Pure Mathematics Year 2

Integration, Mixed exercise 11
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Consider y=(2x-3)°
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Consider y =sin’x = dy
dx
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dx
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:£+[In|cosx|:|0% :%Hn%
:E—EMZ
4 2

¢ 1=]] [16x2—;J dx
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r In2
2d I= Il,fz(cosx+3|nx)(cosx—3|nx) dx f |=IO Tro dx
3 Letu=1+e' >N e y1
J',, (cos X —sin x) dx dx
j
_ [ cos2x dx P2 (u-Du

[ZsianTi I((u D uj

z =[Inju-1 —In|u|]
12 2
3 1 =In2-In3-In1+In2
T4 4 _n?
_31 3
4
3 a I—J' i1nxdx
4 4
e 1= —— dx
I116x2+8x—3 u= 1nx:>d—u=1
4 ~ 4 dx X
16x°+8x—3  (dx+3)(4x—1) %=i2:>\,=_l
4 A B XX ex
= + 1 of 1
(4x+3)(4x-1) 4x+3 4x-1 o :{__m x} _L (__zjdx
4= A(4x—1) + B(4x+3) Xk X
1 1 1T
X===4=4B=B=1 =l -=[-0)+|-=
4 € X
__ 3 _a_ _ 1 (1
K==y = 4=—4A= A=-1 :_EJ{_E)_(_D
[ 1 1 dx )
14x-1 4x+3 = e
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4 1

=£(In15—|nl9—|n3+|n 7)
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1 _A_B
(x+1)(2x-1) x+1 2x-1
=1=A(2x-1)+B(x+1)

x—l:>1:§B:>B=E
2 2 3

3 Db

X=-1=1=-3A= A:—%

1
3

L (x+1)(2x 1) _'[ (ZX 1 x+1 d

1

{ In|2x - 1|——1n|x+1|}
_|1
3
(23 (s
3 p+1) (372
=11n(4p_2j
3 p+1

2x-1
X+1

1n

b— 1_ 1
b2 4
b?—4b+4=0
(b-2)° =

b=2

5 1 =J‘ecosxsin3 X dx=i
0 64

sin® x H_i
4 |, 64

sin‘@ = 9
16

B3

sinf=+—
2

g~
3

6 a t>=x+1=2tdt=dx

b

a

= [(2t* - 2)dt
_2p otac
3
2 3
:E(X+l)2 —2</x+1+c

=§\/x+1(x—2)+c

(x=2) x+}
e E N
(o)
3 3) 3
I:Ixsin8xdx
Letu=x:>d—u=1
dx
ﬂ:sin8x:>v=—lc058x
dx 8

| = —lxc058x+1jc058x dx
8 8

= —lxc058x+isin 8x+c¢
8 64

I:J‘x2 cos8x dx
Let u=x2:>3—u=2x

X
d_v =CO0S8X=> V= lSin 8x
dx 8

I :lxzsinSX—EJ.xsinSX dx
8 8

=1xzsin8x—g —1x0058x+isin8x +C
8 8\ 8 64

=%xzsin8x+ixc058x—isin8x+c
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5x* —8x+1 A B C
Co2x(x-1?  «x

= 5x% —8x+1=2A(x-1)?
+2Bx(x—1) +2Cx

x=0:>1=2A:>A:%

X=1=-2=2C=C=-1

Coefficients of X2 5=2A+2B=B=2

[Fodx= j( = (x11) de

1
—§|n|X|+2|n|X—1|+E+C

9

9 1 1
Lf(X)dx=[Eln|x|+2|n|x—14+x__l}

9
-1 4

1 1
= [1n(3x64)+§}—[1n(2x9)+§}

3x64) 1 1
~1n b=
(zxgj 8 3

32 5

3 24

4

X(x=1)% |+

3

1
y=x2+48x"= -2 dy_3 X2 —48x72
dx 2

dy0

3 3_4_8
dx 2

2_
X2

(&3]

:>X2=§><48=32

=x=4,y=2+12=20
=>x=4,y=20

d?y -
d_Zzzx 2496x73 >forallx>0
X

.. 20 is a minimum value of y

3
c Area —L (xz +@jdx

10a

11a

X

2 ¢ )
= {— X2 +48 In|x|}
5

1

=(3x32+48|n4j—(3+oj
5 5

62

=—+48In4
5
I:Ilen2xdx
Letu_ln2x:>d—u=1
dx x
v, X3
—=X"=>V=—
dx 3

2
I :lx3 InZX—IX— dx
3 3

=lx3ln2x—1x3+c
3 9

3

1

Ifxz In2x dx=[1x3 In 2x—lx3}
! 3 9

:9In6—3—0+i
72

_oine_21®
9

y =(1+sin 2x)2
=1+2sin2x+sin? 2x

=1+2sin 2x+£—£cos4x
2 2

= %(3+4sin 2X —C0s4X)
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3z
11b Areaof R = If(1+sin 2x)2 dx

3z
=1I 4 (3+4sin2x—cos4x) dx
270
37
:E[Bx—20032x—lsin4x}4
2 4

:(%-o-oj—(O—l—o)

97

0

=—+1
8
c d—y:40052x+25in4x
dx
dy

—~L =0=>4c0s2x+2sin4x=0
dx

4c0s2x+4sin2xcos2x =0
4c0s 2x(1+sin 2x) =0

2x:£ forx<3—7r
2 4

2
x=£,y=(1+sin£j =4
4 2

Coordinates of A (%4}

12 a I:Ixe‘xdx

u:x:>d—u—1
dx
dv N
— =g =>v=-¢
dx
sl=—xe - j (—e ")dx
ie.l=—xe*-e*+c
b exd_y: X
dx sin2y

= [sin2ydy = [ xe™dx
1 -X -X
:>—Ec032y=—xe —-e’+¢C
T
x=0,y=Z:>O=0—1+c:>c=1

%cos 2y=xe " +e -1

or cos2y =2(xe " +e*-1)

13a | =_[xsin2x dx

u=x:d—u:1
dx

y=sin2x:>v=_—10032x
X 2

o =—lxc032x—.|'_—1c052x dx
2 2

:—lxc052x+lsin 2X+C
2 4

b d—yzxsin2xcoszy
dx
:J.sec2 ydy:Ixsin 2x dx

= tan y:—%xc032x+%sin2x+c

y=0, X=£:>0=O+E+c:>c=—l
4 4 4

~.tan yz—lxc052x+lsin 2x—1
2 4 4

14a d—y:xy2
dx

:j%dyz.[xdx

1 x?
- —="—4+cC
y
ory= k =2c
Y=« ( )
-2
b y=1x=1=21=—=k=-3
1+k
.y_ 2
T 3-x?

for x2#3and y>0, i.e. —/3<x<+3

dy is1

¢ When x=1y=1 —=
dx
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14d Equation of tangent is:

= |sin’ yd
Jsin ydy = j(1+2x)
y-1=1(x-1)
= = |4sin’ yd dx
y=X j ydy = j(l T 2x)
This meets the curve again when: = I(Z —2cos2y)dy =1
2
_ i 1
X=22 = 2y—sin2y =In|l+2x|+ +C
3;X y y=Infl+2x 1+2x
3X—x"=2
VA VA
C %420 x_O,y_Z:E—l_In1+1+c
(x=-D(x-)(x+2)=0 :>c=%—2
Other pointiswhen x=-2,y=-2 . /4
. s.2y—=sin2y =In{1+2x|+ +==-2
ie. (—2,-2) y y | | 1+2x 2
2x
15aI:j—4X2dx 16ajxe ox
@+ 2x)
du
U=Xx=>—=1
u=1+2x dx
du dv 2x 2x
au _ — 2| — —=e v==¢e
= 5 =dx and 4x=2(u-1) dx
Z(U—l) du 22Xy 2x
| = = xe~'dx == xe
J. u2 2 j
=J.(l—u‘2Jdu Ilezxdx——xe ~e” +c
u
0
=Inul+ ~+c Al:_{gxey_gezx}
1 2 4 1
:1n|1+2x|+1 e . . 21
+2X
SIS
4 4 4
1
=-(1-2¢"
4( )

T e A
dx sin“y
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SATA =(e-2)e

17a | =_[x2e‘X dx

Let u=x2:>d—u=2x
dx

dv. _
— =gt =>v=—e"
dx

| =—x%* +2_[ xe™ dx
Again, letu=x= g_u =1

X
Ol—vze‘X =v=—e"

dx

| =—x%*—2xe " + 2j e " dx
=—x%*-2xe *-2e " +c¢C
=—e‘x(x2 +2X+2)+C

b W yeor
dx
d_y — Xze3ye—x

dx
je‘” dx = I x%e™* dx

—%e‘gy =—e " (X +2x+2)+c

><=0,y=0:>—l:—2+c:>c=§
3 3

e =3 (x2 +2x+2)—5
3y =—In(3e‘X (x* +2x+2)—5)

y=—%|n(3ex(x2 +2x+2)—5)

18a y=e"+1
y=8=¢"=7
3h=In7

h=1m7
3

b Area of R is given by

1In7

I§|n7(e3x +1) dx = E e + xlj

=(1e'n7 +1In7j—(1+0j
3 3 3

=2+1m7
3
x? B C
2 4 MR
X° -1 x-1 x+1
= x> = A(x-1)(x+1)+B(x+1) +C(x-1)

Xx=1=1=2B=> B:%

x:—1:1:—2C:>C:—%.

Coefficients of X% 1= A= A=1

dx  (x*-1)
— =2
dt X
XZ
:sz_ldx:jzdt

:j(n@—@jdx:m

Xx-1 x+1

1

= X+=1n x-1

X+1

=2t+c

x=2,t:1:>2+11nl=2+c:c=11nl
2 3 2 3

x+£1n = 2t+11n1
2 2 3

x—1

X+1

20a y=e*—-¢*

0| 025 0.5 0.75 1

0 | 0.86992 | 2.11175 | 4.00932 | 7.02118

b Areaz%h(yo+2(yl+...)+yn)

_ %(7.02118+ 2x6.99099)

=2.6254
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20c The curve is convex, so it is an B 1 1,
overestimate. ¢ t=T.V _EASEA_ Ae
= -1n2=—kT
1
d Il(EZX_e—x) dx = 1e2x+e—x = kT =1n2

0 2 0
R 22a dy__x

2 2 dx k-y
=1e2+l—§ I(k—y) dy:dex

2 e 2 K 2 ,

e’ -3e+2 _ﬂﬂ;:x_
P 2 2

2e , )

P=-3 Q=2 X*+(y-k) =c

5_ b C tric circl ith centre (0, 2).

. e®-3e+2 25624 oncentric circles with centre (0, 2)
2e
23a
Percentage error X 1 1.5 2 2.5
_ 2.5624-2.6254 «100% ~ 2.5% y 1 | 06825 | 05545 | 0.6454
2.5624
21 a ﬂ:—kV X 3 3.5 4
dt
:Ildv :J‘_k dt y 0.9775 | 1.5693 | 2.4361
\Y

=1np|=—kt+C b Area =1 (3.4361+2x4.4262)
=V =Ae™ 4

=3.074
t=0V=A=V=~A" (A=A

¢ If smaller intervals are used and

b consequently more values, the lines would
- follow the curve more closely.
A
V=Aeh
0 "t
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23d Area=f%x2 InX—X+2

Now let | =_|'x2Inxdx

Let u=|nx:>d—u:1
dx x
dv x>

— =X’V
dx 3
2
I :lxalnx—J.X— dx
3 3

_1 x3Inx— lx3+c
3 9
1 1, x ’
Area=| —x*Inx-——x® -2 +2x
15 45" 2 7
PR Y S
15 15 45 2
10 15
29 64

-—+—In4=3.015
10 15

Percentage error

~3.015-3.074
3.015

x100% =~ 2.0%

24 a u:1+2x2:>du=4xdx:>xdx=dTu

6

So jx(1+2x ) dx = J.—du—ﬂ

- (1+2x%)° N
24

b ay _ X(1+2x%)° cos® 2y
dx

= Isecz 2y dy =.[x(1+ 2x%)°dx

2\6
:ltan2y=w+c2
2 24
Vs 1 1 11
y=—x=0=>-=—+¢,=>C,=—
8 2 24 24
6
tanZy_w
12 12

1
251 = dx
~[1+ x?
Let x:tanu:>%=sec2u
du
_J—sec udu
1+tan®u

But 1+ tan®u =sec?u
So | =Idu =u+cC
=arctan X+ ¢

26 x(x+2)d—y=

jj_ J‘x(x+2)
1 _A, B
X(X+2) X X+2

= 1= A(x+2)+Bx

Xx=0=>1=2A> A=%

x:—2:>1=—28:>B:—%

somy= {12 o

X+ 2

=~ Linjx|-Zin[x+2]+c
2 2

kx
Y= |— c_—Ink
y X+2 ( j

X=2,y=2=>2= :>4><2 k
2

Ly=,—— or =
y x+2 y x+2

27 a A=7rr2:>d—A=27rr
dr

dr dr dA 1 ) ( t j
=——xksin| —
dt dA dt 2zr 3r

ar k. ( t j
—=——5in| —
dt  2xr 3T
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27b Ian dr :jksin(Lj dt

3z

zr? =-37k cos[ij +c
3T

r’ =-3k cos(ij +C
3

r=1t=0=1=-3k+c=>c=3k+1

r:2,t=7r2:>4=—%+3k+1

So r? =—6cos(3ij+6+1
JT

r’= —6COS(LJ +7
3

C r=15=225= —6cos(ij+ 7
3T

6COS(LJ =475
3T

cos(Lj ~0.7917

kY4
t
— =0.6527
3z
t =6.19 days

6 days, 5 hours

T

28a —
2

b Area = J‘fsin 2t(6t)dt

=6Ftsin2t dt
0

Integrating by parts

u=t=u'=1

v':sin2t:>v=—COSZt

J.tSiI‘IZt:_tCOSZt_I_Cozztdt
tcos2t sin2t
=" +
2 4
6Ftsin2t=6 sin2t tcos2t |2
0 2 0
T
=6/l = |—(0
(o)
&
2
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29 a

b

c

Area = :}f—%x+4\/§ dx—_[24sin 6(-5sin6)do
2 4

dy
ay_ do
dx %
do
dy .
——=4cos@d, —=-5sin@
do

d_y: 4c9549 =—ﬂcot0
dx -5sin@ 5
4  dx 5

Point P is at 0:%

x=5005£=i
4 2
y=4sin%=2\/§
5
_,2'\/5
&)

Gradient of tangent =derivative at P = —%

Equation at P

Ry

y= —% X+ 42
P crosses x-axis at

O=—%x+4\/§
x=5\/§

4 5\2 i
7t e _ T ain?
_{ 10x +4x\/ELJE 20_|.0 sin“-@ d@

2

:((20)—15)—2oj5sin2 0 do
=5—20I55in20 deo

Using trig identities
[sin?6 dazjﬂde
2

:I%dﬁ—%jcosze de

c Use the substitution u =26 to yield

_ 0 sin26
2 4
= ~20[ *sin® 0 d0 = [5sin 20 -100]:
_5(x-2)
2
2
Area =5 27=2) 15 57
2 2
30 PointPisatt=1
y=1
dy
dy _ dt
dx dx
dt
d—y=2—3t2
dt
L
dt
02
dy_2-3¢ 1,
dx -2t 2

Gradient of normal is negative reciprocal of
derivative = -2
Equation of P is therefore
y—1=-2(x)
y=-2x+1
and crosses x-axis at x=0.5

Area = LO —2t(2t —t3)dt —I:'S—Zx +1dx

- j°—4t2 +2t*dt— j°'5—2x+1 dx
1 0

= [-%t"‘ +§t5}0 —[—xz + x]O'S

0
1

{o-(HHEH

41

60
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Challenge
a
YA
101
5 =+
» 0 =%

J._33|f (X)| dx = _[_331: (X) dx+2x

3 x® X ?
I f(x) dx=| ———-2x| =6
-3 3 2 R
3 2 2
sz(x) dx = X——X——Zx =g
-1 3 2 L 2

3 9
[ Jf ool dx=6+2x =15

YA

10+

[RIO dx‘

N N

J._Zf (|x]) dx = ZxI:f(x) dx

3 2

3
Isf(x) dx = XX oy :—E
0 3 2 .

2
J‘:f (|x) dx = 2x(—gj =-3
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