Pure Mathematics Year 2 SolutionBank

Functions and graphs 2D

1 ai yeR ii Lety=f(x)
y=4-3x
ii Lety=f(x) x=4_y
y=2x+3 3
x=— f(x)=
2 =73
| :x—3
o)== iii The domain of f'(x) is xR

The range of f !(x)is y eR
iii The domain of f'!(x)is xe R
The range of f '(x) is yeR iv

iv
Y4 flx)=2x+ 3
. -3
f1
[x] 2
%‘/‘ di yeR
ii Lety=f(x)
_ 3
bi yeR y=x" -7
x=3/y+7
i Lety=1f(x) fl(x)=Yx+7
_x+5
2 iii The domain of f'!(x)is xeR
x=2y-=35 The range of f '(x) is yeR
£l =2x— 5
iv
iii The domain of f™'(x) is xeR Ut a7
The range of f '(x) is yeR -
iv fl)= Va-7
ya [x)=2x-5 ___./'/-_-—_- R
7 0 x
f(x.]=x+5 j
5 2
/z -7
//15 0/‘; x /
2
—/ 2 a Rangeoffis f(x)eR
Let y = f(x)
) y=10—x
¢ci yeR x=10—y

flx)=10—-x, {xeR}
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2 b Rangeoffis f(x)eR The inverse function is g ' (x) =4 —x
- |
Let y = g(x) Now {Range g} = {Domain g~}
X and {Domain g} = {Range g}
= Hence, g ' (x)=4—-x, {xeR,x<4}
x=5y

g'(x) =5x, {xeR} Although g(x) and g™ (x) have identical

¢ Range of fis £(x)#0 equations, their domains and hence ranges

are different, and so are not identical.

Let y = h(x) 1
_3 4 a i Maximum value of g when x =—
X 3
1
N Hence {g(x) eR, 0<g(x)< 5}
y
i 3
@)=, x%0) |
x i g'(x)=—
x

d Range of fis f(x)eR ‘
iii Domain g! = Range g

Let y = k(x) .
y=x-28 = Domain g~ : xeR,O<x£—}
x=y+8 3

k'(x)=y+8, {xeR} Range g! = Domain g

= Range g ' (x): {g"l(x) eR, g'(x)= 3}

A i v
yi 1v E : 1
o~ 00 =1

. e~—— B = i

X

g:x—4-x, {xeR, x>0}
g has range {g(x) e R, g(x) <4}
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4 b i Minimum value of g(x) =-1 iv

when x=0
Hence {g(x) e R, g(x)> —1}

ii Letting y=2x—1:>x=y7+1
Hence g '(x) =xT+1 T
- x

iii Domain g ' = Range g S =
= Domain g™ :{xeR, x> -1} ' '

I-J
-

Range g ! = Domain g
g (eR,
g (x) 20

= Range g ' (x): { d i Minimum value of g(x)=2
when x=7

_ Hence {g(x) e R, g(x)> 2}

iv

ii Letting y=+vx-3=x=3"+3
Hence g'(x)=x"+3

iii Domain g! = Range g
= Domain g : {x eR,x2> 2}
Range ¢! = Domain g
= Range g ' (x): {g‘1 (x)eR, g'(x)> 7}

iv

gl(x) = x2 + 3

¢ i g(x)o>+oasx—2
Hence {g(x) e R, g(x)>0}

.. : 3
ii Letting y=——=x=
x=2 y

Hence g'(x) = 2x+3

iii Domain g! = Range g
= Domain g : {x eR, x>0}
Range g ! = Domain g
= Range g”'(x): {g*1 (x)eR, g'(x)> 2}
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4 ei 2°+2=6

Hence {g(x) eR, g(x)> 6} iii Domain g! = Range g
= Domain g™ : {x eR, x> O}
ii Lettingy=x>+2 Range g ! = Domain g
y—2=x (x)eR,
x=Jy=2 :Rangeg_l(x):{g *) @ 2}
g (x)2
Hence g !(x) = Vx—2 iv
Y
iy [g[x} —y1_8
iii Domain g ! = Range g
= Domain g™ : {x eR, x> 6} | ,
Range g ! = Domain g 9. gW-ve+s
-1
- g () eR, >
= Range g 1(x):{ L } 0" 9 X
g (x)>2
iv 5 t(x)=x"—6x+5, {xeR, x>5}
A )
gla)=x%+2 Lety=x"—-6x+5
y=(x-3)"-9+5 (completing the square)
6_
y=(x-3)"-4
g x) =vx - 2 This has a minimum point at (3, —4)
.p-'-""_'-—--’
2_
o 3 z > For the domain x>5, t(x) isa

one-to-one function so we can find

an inverse function.
f i Minimum value of g(x)=0

when x =2 Make y the subject:
Hence {g(x) e R, g(x)> 0} y=(x=3)7 -4
y+4=(x-3)

i Letting y=x"-8=x=23y+8 \/_
+4=x-3
Hence g '(x) = x+8 d
Jy+4+3=x
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b Changing the subject of the formula:
5 (continued) y=(x+2)"+5

Domain t' = Range t y=5=(x+2)
:Domaing‘lz{xeR,xZO} Jy—5=x+2

Hence, t™' (x) =vx+4+3, {xeR, x>0} [y—5-2=x
Hence m™' (x) =vx—-5-2

Vi

tx)
¢ Domain of m™'(x): {x eR, x>5}

7 a Asx—>2, h(x)—)%

(0, 5) and hence h(x) —> o

b To find 4™ (3) we can find what

(5,0) X element of the domain gets mapped
to 3

6 a m(x)=x"+4x+9, {xeR, x>a}

Lety=x"+4x+9
y=(x+2)"-4+9

h(a) =3

y=(x+2)+5 2 &
This has a minimum value of (-2, 5)
a = h-'(3)
Vi

Suppose h(a)=3 for some a such that

a+2

Then 2a+1 =3

a—
(—2..5) 2a+1=3a-6
T=a
o Soh'(3)=7

For m(x) to have an inverse it must
be one-to-one. Hence the least value

ofais =2
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7 ¢ Lety=2x+1 and find x as a 9 st(x)zs(z’_—xj
x— X
function of y 3
y(x=2)=2x+1 :(3;”_1)
w=2y=2x+1 3
yx—2x=2y+1 =(3—x+x)
x(y=2)=2y+1 =x
x= 2y+1 st(x) = t(ij
y-2 x+1
_3
Soh_l(x)=2x+1, {xeR, x¢2} =( ”1)
x-2 (1)
. . (3x+3—3)
d If an element b is mapped to itself, - xl
then h(b) = b ()
=X
2b+1 b
b—2 The functions s(x) and t(x) are the
2b+1=b(b-2) inverse of each other as st(x) = ts(x) = x
_p2_
2bwl=b"=2b 10a Lety=2x"-3
0=>"-4b-1
; 4+J16+4 4+-20 The domain of f™'(x) is the range of f(x).
S22 f(x)=2x>-3, {xeR, x<O0}! has range f(x)>-3
4+2.5
R =245 Letting y=2x"-3=x=4 x—2|-3
The elements 2 ++/5 and 2—+/5 get We need to consider the domain of
mapped to themselves by the function. f(x) to determine if either
8 a nm(x)=n(2x+3) £ (x) =+ |x+3 . £ (x)=— [x+3
2x+3-3 2 2
2 5 .
=x f(x)=2x" —3 has domain {x e R, x <0}
b mn(x) = m(x 3}
2
= (x—_?’j +3
2
=X

The functions m(x) and n(x) are the
inverse of each other as
mn(x) = nm(x) = x.
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10 a (continued)
Hence ' (x) must be the negative square root

x;3,{xeR,x>—ﬂ

£ (x)=—

flx) =242 -3 M

b If f(a)= f"'(a) then a is negative

(see graph).
Solve f(a)=a
2¢°-3=a
2a°~a-3=0
(2a-3)(a+1)=0
a :%, -1

Therefore a = —1
11 a Range of f(x) is f(x) > —5

b Lety=1(x)
y=¢e"—-35
ef=y+5
x=In(y+5)
f1(x) = In(x + 5)
Range of f(x) is f(x) > -5,
so domain of f !(x)is {xe R, x >—5}

SolutionBank

d Lety=g(x)
y=In(x—4)
e=x—4
x=¢ +4
gl =e'+4
Range of g(x) is g(x)e R,
so domain of g '(x)is {xeR}

e g'l(x)=11

et +4=11

et =7
x=1In7
x=1.95

3(x+2) 2

X +x-20 x—4

_3(x+2) 2

C (x+35)(x—4) x—4
3(x+2) 2(x+5)

(x4 5)(x—4) (x+5)(x—4)

_ 3x+6-2x-10

(x5 (x—4)

_ x—4

C(x+5)(x—4)

12a f(x)=

= ! ,x>4
x+5
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12b The range of fis
{f(x) eR, f(x)< é}

¢ Lety=1(x)
1

x+5
w+5y=1
yx=1-5y
x:1—5y
y

x=l—5

y
1 _ l
Fl0) = -5
x
The domain of f!(x) is

{xeR,x<é andx;tO}

© Pearson Education Ltd 2017. Copying permitted for purchasing institution only. This material is not copyright free. 8



