Pure Mathematics Year 2

SolutionBank

Numerical methods, Mixed exercise 10

1 a

f(x)=x"—6x-2
f(x)=0=x" =6x+2

2
¥ =6+=
x

J_r,/6+g
X

6,b=2

X

a

/ 2
Xor1 = 6+—
xn

X, =2 x = 6+% =7 =2.64575...

Xy = |64 ——2 =25991...
2.64575...
2
¥, = 6+ ———— = 2.60181...
2.59921...
2
X, =6+ ———— =2.60167...
2.60181...

To 4 d.p., the values are x1 = 2.6458,
x2=2.5992, x3 =2.6018, x4=2.6017.

£(2.6015)=2.6015"—6x2.6015-2

=-0.0025...
£(2.6025) = 2.6025° — 6% 2.6025 — 2

=0.0117...
There is a change of sign in this interval
so a = 2.602 correct to 3 d.p.

1
f(x)=——+3
() 4—x

1
f(3.9)=—+3=13
(39 0.1

f(4.1):—ﬁ+3:—7

There is an asymptote at x =4 which
causes the change of sign, not a root.

a

f(x)=0= ! +3=0
-X
1 3
x—4
1=3x-12 = x=—
So a:E.
3
y=e

\ %

There is one positive and one negative

root of the equation p(x) = q(x) at the
points of intersection.

PO =q(x) = 4—x*=¢"
ie. x’+ e —4=0

x’=4-¢"
1
x== 4—e)‘)2
1
— x’l 2
X, —i(4—e )

1

Xy =-2=x =—(4-¢7) =-1.96587..
x,=—(4- e-l-96587~-); = -1.96467...
X, =—(4- e‘l'%‘m"'); =—1.96463...

!
x, =—(4-e""" )2 = ~1.96463...

To 4 d.p., the values are x1 =—1.9659,
x2=-1.9647, x3 = —1.9646, x4 = —1.9646.

x,=14=4-¢€"<0
There can be no square root of a negative
number.
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4 a g(x)=x"-5x—6 d us yo 225
g()=1-5-6=-10 [
g(2)=32-10-6=16

y=x

There is a change of sign in the interval, 1

so there must be a root in the interval,

since f'is continuous over the interval. >
b g(x)=0=x"=5x+6 or 7 %

1
x=(5x+6)s g(x)=0=x>-3x-5=0
P=3549=6,r=>5 3x=x"-5
x =5
l X =
¢ x,.,=(5x,+6)s 3
1
X, =1=x=(5+6)5 =1.61539... 6 a f(x)=5x—4sinx—2
1 — — 1 —
¥, = (5%1.61539...+ 6)% =1.69707... fd-1)=501.h=4sin (1.1 -2
1 =-0.0648...
X, = (5X1.69707...+6)5 =1.70681... £(1.15)=5(1.15)— 4 sin (1.15) =2
=-0.0989...
To 4 d.p., the values are x1 = 1.6154,
x2=1.6971, x3 = 1.7068. f(1.1) <0 and f(1.15) > 0 so there is a
X change of sign, which implies there is a
d g(1.7075)=1.7075" -5x1.7075-6 root between x = 1.1 and x = 1.15.
=-0.0229... _
g(1.7085) =1.7085° —5x1.7085— 6 b Sx-4sinx-2=0
) =0'0146'“_ , _ 5x—2=4sinx Add 4 sin x to each side.
The sign change implies there is a root in
this interval so a = 1.708 correct to 3 d.p. 5v=4sinx+2 Add 2 to each side.
—_— 2 —_ — 1

Sa g=x 3); > 5x 4s1nx+g Divide each term by 5.
gx)=0=x"-3x-5=0 5 5
x> =3x+5 4 )
x=+/3x+5 X= gsinx +§ Simplify.

b, C Ua

4 2
Sop=—andg= =.
P 5 K 5

¢ x,=l1=
x,=0.8sin(1.1)+0.4=1.1129...
x, =0.8sin (1.1129...)+0.4=1.1176...
x;=0.8sin (1.1176...)+0.4=1.1192...
x, =0.8sin(1.1192...)+ 0.4 =1.1198...

To 3 d.p., the values are x1 = 1.113,
x2=1.118,x3=1.119, x4=1.120.
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= e Using x = with
y=x+3 g 24

a=1,b=3,c=-1

M CES (3)’ -4()(-D)

2(1)
34944 3413
2 2
So x:#:OBOﬂ...

_ _ The positive root is 0.303 to 3 d.p.
b The line meets the curve at two points,

so there are two values of x that satisfy 8 a g(x)=x'—7x’+2x+4
the equation l=x+3. g'(x)=3x>-14x+2
X
So 1 = x+3 has two roots. b Using xo = 6.6,
X
v g(x,)
1 1 =X T <
¢ —=x+3=>0=x+3—— g'(x,)
X X 66)
1 =6.6 _ &y
= 3—— : '
Let f(X) X+ . g (66)
3 2
(0.30) = (0.30)+3 L —0.0333... =6.6— 6.6 - 7(26'6 )+2(6:6)+4
0.30 3(6.6°)—14(6.6)+2
f031) = (03043~ 131 =0.0841... =6.606 correct to 3 d.p.
¢ g()=0= x—1is a factor of g(x)
(0.30) <0 and f(0.31) > 0 so there is a g(x) = (x—1)(x* — 6x —4)
change of sign, which implies there is a 5
root between x = 0.30 and x = 0.31. (xr=D(x"—6x-4)=0

Other two roots of g(x) are given by

6++/36+16 =6J_r\/5_2 343

1
x
1 2 2
x

1= % +3x d Percentage error:
So x*+3x—1=0 6.606—(3+/13)

x100=0.007%

3+413
9 a f(x)=2secx+2x-3

£(0.4) = 2sec0.4+0.8—3 =—0.0285...
£(0.5) =2sec0.5+1—3 =0.2789...

The sign change implies there is a root in
this interval.
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9 b f'(x)=2secxtanx+2

: 10a " - =0
Using xo = 0.4, 3-2x
¢ o, flw) 1 1
£'(x,) e = 15 Add 15 to
-2x -2x
=04 —% each side.
—0.0285... 0.8¢ 1
=04- 3-2x)e" =—x(3-2x
2sec0.4tan0.4+2 ( ) 3-2x ( )
=0.4097... ) .
Multiply each side
a=0.410 correct to 3 d.p. by (3 — 2x).
¢ f(~1.1895)= (3-2x)e"" =1 Simplify.
2sec(—1.1895)+2x(—1.1895) -3 .
=-0.0044... 3= 20)26 = Olgx Divide each side
e e
f(-1.1905) = by .
2sec(—1.1905) + 2 x (—1.1905) -3 3Dy 08 Simplify
=0.0069...

1
(remember —=¢").
There is a change of sign in this ©

interval, so there is a root f = 1.191 308 Loy Add 2x to each side.
correct to 3 d.p.

2x=3-—¢ "% Subtract e ** from
each side.

—0.8x
2x = 3¢ 5 Divide each term by 2.

x=15-0.5¢"* Simplify.

b x,=13

x, =1.5-0.5¢"" =1.32327...
x, =1.5-0.5¢"%7) =1.32653...
x, =1.5-0.5¢ %% =1.32698...

Sox; =1.327 correct to 3 d.p.
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e0.8x — 1 Add 1
3-2x 3-2x

to each side.

1
0.8x=1n ( j Take logs.
3-2x
0.8x=—-In(3—-2x) Simplify using

ln(lj =-Inc.
c

08x __In(3-2%) Divide each

0.8 0.8

side by 0.8.

x=-1.251n (3—2x) Simplify

(L= 1.25).
0.8

x, =—1.251n[3-2(-2.6)]

=-2.63016...

x, =-1.251n[3-2(-2.63016...)]
=-2.63933...

x,=-1.251n[3-2(-2.63933...)]
= -2.64210...

So x, =—2.64 (2d.p)

11la y=x"=>hy=xlnx
ld—y:x><l+lnx:1+lnx
y dx X

%=y(l+lnx)=x"(l+lnx)

b f(x)=x"-2
f(1.4)=1.4"*-2=-0.3983...
£f(1.6)=1.6"°-2=0.1212...

The sign change implies there is a root in

this interval.

c f'(x)zxx(1+lnx)

£(1.5)=1.5""-2=-0.16288...
£'(1.5)=1.5"(1+1n1.5) = 2.58200...
X, =X, — _f'(xo)
£'(x,)
B f(1.5)
f'(1.5)
0.16288...
5+

2.58200...
=1.56308...

To a second approximation, & =1.5631,
to 4 d.p.

£(1.55955) =1.55955" —2

=-0.00017...
£(1.55965) =1.55965'°"% -2

=0.00011...
There is a change of sign in this interval
so a=1.5596 to 4 d.p.

f(x)= cos(4x)—%x

f(1.3)=c0s5.2-0.65=-0.181...
f(1.4)=co0s5.6-0.7=0.0755...

The sign change implies there is a root in
this interval.

f'(x)=—4 sin(4x)—%
At B, f'(x)=0
sin4dx = 1 =

8

4x =-0.1253..., 3.2669..., 6.1579...,etc
From the graph 0 < x <1 so 4x=3.2669
So x=0.81673...

f(0.81673...) = c0s(3.2669...) - 0.40803...

=-1.4005...
B has coordinates (0.817, —1.401).
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12¢ x,,, = iarccos(%xnj
X, =04=x = larccos(O.Z) =0.34235...
4
X, = lar<:cos(0.171 17...)=0.34969...
4
X, = larccos(0.17484...) =0.34876...
4

x, = larccos(0.17438...) =0.34887...
4

To 4 d.p., the values are x1 = 0.3424,
x2=10.3497, x3 = 3488, x4 = 0.3489.

d f(1.7)=cos 6.8—0.85=0.01939...
£'(1.7) = —4sin 6.8 —% = —2.4765...

NS (€7

1 0 f’(xo)
(.7

')

,, 0-01939..

2.4765...
=1.7078...

To 3 d.p., the second approximation is
1.708.

12e f(1.7075) =cos6.83—-0.85375

=0.000435...
£(1.7085) = cos6.834 - 0.85425

=-0.00215...
There is a change of sign so there is a root
of 1.708 correct to 3 decimal places in this
interval.

Challenge

a f(x)=x"+x-7x"-x+3
f'(x) = 6x° +3x" —14x -1
f"(x)=30x" +6x—14

i f'(x)=0=6x=14-30x"
3x=7-15x"

_7-15x"

I

X

ii f'(x)=0=6x=14-30x"
15x* +3x=7
x(15x° +3)=7
7
X=——
15x° +3

iii f"(x)=0=6x=14-30x"
15x* =7-3x
o 7—-3x
15

As B is a point of inflection f"(x)=0.
Using x, =1 in part iii

X = 4\/% =0.7186...

x2=</7—3><0.7186... 07538
15

N :4\/7—3x0.7538...  0.7496...
15

x4:</7—3x0.7496... 07501
15

X, =</7_3X%7501“' ~0.7501...

Correct to 3 d.p., an approximation for the
x-coordinate of B is 0.750.

A has a negative x-coordinate. Formula iii
gives the positive fourth root, so cannot be
used to find a negative root.
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d As A4 is a point of inflection, f"(x)=0.
f"(0)=-14
(1) =30(-1*)+ 6(-=1)-14=10
There is a change of sign, so the

x-coordinate of the root A4 lies in the
interval [—1, 0].

f"(x)=120x" +6

Using the Newton—Raphson formula:

X=X~ fm(XO)

£"(x,)

Using x, =-0.9
0o f1=09)
LT m(-0.9)

09 30(=0.9)* +6(—0.9) - 14
‘ 120(=0.9)° + 6
o 19-683-54-14

—87.48+6
0.283

=-09-—-=-0.89652...
81.48

x, =—0.89652...—

£7(~0.89652...)
£"(~0.89652...)
= —0.89650...

The x-coordinate of 4 is —0.897 correct
to 3 d.p.
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