Pure Mathematics Year 1/AS

SolutionBank

Review exercise 2
1 The equation of the line is:
Y= — X=X
V=W X=X
y—8 x+2
6-8 4+2
y—8 x+2
2 6
3y—24=—x-2
x+3y—22=0

2 y=(HA)=3(x-9)
y+4=4(x-9)
3y+12=x-9
x=3y-21=0
a=1,b=-3,c=-21

3 Using points 4 and B:
Y=r _ X=X

Substituting point C into the equation:
k(2k) — 3k =2(10)
2k =3k—20=0
QRk+5)(k—4)=0
k=-3ork=4

4 a Using points (160, 72) and (180, 81):

Gradient = 22~
Xy =X
_ 81-72
180-160
9
20
=045

b [ = kh, where £ is the gradient.
So/=0.45h

¢ The model may not be valid for young

people/children who are still growing.

a The gradient of /; is 3.
So the gradient of /> is —1.

The equation of line /> is:

y=2=-1(x-6)

y—2=—1x+2
y=—1x+4

b y=3x-6
y=—1x+4
3x-6=—1x+4
3x+3x=4+6
2x=10
x=3
=(3x3)-6=3
x=3
y=3x3-6=3
The point C'is (3, 3).

/

Where /1 meets the x-axis, y = 0:
0=3x-6

3x=6
x=2

The point 4 is (2, 0).

Where /> meets the x-axis, y = 0:

0=—-1x +4
ix =4
x=12

The point B is (12, 0).
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A B
AB=12-2=10

The perpendicular height, using AB as the
base is 3.

Area of triangle ABC = 4 X base X height

Substituting y = 2x into 5y + x —33 =0:
52x)+x—33=0

11x—33=0
x=3
y=2%x3=6

The point P is (3, 6).

Distance from origin = v/3* +6°
N
= 3J5

Gradient of line = 22~
X, — X,
_—4-3

7-5

Gradient of the perpendicular bisector is +

Midpoint of line = (M’Mj
2 2
_(5+7 8-4
(222
=(6,2)

Equation of the perpendicular bisector is:
y =y =m(x —x1)
y=2=5-06)

y=gatl
This line crosses the x-axis at y = 0:
Ix+1=0

x=-6

The point Q is (-6, 0).

10a

11

Equation of circle with centre (=3, 8)
and radius 7:

(x+3P+(—8)>*=r

r = distance from (=3, 8) to (0, 9)
P=0+32+09-8=9+1=10

The equation for C is:
(x+3)P+(y—8)>=10

Rearranging:
x*—6x+)?+2y=10

Completing the square:
(x=3P-9+(+17’-1=10
(x—=3P%+@+1)*=20
a=3,b=-1,r= \/%

The circle has centre (3, —1) and

radius «/% .

Rearranging 3x +y = 14:
y=14-3x

Solving simultaneously using substitution:
(x =2+ (14-3x-3)*=5
(x =2+ (3x+11)*=5
¥ —4x+4+9*—66x+121-5=0
10x% — 70x + 120 =0
X =Tx+12=0
x—=3)(x—4)=0
Sox=3andx=4

x=3:y=14-3x3=5
x=4:y=14-3x4=2
Point 4 is (3, 5) and point B is (4, 2).

Using Pythagoras’ theorem:
Length AB = \|(4—3)’ +(2-5)

_ o

The equation of the circle is x* + y* = 7.

Solving simultaneously using substitution:
2+ (Bx—2y7=r
¥+ 12x+4-1r7=0
10x* = 12x+4—-7r7=0

Using the discriminant for no solutions:
b*—4ac<0
(—12)> - 4(10)(4 - ) <0
144 — 160 + 407* < 0
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11 407 —-16<0 13a ACP=(8-2*+(3 1)

12a

\ VA

Lt
Wit
=¥

\F 2
— - <r< —
5 5

When 4072 — 16 = 0 =6%+22=40
8(5*—2)=0
2o 2 Using Pythagoras’ theorem:
5 AB>+BC*=32+8=40=4C"
5 Therefore, ZABC is 90°.
r== g

As triangle ABC is a right-angled triangle,
AC is a diameter of the circle.

AC is a diameter of the circle, so the
midpoint of AC is the centre.

Midpoint - (uu)
2 2

_ 2+8 1+3
2 72
=(5,2)

Radius = 1 x AC

However, the radius cannot be negative. =41x J40
S00 <1< \E ~ 1 240

Equation of circle with centre (1, 5)
and radius 7

(x— 1P+ @57 =7

N

The equation of the circle is:
(x=357+@r—2)7=10

2 2
r = distance from (1, 5) to (4, —2) 14 2x +20x+42 _ x +10x+21
P=@-17%+(2-5) 24x+4x* —4x>  112x+2x" -2x°
=9+49 _ (x+3)(x+7)
=58 “2x(x* —x—56)
i ) (x+3)(x+7)
The equation for C is: = ot x—8
(x =17+ (—5) =358 xX(x+7)(x—8)
_ (x+3)
b Gradient of the radius of the circle at P —2x(x—8)
_ Y =n 25 7 a=3,b=-2,c=-8
X, =X, 4-1 3
15a Using the factor theorem:

Gradient of the tangent = 2

f(4)=2(5F = 7(47 = 17(4) + 10

Equation of the tangent at P: =3 -1 7110
y=y1=m(x = xi) =0
yH2= 34 |
Ty—3x+26=0 So (2x — 1) is a factor of
2x3 — 7x* = 17x + 10.
13a AB>=(6—-2)*+(5— 1)
=42+42=32
BC*=(8-6)+(3—-5)
=9224922=-¢g
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x’ =3x-10

15b 2x—1>2x3—7x2—17x+10

2%’ —x°
—6x> —17x
—6x” +3x
—20x+10
—20x+10
0

263 = 76 = 17x + 10
= (2x — 1)(¥® — 3x — 10)
= (2x - D)(x - 5)(x +2)

¢ 2x—Dx-5)x+2)=0

16

Sox=41,x=5orx=-2

So the curve crosses the x-axis at
(%7 0)9 (55 O) and (_29 0)

Whenx=0,y=-1x-5x2=10
So the curve crosses the y-axis at (0, 10).

X — 00,y — ®©
X — —00,) —> —0

YA

e

fx) =3x> + x> —38x +c

0

U‘l\___

QY

1
AN
1
2

f(3)=0
33+ (3)*—383)+c=0
3x27+9-114+c¢c=0
c=24

fox) = 3x> + x> — 38x + 24
f(3) =0, so (x — 3) is a factor of
3x% + x2 — 38x + 24.

16 ¢

17 a

18a

3x2 +10x -8
x—3>3x3+x2—38x+24

3x’ —9x°
10x” —38x
10x” —30x
—-8x—-24
—8x+24
0

3x3+ x> —38x+24
=(x- 3)(3)62 + 10x — 8)
=(x—=3)Bx—2)(x+4)

g(x)=x>—13x+12

g3) =)’ -1303)+ 12
=27-39+12
=0

So (x — 3) is a factor of g(x).

x> +3x—4
x—3>x3—0x2—13x+12

3 2
x —3x

3x* —13x

3x* —9x
—4x+12
—4x+12

0

gx)=x>—13x+12
=(x—-3)x*+3x—4)
=(x—3)x+4)x—-1)

Example:
When a =0 and b =0, 0> + 02 = (0 + 0).

(a+ b)*=a*+2ab+ b*
Whena>0and b> 0, 2ab>0
Therefore a® + b* < (a + b)?
Whena<0and b<0,2ab>0
Therefore a® + b* < (a + b)?
Whena>0and b<0,2ab<0
Therefore a® + b* > (a + b)?
Whena<0and b>0,2ab<0
Therefore a® + b* > (a + b)?
The conditions are @ >0 and b > 0
ora<0andb<0.
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19a

20a

21a

p=>5:52=25=24+1
p=T7:7"=49=2124)+1
p=11:112=121=524) + 1
p=13:132=169="7(24) + 1
p=17:17=289=12(24) + 1
p=19:19>=361=1524)+ 1

3(24) + 1 =73 and 73 is not a square
number.

Rearranging:

x?—10x +y? — 8y =—32

Completing the square:

(x—5?%-25+(@y—-4)>-16=-32
(x—= 5P+ (@ —47=9
(x =57+ (y—4)* =3

a=5b=4,r=3

Centre of circle C is (5, 4).
Centre of circle D is (0, 0).
Using Pythagoras’ theorem:

Distance = \/(5 —0)’ +(4—-0)’ = /41

Radius of circle C =3
Radius of circle D=3

Distance between the centres = V41

3+3<+/41
Therefore, the circles C and D do not
touch.

(1—2x)"°

=1" +(10]I9(—2x)+(10jlg(—2x)2
1 2
10 7 3
+(3 )1 (—2x)y+ ...

= 1+10(=2x) + @(—2@
10(9)(8) (c2x) +

=1—20x + 180x* — 960x° + . . .

+

(0.98)1°

= (1 —2(0.01))!°

= 1-20(0.01) + 180(0.01)? — 960(0.01)}
+. ..

=0.817 3 dp.)

22 (1+2x)°

=1+ S 1*(2x)+ S Fx)+ ...
1 2

= 1+5(2x)+%4)(2x)2 +...

=1+10x+40x*+. ..

(2 —x)(1 + 2x)
=Q2-x)(1+10x+40*+...)
=2+20x+80x*+...—x—10x*+. ..
=2+ 19x+70x*+ . ..

~ 2+ 19x + 70x*

a=2,b=19,c=170

23 (2 - 4x)

x term = 297 (—4x)!
q
qg-1

:qxzq_lx—4x
=—4><2q_1qx
—4x 24" 1g=-32g
2071=38
g—1=3
qg=4

24 Using the sine rule:
b c

sinB sinC

b J5

sin45° sin30°
\/g sin 45°
sin 30°

N
Y

b

2
bh=410

AC= /10 cm

—_

25a Using the cosine rule:
2 2 2
cosg=2te b

2ac

(2x=3) +5 —(x+1)°
2(2x-3)(5)
1 4x> —12x+9+25—(x" +2x+1)

cos 60° =

2 10(2x—3)

5(2x —3) =3x> — 14x +33
3x2—24x+48 =0
xXX—8+16=0
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25b x*—8x+16=0

C

26

27 a

(x—4y=0
x=4

Area = acsinB

a=2x4-3=5

c=5

Area =1 x5 x5 xsin60°
=10.8253...
=10.8cm? (3 s.f)

Using the cosine rule
¥ =82+ 122 -2 x 8 x 12 x cos70°
=142.332...
x=11.93km
The distance of ship C from ship 4 is
11.93 km.

Using the sine rule:
sin70° sin 4
11.93 12
sin4 = 0.94520...
A=170.9°
The bearing of ship C from ship 4 is
100.9°.

If triangle ABC is isosceles, then two of
the sides are equal.

AB = \J(6+2)* +(10—4)* = /100 = 10
BC=/(16-6)*+(10—10)* =~/100 = 10
AC=J(16+2)* +(10—-4)* = 360

= 6410
AB=BC

Therefore ABC is an isosceles triangle.

SolutionBank

27b Using the cosine rule:
a’+c* —b?
2ac
2

102 4102 —(\/3 0)

2(10)(10)
100+100-360

200

cosB =

4

5
B =143.13010...
Angle ABC =143.1° (1 d.p.)

28  Using the sine rule in triangle ABD:
sin ZBDA _ sin40°
43 35
4.3sin 40°

sin /BDA =

=0.78971...
ZBDA =52.16°

Using the angle sum of a triangle:
ZABD = 180° — (52.16° + 40°)
= 87.84°

Using the sine rule in triangle ABD:
AD 3.5

sin87.84  sin40°
AD =5.44cm

AC=A4D + DC
=544+38.6
=14.04cm

Area of triangle ABC
=1 x 4.3 x14.04 x sin40°
=19.4cm?

29a (x—5P+(—2)Y=5
(x—57%+(y—2)°=25

b Substituting x = 8 and y = & into the
equation of the circle:
8-5°+(k—-2)°=25
O+k>—4k+4—-25=0
K—4k—-12=0

(k+2)(k—6)=0

k=—2ork=6

k 1s positive, therefore k = 6.
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29¢ XY= (10-1)>+(2+1)* =+/90
YZ= (8—10)* +(6-2)* = /20
XZ= 81> +(6+1)° =~/98

Using the cosine rule:

2 2 2
X +z —
2xz

20+90-98

241800

12
602
R
5\2

Rationalising the denominator:

2

cosY = —
10
So cos ZXYZ = ﬁ
10
30a Y4

SolutionBank

31b The curve y = sin (x + 45°) crosses the

32

y-axis when x = 0.
V2
2

sin 45° =
[0, QJ
2

Each of the four triangular faces is an
equilateral triangle.

Area of one triangle
= LacsinB

= 4 X5 X5 xsin 60°
s> 3
_X_
2 2

2
s

cm?
4

o

Total area
= area of 4 triangles + area of square

35’ +5°
4

=4x

=357 + 5
= (\/§+1)S2

The total surface area of the pyramid is

(\/§ + l)s2 cm?.

Yy = tan(x — 9(|)°)

b There are two solutions in the interval 33a sinf) = cos 0

0 <x<360°. sind _

cosé
31a The curve y = sin x crosses the x-axis at Sotanf =1

(=360°, 0), (—180°, 0), (0°, 0), (180°, 0)

and (360°, 0). b When tanf =1

y =sin (x + 45°) is a translation of 6 =45° or 225°

(—45"} So sinf = cos § when 6 = 45° or 225°

0 ) 34 3tan’x=1

so subtract 45° from the x-coordinates. |
tanx = t—

The curve crosses the x-axis at 3

(—405°, 0), (—225°, 0), (—45°, 0), (135°, 0) For tanx = RS

and (315°, 0). NE)

(—405°, 0) is not in the range, so x=30°

(—225°,0), (—45°, 0), (135°, 0) and

(315°,0)
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34
L
® @
30° _
30° x
@ ©

Sox=30°orx=210°

1
For tanx = ——

V3

x = 330° (or —30°)

® ®
30° -
@ ©

So x =330° or x = 150°
So x =30°, 150°, 210° or 330°

35  2sin(-30° =43
3

sin(0-30°) = =
6 —30°=60°
YA
® ®
60° 60°
X
@ ©

So 8 —30°=60° or § —30° = 120°
When 6 —30° = 60°

0=60°+30°
=90°
When 6 — 30° = 120°
0 =120°+30°
=150°

So 8=90° or 150°

36a

37

38

39

2cos’x =4 — 5sinx
2(1 —sin’x) = 4 — 5sinx
2 —2sin’*x =4 — 5sinx
2sin’x — Ssinx + 2 = 0 (as required)

Letsinx=y

2 —=5y+2=0
2y-Dy—=2)=0
Soy=4ory=2
When sinx = 1, x = 30°
or x = 180° —30° = 150°
sinx = 2 is impossible.
x=30°or 150°

2tan’x — 4 = Stanx
2tan’x — Stanx —4=0

Using the quadratic formula:

5+\(=5)" - 4(2)4)

tanx =
2(2)
_ 52457
4
When tanx = 5+57 ,x=172.3°

4
orx =72.3° + 180° = 252.3°
5-57

4
orx =—32.5°+ 180° = 147.5°
orx = 147.5° + 180° = 327.5°
X =72.3°, 147.5°, 252.3° or 327.5°

When tanx =

,x=-32.5°

5sin’x = 6(1 — cosx)
5sin’x + 6cosx —6=0
5(1 — cos®x) + 6cosx —6=0
5—-5cos’x+6¢cosx—6=0
5cos’x —6cosx+1=0
(5cosx —1)(cosx—1)=0
So cosx =1 orcosx=1

When cosx = £, x=78.5°

or x = 360° — 78.5° = 281.5°
When cosx =1, x = 0° or 360°
x=0°,78.5°, 281.5° or 360°

LHS = cos®x(tan’x + 1)

, [sin*x
CcoS™ X > +1
cos” x

sin’x + cos’x
= RHS
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Challenge n n
3 LHS = +
k k+1

1 a Finding points B and C using y = 3x — 12:

Wheny =0,x=4 __nt n!
Whenx =0, y=-12 ki(n—k)! (k+DW(n—-k-1!
The point B is (4, 0) and __ nl(k+]) N nl(n—k)
the point C'is (0, ~12). (k+D)l(n—k)! (k+1)!(n-k)!
Using Pythagoras’ theorem to find the
nl((k+1)+(n—-k))
length of the square: = Dl n—h)!
(n—k)!
BC=/(0-4)* +(~12-0)* = /160 )
5 =T
Area of square = (\/160) =160 (k+1)(n—k)!
_ (n+1)!
b The point 4 is (-8, 4) and (k+D!(n—k)!
the point D is (—12, —8). (n + 1]
The gradient of line AD = 22~ 21 k+1
27X = RHS
_ —8-4
-12+8
12 4  2sin’x —sinx + 1 =cos’x
4 2sin’x —sinx + 1 =1 —sin’x
-3 2sin’x + sin’x — sinx =0
- . ) . _ _
The equation of line AD is: s%nx(2 SIn”x + sinx D 9
— 1= m(x — x1) sinx(2sinx — 1)(sinx + 1)=0
);_J’4:3(x+ 8) So sinx =0, sinx =1 or sinx =—1
y=3x+28 When sinx =0, x = 0°, 180° or 360°
Wheny=0,x= -2 When sinx = 1, x = 30°
The point Sis (-2, 0). orx=180%-30°=150°

When sinx =—1, x =270°

2 Rearranging x> + 7 + 8x — 10y = 59: So x =0°, 30°, 150°, 180°, 270° or 360

x>+ 8x+y*— 10y =59

Completing the square:

(x+4)P—-16+(y—-57>-25=59
(x+4>+(y—-5)?%=100

Both circles have the same centre at

(—4, 5). The radius of one circle is 8 and

the other is 10, so

(x +4)* + (y — 5)* = 82 lies completely

inside x> + )% + 8x — 10y = 59.
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