Pure Mathematics Year 1/AS

Algebraic methods 7D

1

n?—n=n(n—1)

If niseven,n—1is odd

and even x odd = even

If nisodd, n—1 is even

and odd x even = even

So n? —n is even for all values of n.

LHS = —= x(l_ﬁ)
(1+x/§) (1—x/§)
_x(1-+2)
- (1-2)
Cx-x2
a1
= X2 —x
= RHS
X = _
So (1+\/§)=x\/§ X
LHS = (x+./y)(x=4y)
= X2 —xJy +xy -y
= X2_y
= RHS

So (x+\/§)(x—\/§)s X2 -y

LHS=(2x—1)(x + 6)(x — 5)
= (2x — 1)(x% + x — 30)
=2x3+x2—61x + 30
=RHS
So(2x—1)(x+6)(x—5)=
2x3 +x2—61x + 30

Completing the square:

2 2
X% + bx = (X+Bj —(Ej
2 2
2 2
So X2+ bx = £x+9j —(Ej
2 2

x2+2bx+c=0

Completing the square:

(x+b)2—-b*+c=0
(x+b)2=b?>-c

X+b=+Vb?—c

10

11

SolutionBank

= -b++b’-c

So the solutions of x2 + 2bx + ¢ = 0 are

X=-b++b?-c.

3
LHS = [x—gj
X
bt
X X
= x3—6x+E—£3
X X
= RHS
3
So (X—EJ =x*-6 E—%
X X X
1\ 2 5
LHS = [xs——)(xz +X ZJ
X
9 1 1 7
= X2 +X2—X2—X 2
9 7
N
1
i
=RHS
1

3n°-4n+10=3 n2—£n+£j
3 3

2
=3 n_gj +§
3 3
The minimum value is £ so

3n2 - 4n + 10 is always positive.

—n?-2n-3=—(n*+2n+3)
==((n+ 1) -1+3)
=—(n+1)%*-2

The maximum value is —2,

so —n? — 2n — 3 is always negative.

X2 + 8x + 20
Complete the square
(X+4)2-16+20=(x+4)°+4

© Pearson Education Ltd 2017. Copying permitted for purchasing institution only. This material is not copyright free.



Pure Mathematics Year 1/AS

SolutionBank

11

12

13

14

15

The minimum value of (x + 4)? + 4 is 4
So(x+4)>+4>4
Therefore, x? + 8x + 20 > 4

kx? + 5kx + 3 = 0 has no real roots,
so b?—4ac<0
(5k)> — 4k(3) < 0
25k? — 12k <0
k(25k — 12) <0
O<k< £
When k = 0:
(0)x* +5(0)x +3=0
3=0
which is impossible, so no real roots.
So combining these:
0<k<3

px> —5x—6 =0 has two distinct real
roots, so

b?—4ac>0
25 + 24p > 0
p>-%

A(1, 2), B(1, 2) and C(2, 4)

The gradient of line AB = 2-1 = 1
1-3 2
. : 4-2
The gradient of line BC = 51 =2
. : 4-1
The gradient of line AC = > 3 =-3
The gradients are different so the three

points are not collinear.

Hence ABC is a triangle.

Gradient of AB x gradient of BC

= _1 X 2

=-1

So AB is perpendicular to BC,

and the triangle is a right-angled triangle.

A(L, 1), B(2, 4), C(6, 5) and D(5, 2)
4-1

The gradient of line AB = 2—_1 =3
The gradient of line BC = 5-4 = 1
6-2 4
. . 2-5
The gradient of line CD = Fry =3
The gradient of line AD = 2-1 = 1
5-1 4
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15

16

17

Gradient of AB = gradient of CD, so AB
and CD are parallel.
Gradient of BC = gradient of AD, so BC
and AD are parallel.

So ABCD can be a parallelogram or a
rectangle and we need to check further.
Since there is not a pair of gradients which
multiply to give —1 there is no right angle.
Hence ABCD is a parallelogram.

A(2, 1), B(5, 2), C(4, -1) and D (1,-2)

The gradient of line AB = 2-1 = 1
5-2 3
. . -1-2
The gradient of line BC = iy =3
The gradient of line CD = —2+1_1
1-4 3
-2-1

The gradient of line AD = 13 =3

Gradient of AB = gradient of CD,
so AB and CD are parallel.
Gradient of BC = gradient of AD,
so BC and AD are parallel.

Distance AB = /(5—2)% + (2 1)’

= 10

Distance BC = /(4 —5)? + (—1—2)?

=10

Distance CD = \/(1—4)2 +(=2+1)?

=10

Distance AD = \/(1— 2)° +(-2-1)°

- /0

All four sides are equal. Since no pairs of
gradients multiply to give —1 there are no
right angles at a vertex so this is not a
square. Hence ABCD is a rhombus.

A(-5,2), B(-3,-4) and C(3,-2)

The gradient of line AB = —4-2 _ 3
-3+5
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18

19

The gradient of line BC = —2+4 _1
3+3 3

The gradient of line AC = —2-2_ 1
3+5 2

The gradients are different so the three
points are not collinear. Hence ABC is a
triangle.

Gradient of AB x gradient of BC
1

= _3 X —
3

=-1

So AB is perpendicular to BC.

Distance AB = /(-3+5)? + (—4—2)?

- a0

Distance BC = +/(3+3)? + (-2 +4)’

N

AB =BC

As two sides are equal and an angle is
right-angled, ABC is an isosceles right-
angled triangle.

Substituting y = ax into (x — 1) + y? = k:
(x— 172 +a’? =k
XX—2x+1+a’?-k=0
x2(1+a%)—2x+1-k=0
The straight line cuts the circle at two
distinct points, so this equation has two
distinct real roots, so
b?—4ac>0
(-2)?-4(1+ad)(1 -k >0
4—-4(1-k+a’>—ka®)>0
4k — 4a% + 4ka® > 0
-a?+k+ka?>0
-a’+k(1+a®)>0
2

k> 2
1+a’
4y —3x+26=0
4y = 3x — 26
=3, 13
4 2

Substituting y = %x—% into
(x + 4)? + (y — 3)? = 100:

19

20

2
(x +4)* + Gx—%} =100

X2+ 8x + 16 + ixz—ﬂx+% - 100

=0
16x% + 128x + 256 + 9x% — 228x
+ 1444 - 1600=0
25x%2 —100x + 100 =0
X2 —4x+4=0
(x—2)2=0
X=2
There is only one solution so the line
4y — 3x + 26 = 0 only touches the circle in
one place, so it is a tangent to the circle.

Area of square = (a + b)? = a? + 2ab +b?
Shaded area = 4(%abj =2ab

Area of smaller square
=a’+2ab +b*—2ab
= a2 + b2

= C2

Challenge

1

Find the equations of the perpendicular
bisectors to the chords AB and BC:
A(7, 8) and B(-1, 8)

. 7-1 8+8
Midpoint=| —,—— | =(3, 8
p (2 Zj (3.9)

The gradient of the line segment AB
_ 8-8

-1-7

=0

So the line perpendicular to AB is a
vertical line x = 3.

B(-1, 8) and C(6, 1)

Midpoint = (_“6,%}

=(3:2)

The gradient of the line segment BC
_1-8

N

Njo
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1

So the gradient of the line perpendicular to
BCis 1.

The equation of the perpendicular line is
y —y1=m(X - x)
m=1and (x1, y1) = (5.9)

9 5

SOy— — =Xx——
y 2 2
y=x+2

AB and BC intersect at the centre of the
circle, sosolvingx=3andy=x+2
simultaneously:

Xx=3,y=5

Centre of the circle, X, is (3, 5).

Distance AX = /(7 —3)? + (8—5)?

J25
5

Distance BX = \/(—1—3)2 +(8-5)°

J25
5

Distance CX = +/(6—3)? + (1—5)?
J25
5

Distance DX = /(0—3) +(9-5)°

=25

=5

The distance from the centre of the circle
to all four points is 5 units, so all four
points lie on a circle with centre (3, 5).

3=22-1°
5=3-2°
7=42-3°
11=6*-5

Let p be a prime number greater than 2.

1 1 ?
[E(pﬂ)j —(E(p—nj

((p+1)* - (p-1)?)

(4p)

T NPk NP

So any odd prime number can be written
as the difference of two squares.
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