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Integration 11H  

1 a Area
 

1 1

00

2 d 2ln 1
1

(2ln 2) (2ln1)

x x
x

 = = + +
= −

∫  

  ∴ Area = 2ln2 

 b Area 3
0

sec dx x
π

= ∫  

  3
0

ln sec tanx x
π

 = +   

   

  
[ln(2 3)] [ln(1)]

Area ln(2 3)

= + −

∴ = +
 

 c Area 
2

1
ln dx x= ∫  

  [ ]

[ ]

22

1 1

2

1

d 1ln
d

d 1
d

1Area ln d

(2 ln 2) (0)

2 ln 2 1

uu x
x x

v v x
x

x x x x
x

x

= ⇒ =

= ⇒ =

∴ = − ×

= − −

= −

∫  

 d Area 4
0

sec tan dx x x
π

= ∫  

  [ ]4
0

sec x
π

=  

  
( 2) (1)

Area 2 1

= −

∴ = −
 

 

 

 e Area 
2 2

0
4 dx x x= −∫  

  Let 
3

2 2(4 )y x= −  

  
1 1

2 22 2d 3 (4 ) ( 2 ) 3 (4 )
d 2
y x x x x
x

⇒ = − × − = − −  

  
∴ Area 

23
2 2

0

3

1 (4 )
3

1 8(0) 2
3 3

x
 

= − − 
 

 = − − × = 
 

 

2 a 
( )( )

4 1f ( )
2 2 1

xx
x x

−
=

+ +
  

  
( )( )

4 1
2 2 1 2 2 1

x A B
x x x x

−
= +

+ + + +
 

  ( ) ( )4 1 2 1 2x A x B x− = + + +   
  2 9 3 3x A A= − ⇒ − = − ⇒ =   

  1 33 2
2 2

x B B= − ⇒ − = ⇒ = −   

  3 2f ( )
2 2 1

x
x x

= −
+ +

 

   

  
2

0

3 2  d
2 2 1

x
x x

 − + + ∫  

  ( ) ( ) 2

0
3ln 2 ln 2 1x x= + − +    

  3ln 4 ln 5 3ln 2 ln1= − − +  

  
ln 64 ln 5 ln8

8ln
5

= − −

=
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2 b 2 2( 1) ( 1) 1
x A B

x x x
≡ +

+ + +
 

  ( 1)x A B x⇒ ≡ + +  

  Compare coefficient of x: 1 1B B= ⇒ =  

  Compare constants: 0 1A B A= + ⇒ = −  

  ∴ area 
2

20
d

( 1)
x x

x
=

+∫  

  

2

20

2

0

1 1 d
1 ( 1)

1ln 1
1

x
x x

x
x

 
= − + + 

 = + + + 

∫
  

  

1ln 3 (ln1 1)
3

2ln 3
3

 = + − + 
 

= −

 

 c Area 2
0

sin dx x x
π

= ∫  

  

d 1
d

d sin cos
d

uu x
x

v x v x
x

= ⇒ =

= ⇒ = −
 

  ∴ area [ ] ( )22
00

cos cos dx x x x
ππ

= − − −∫  

  [ ]

2
0

2
0

cos (0) cos d
2 2

0 sin

sin 0
2

1

x x

x

π

π

π π

π

 = − − + 
 

= +

 = − 
 

=

∫

 

 
 
 
 
 
 
 
 
 
 
 

 d Area 6
0

cos 2sin 1dx x x
π

= +∫  

  Let 
3
2(2sin 1)y x= +  

  

1
2

1
2

3 6
2

0

d 3 (2sin 1) 2cos
d 2

3cos (2sin 1)

1area (2sin 1)
3

y x x
x

x x

x

π

⇒ = + ×

= +

 
∴ = + 

 

 

    

   

3 3
2 21 12 1

3 3

2 2 1
3 3

2 2 1
3

   
= −   
   

= −

−
=
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2 e Area 
1n 2

0
e dxx x−= ∫  

  
d 1
d
uu x
x

= ⇒ =  

  
d e e
d

x xv v
x

− −= ⇒ =  

  ∴ area 
1n21n 2

0 0
e ( e )dx xx x− − = − − −  ∫  

  

1n21n2

0

1n2

0

( 1n 2 e ) (0) e d

11n 2 e
2

x

x

x− −

−

= − × − +

 = − × + − 

∫
 

  

1n 2 011n 2 ( e ) ( e )
2
1 11n 2 1
2 2

1 (1 1n 2)
2

− −= − + − − −

= − − +

= −

  

3 Area =
2

1

4 3  d
( 2)(2 1)

x x
x x

+
+ −∫   

 4 3
( 2)(2 1) 2 2 1

x A B
x x x x

+
= +

+ − + −
 

 4 3 (2 1) ( 2)x A x B x+ = − + +   
 Let 2 : 5 5 1x A A= − − = − ⇒ =   

 Let 1 5: 5 2
2 2

x B B= = ⇒ =  

   

 Area =
2

1

1 2+  d
2 2 1

x
x x

 
 + − ∫  

 
2

1
ln 2 ln 2 1x x=  + + −     

 ( ) ( )ln 4 ln 3 ln 3 ln1= + − +   
 ln 4=   
   

4 Area =
4 0.5

2

1e  dx x
x

 + 
 ∫  

 
40.5

2
2e lnx x = +    

 ( ) ( )22e ln 4 2e ln 2= + − +   

 2 42e 2e ln
2

= − +  

 22e 2e ln 2= − +   
 
5 a g( ) 0 (0,0), ( ,0), (2 ,0)x A B Cπ π= ⇒   
   
  

 b sin  dI x x x= ∫   

  Let d 1
d
uu x
x

= ⇒ =   

  d sin cos
d
v x v x
x
= ⇒ = −   

  cos cos  dI x x x x= − + ∫   
  cos sinx x x c= − + +     
 
  Area between A and B: 
  [ ]0cos sinx x x π π− + =   
 
  Area between B and C: 
  [ ]2cos sin 2 3x x x π

π
π π π− + = − − = −  

 
  Total area = 3 4π π π+ =   
 
6 a 2 ln  dI x x x= ∫   

  Let d 1ln
d
uu x
x x

= ⇒ =   

  
3

2d
d 3

v xx v
x
= ⇒ =   

 

  
3 3 1ln  d

3 3
x xI x x

x
= − ×∫   

  
3 3

ln
3 9
x xx c= − +   

 
 b 2 ln 0 0 or 1x x x= ⇒ =   
 
  Area between 0 and 1x x= = : 
 

  
13 3

0

1ln
3 9 9
x xx

 
− = − 

 
 

 
  Area between 1 and 2x x= = : 
 

  
23 3

1

8 8 1ln ln 2
3 9 3 9 9
x xx

   − = − +     
 

  8 7ln 2
3 9

= −  

 

  Total area 8 7 1 8 2ln 2 ln 2
3 9 9 3 3

= − + = −  

  2 (4 ln 2 1)
3

= −   

 



  

© Pearson Education Ltd 2017. Copying permitted for purchasing institution only. This material is not copyright free. 4 

7 a 3cos sin 1y x x= +   
  Curve crosses the x axis when y = 0. 
  cos 0 or sin 1x x= = −   

  3, ,
2 2 2

x π π π
= −   

  3,0 , ,0 , ,0
2 2 2

A B Cπ π π     −     
     

 

 
  Curve crosses the y axis when x = 0. 
  So (0,3)D .  
 
 b 3cos sin 1 dI x x x= +∫   

  Let dsin 1 cos
d
uu x x
x

= + ⇒ =   

  
3
23  d 2I u u u c= = +∫   

  
3
22(sin 1)x c= + +   

 

 c 2
1

2

3cos sin 1 dR x x x
π

π
−

= +∫  

  
3 2
2

2

2(sin 1) 4 2 32x

π

π
−

 
+ = = 

 
 

 

  
3
2

2
2

3cos sin 1 dR x x x
π

π= +∫  

  

3
3 2
2

2

2(sin 1) 4 2 32x

π

π

 
+ = − = − 

 
 

 
  1 2 32R R= = , so a = 32.  
 

8 a
 

 
  2 2f ( ) g( ) 3x x x x x= ⇒ = −   
  22 3 0x x− =   
  (2 3) 0x x − =   

  30 or 
2

x =   

  
0 0
3 9
2 4

x y

x y

= ⇒ =

= ⇒ =
  

Points of intersection are 
3 9(0,0) and ,
2 4

 
 
 

  

 b 3 Area under f ( ) between 0 and :
2

x   

  

3
3 3 2

22
0

0

27 9 d
3 24 8
xx x

 
= = = 
 

∫   

 

 3 Area under g( ) between 0 and :
2

x   

  

3
3 2 3 2

22
0

0

33  d
2 3
x xx x x

 
− = − 

 
∫   

  27 27 9
8 24 4

= − =   

 
  Area between the two curves 

  9 9 9
4 8 8

= − =   
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9 a Points of intersection are when: 
  2cos 2 2cos 4x x+ = − +   
  4cos 2x =   

  1 5cos ,  or 
2 3 3 3

x x π π π
= ⇒ = −    

  5,  or 3
3 3 3

x yπ π π
= − ⇒ =  

  5,3 , ,3 , ,3
3 3 3

A B Cπ π π     −     
     

 

 

 b 3

3

(2cos 2) dx x
π

π
−

+∫   

  [ ]3

3

2sin 2x x
π

π
−

= +   

  

2 2 43 3 2 3
3 3 3

42 3
3

π π π

π

   = + − − − = +   
   

= +
  

   

  3

3

( 2cos 4) dx x
π

π
−

− +∫   

  [ ]3

3

2sin 4x x
π

π
−

= − +  

  

4 43 3
3 3

82 3
3

π π

π

   = − + − −   
   

= − +
  

 

  
1

4 82 3 2 3
3 3

44 3
3

R π π

π

 = + − − + 
 

= −
  

 
  4, 4, 3a b c= = − =  (or 4, 4, 3a b c= = = − ) 
 
  
 
 
 
 
 
 
 
 
 
 

c 
5
3

3

(2cos 2) dx x
π

π +∫   

  [ ]
5
3

3

2sin 2x x
π

π= +   

  

10 23 3
3 3

82 3
3

π π

π

   = − + − +   
   

= − +
  

   

  
5
3

3

( 2cos 4) dx x
π

π − +∫   

  [ ]
5
3

3

2sin 4x x
π

π= − +  

  

20 43 3
3 3

162 3
3

π π

π

   = + − − +   
   

= +
  

 

  
2

16 82 3 2 3
3 3

84 3
3

R π π

π

   = + − − +   
   

= +
   

 

  
( ) ( )
2 1

8 4: 4 3 : 4 3
3 3

3 3 2 : 3 3

R R π π

π π

= + −

= + −
  

 
10  siny θ=   

  Area under curve
0

2 sin  d
π

θ θ= ∫  because 

of the symmetry of the curve. 
 
  [ ]02 cos 2 2 4πθ= − = + =   
 
  sin 2y θ=   

  Area under curve 2
0

4 sin 2  d
π

θ θ= ∫  because 

of the symmetry of the curve. 

  
2

0

14 cos 2 2 2 4
2

π

θ = − = + =  
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11 a At A, cos sinx x=   

  1tan 1
4 2

x x yπ
= ⇒ = ⇒ =    

  1'
4 2

A π 
 
 

  

 
 b i 1  Area under cosR y x= =   

  
 Area under sin between

 0 and 
4

y x

x x π
− =

= =
 

  4 4
1 0 0

cos  d   sin  dR x x x x
π π

= −∫ ∫   

  
[ ]4

0
sin cos

2 1 2 1
2

x x
π

= +

= − = −
  

  
 ii 2  2 Area under sinR y x= × =  

   between 0 and 
4

x x π
= =  

   4
2 0

2 cos  dR x x
π

= −∫   

   12 1 2 2
2

 = − = − 
 

  

 

  iii  2
3

4 4

sin  d   cos  dR x x x x
ππ

π π= −∫ ∫   

  
[ ] [ ]2

4 4

cos sin

1 11 1 2
2 2

x x
π

π
π π= − −

 = + − − = 
 

  

 
 c ( ) ( )1 2: 2 1 : 2 2R R = − −   

  ( )( ) ( )( )2 1 2 2 : 2 2 2 2= − + − +  

  2 : 2=   
 
 
 
 
 
 
 
 
 
 

12  ( )
3 4 2 2

0

dArea 3 d
d
xy t t t
t

= =∫ ∫  

      
( )

( )

105
3 3

1
3 33

3 34 2
5 5

3 242 2 2
5 5

 
= =  

 
 

= = 
 

 

 24
5

k⇒ =  

 

13 2
0

dArea sin 2 (cos )d
d
xy t t t
t

π

= =∫ ∫  

 Using sin 2 cos sint t t= : 

 Area 22
0

sin (cos )dt t t
π

= ∫  

dLet cos sin
d
uu t t
t

= ⇒ = −  

    1d d
sin

t u
t

⇒ =
−

 

( )

3 2
22

0
0

3 2

0

2Area 2 d
3

2cos
3

2 0
3

2
3

uu u

t c

π
π

π

 
= − = − 

 

 
= − + 
 

 = − 
 

=

∫

 

 
14 a P is at point 2t =  

  

( )

( )
( )

2

3

2 1 9
1 2 3 7
2

9,7

x

y

= + =

= + =  

 Equation of normal at P: 

 

( )

2

22

d
d d

dd
d

d 3 d,  2 2
d 2 d

3 3 2d 2 2 1
d 2 2 4 2

y
y t

xx
t

y xt t
t t

ty
x t

=

= = +

= = =
+ +
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14 a Gradient of normal is negative reciprocal 
of derivative at P 1m∴ = −  

 
( )
( )

1 1

7 1 9
16

y y m x x

y x
y x

− = −

− = − −

+ =

 

 
b 

( ) ( )

( ) ( )

2 163

0 9

2 164 3

0 9
2 165 4 2

2

0 9

1Area 3 2 2 d 16 d
2

6 6 d 16 d

3 6 16
5 4 2

34.4 24.5
58.9

t t t x x

t t t t x x

t t xt t x

 = + + + − 
 

= + + + + −

   
= + + + + −   
   

= +
=

∫ ∫

∫ ∫

 
 
Challenge 

 
  Curves intersect at sin 2 cosx x=   
  2sin cos cosx x x=   

  1sin ,cos 0
2

x x= ≠   

  
6

x π
=   

  Shaded area 

( ) ( )6 4
0

6

cos sin 2  d sin 2 cos  dx x x x x x
π π

π= − + −∫ ∫   

 
6 4

0
6

1 1sin cos 2 cos 2 sin
2 2

x x x x
π π

π

   = + + − −      
  

 1 1 1 1 1 10 0
2 4 2 4 22

      = + − + + − − − −            
  

  

1 2 11
2 2

2 2
2

−
= − =

−
=

  

      
    
   
   


