8—3)° = /50

Area :%x\/gx\/? =%x\/400 = 10 units?
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