Pure Mathematics Year 2 SolutionBank

Binomial expansion Mixed exercise 4

1 a i (1-4x)’Use binomial expansion with n =3 and x = — 4x

4 () (k) ¢ DAY BODAY
2!

3 As n =3, expansion is finite

and exact
=1-12x+48x* —64x°
ii Valid for all x

b i +16+x Writein index form

1
=(16+x)> Take out a factor of 16

(i)

X 1
=162 (1 + %)2 Use binomial expansion with n = al

1 ndx=—
2 16

=4£1+%(%)+%}”[&T+(; 2 (%j J

2 3
=4[1+i— r X +j Multiply by 4

32 2048 65536

2 3
X X X

+
8 512 16384

i Valid for %<1:>|x|<16

Write in index form

1-2x

=(1-2x)"" Use binomial expansion with n=~-1 and x =-2x

14+ (=1)(=2x)+ (DED(2%)° | (D32,
2! 31

=14+2x+4x>+8x° +...

ii Valid for \2x]<1:>\x\<%
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1di Write in index form
2+43x
=4(2+3x)"" Take out a factor of 2
3 -1
(03]
2
3x)" 3
:4x21x(1+7xJ Use binomial expansion with n =—1 andx:%
2 3
ARG TR T E
2 2! 2 3! 2
2 3
:2(1_3% ox _27x +j Multiply by 2
2 3
Soogye X X
2 4
ii Valid for 3—x<1:>|x|<§
4 o
e i =4(+4-x)" Write in index form
=44
1
=4(4—-x) > Take out a factor of 4
1
2
4]
4
-1 x) 2 L . : 1 X
=4x4? I_Z Use binomial expansion Wlthnz—z andx:—z
2 3
| ) x) ) xR (XY
2 4 2! 4 3! 4
x 3 5
=2\ 1+ +—x"— x’ +...| Multiply by 2
( 8 128 1024 j pyoy
=2+2 ix2+—x3
4 064 512
ii Valid |-

<1=|x|<4
4
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1+x

1f i =(1+x)(1+3x)" Write in index form then expand
1+3x 1+3x
=(1+x) [1 +(=D(Bx)+ (- 1)(—22')(3x)2 N (- 1)(_2):;_3)(3)6)3 . j

=(1+x)(1-3x+9x> —27x’ +..) Multiply out
=1-3x+9x* —27x* +x=3x* +9x” +... Collect like terms

=1-2x+6x>—18x" +...

ii Valid for ]3x\<l:>]x|<§

2 2
g i (I-HC) :(1+x)2 Write in index form
l1-x (1-x)

=(1+x)’(1-x)” Expand (1-x)~ using binomial expansion

= (14+2x + xz)(l +(=2)(—x) + (_2)(_23!)(_x)2 L2263 )3(!_4)(_’“)3 .. J

=(1+2x+x")(1+2x+3x" +4x’ +..) Multiply out brackets

=1+ 2x+3x> +4x> + 2x+4x* +6x° + x* +2x° +... Collect like terms

=1+4x+8x*+12x° +...

ii Valid for |x| <1
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Let x—3 = 4 + B
(1-x)(1-2x) (1-x) (1-2x)
_A(Q-2x)+B(1-x)
T (I-x)(1-2x)

1 hi

Put in partial fraction form

Add fractions.

Set the numerators equal:
x—3=4(1—-2x)+ B (1 —x)
Substitute x = 1:
1-3=4Ax—-1+Bx0
=-2=-14

=>A4A=2
) 1 1 1
Substitute x=—: ——3=Ax0+Bx—
2 2 2

1 1

=-2—=—RB
2 2
=B=-5
Hence x—3 2 >

I-n(1-2x) (-x) (I-2x)

a fx) =2(1-x)"
= 2(1 +(~1)(—x) + (—1)(—22!)(—x)2 + (_1)(_2)§!_3 ) +)
=2(l+x+x"+x +..)
=242x+2x" +2x° +...
q —Szx) =51-2x)"
= 5(1 +(~1)(-2x) + (_1)(_22)!(_2’“)2 + (_1)(_2)(3_!3 2, j
=51+ 2x+4x* +8x* +..)
=5+10x+20x" +40x" +...
Hence =3 2 5

I-0(1-2x) (-x) (1-20)
=Q2+2x+2x2+2¢°+..)— (5 + 10x + 20x2 + 40x> +...)

=-3—8x— 18x*— 38 +...
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1 hii 2 is valid for x| <1
I-x

is valid for \2x\<l:>]x|<%

Both are valid when | x |<%

3 a Using binomial expansion

=1 ) LIEAO QICIEAET

:l+lx—lx2 +Lx3 +...
2 8 16

Expansion is valid if |x| < 1.

oy 1. : . .
b Substituting x = 2 in both sides of the expansion gives
1 2 3
112 1 1 1 (1 1 (1
I+— | #l+—x———x|—| +—x| —
4 2 4 8 \4 16 \ 4

1
5)2 1 1 1
= ml4bo——+—
4 8 128 1024

5 1145

4 1024

\/3 1145

- Multiply both sides by 2
2 1024 Py Y

Nl

512
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4 a (1+9x)§ :l+(2j(9x)+w(9x)2 +(§j@_lj@_2j Ox)* +...

3 2! 31
:1+(3j(9x)+ EPANIEDF SIS VAN VINEE VY ST
3 2 6

=1+6x—9x* +36x° +...

Equating coefficients:
c=—9and d =36

b 1+9x=145
x=0.05
(1.45)5 ~1+6(0.05)-9(0.05)" +36(0.05)’
=1.282
c (1.45)§ =1.28108713

The approximation is correct to 2 decimal places.

RN

5 a Thex” term of (1+ax 5

b The x* term of (l+ax)% = (;)(;_lj(;_zj(axf

When a = 4:

), G,

3!

=4x°
When a = —4:

o)

3!

=—4x’
The coefficient of the x> term is 4 or —4
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6 a (1+3x)" Use binomial expansion with 7 =—1 and x = 3x
—1N\(- 2 1V 3
1~ 1))+ N 22')(3x) G 2); S)EEI N

=1-3x+9x*=27x* +...

1 )
" +3x =(1+x)(1+ ?ax)‘1 Use expansion from part a
+3X

=(1+x)1-3x+9x* —27x’ +..) Multiply out
=1-3x+9x> —=27x’ + x=3x> +9x” +... Collect like terms

=1-2x+6x>—18x’ +... Ignore terms greater than x’

X oo 1-2x+6x2—18%°
1+3x

Hence

¢ Substitute x = 0.01 into both sides of the above

ﬂ:l—zxo.mwxo.oﬁ—18><0.013
1+3%0.01

Lol 0.02+0.0006—0.000018, |LYL_101
1.03 103103

% ~0.980582 Round to 5d.p.

101
—— ~0.98058 (5d.p.
103 (5d.p)

7 a Using binomial expansion

n(n—-1)(ax)> n(n—1)(n-2)(ax)’
2 + 3 +...

If coefficient of x is —6 then na =—6 (1)

n(n—1)a’ _

(1+ax)" =1+n(ax)+

If coefficient of x* is 27 then 27 (2)

From (1), a =—. Substitute in (2):
n

n(n—l)[—_6j2 s
2 n)

n(n—1) Xﬁz
2 n’
(n—-1D18
=
(n—1)18=27n
18n— 18 =27n
—-18=9n
n=-2

27

27

Substitute n = -2 back in (1): 2a=-6=>a=3
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7 b Coefficient of x° is

n(n—1)(n-2)a’ B (=2)x(=3)x(—4)x 3’ _
31 - 3x2x1 -

-108

¢ (1+3x)?isvalid if|3x|<1:>|x|<%

8
3
=3(vJ4+x)" Write in index form
Va4+x

1
=3(4+x) * Take out a factor of 4

Ao

1 - 1
=3><42><(1+fj2 47=i1=l
4 4 2
2 3

:z{l ()£ ERLDE, CHCDEDEY,

3 x 3 , )
=—|l-—=+— Multipl =

2( 8+128 + j u‘upyby2

3 3 9 ,
=———X+—X +...

2 16 256

3 3 9 , . : .
~———x+——x" if terms higher than x~ are ignored.

2 16 256

1 3,
l+—x+—x"+...
8 128

1 3,
—Xx+—x"+

16 256
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2 16 256

1 , 1,
t—x+t—x +x+—x"+...
16 256 8

17 35 ,
=—+—x+—x"+...
2 16 256

[— o=

10 a (2+3x)"" Take out factor of 2

(-3

-1
=27 (1 + 3%) Use binomial expansion with n =—-1and x = 37)(

2 2 2! 2 3! 2

1.3 9, 27 I
=—|l1-=x+=x"-==x"+...| Multiply by —
2( 277 TR ) PYRY 3

3x

Valid for

2
<l=|x|<=
3

1+x

2+3x
=(+x)2+3x)" Use expansion from part a

1 3 9 , 27 , )
=(1+x)| ———x+=x"——x"+...| Multiply out
( )(2 4778 6 j P

b Put in index form

1 3

+2x2—2x3+lx—§x2+2x3+... Collect like terms
2 4 8 16 2
3
+2x
8

1 1

2 4

2

—— X +...

16

3x

Valid for <1:>|x|<§
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1 2
11 a (4+x)2= (4[1 +%D Take out factor of 4

1 - 1
=4‘2(1+f)2 PSS
4 a2

| —

1 1+£j Use binomial expansion with n = 1 and x="
2 4 2 4
INEERCISERCE G
2 2)\4 2! 31

3

L -
2 & 128 1024 )

%}

113, 5

X X ———x +
2 16 256 2048

X

Valid for [—{<1=|x|<4

o 2 3
bi (44x)2mio X 38 X
2 16 256 2048

When x =2
1 2

1
S+ 2 2

V21 (D) 3 52
2 2 16 256 2048
1.2 12 40

So

_+—
2 16 256 2048
i
256

177
So /2 ~2x—L=1.3828 (4 d.p.
256 (4d.p.)

© Pearson Education Ltd 2017. Copying permitted for purchasing institution only. This material is not copyright free. 10



Pure Mathematics Year 2 SolutionBank

1 2 3
b il (d4x) 2 mbo XX 5%
2 16 256 2048

32 16 256 2048
113 5
T2 32 1024 16384
L 1723
T 16384

7723
So V2 =~3x
\/7 16384

=1.4141 (4 d.p.)

c x =% because it is closer to 0.

12 (3+4x)° =(3(1+%xn_3 =2i7(1+§xj_3
=2i7£1+(—3)(§xj+%@sz +J

—L(l—4x+3?2x2+..}

27

1 4 32,
=———Xx+—x +...
27 277 81
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39x+12 _ A N B N C
(x+D(x+4)(x-8) x+1 x+4 x-8
A+ (x=-8)+ B(x+1D)(x=8)+ C(x+1)(x+4)
B (x +1)(x+4)(x—8)
30x+12=A(x+4)(x—-8)+ B(x+1)(x—8)+C(x+1)(x+4)

13a

Let x=-1:
—39+12=A%3%x(-9)+0+0

—27=-274
A=1

Let x=—4:
—156+12=0+Bx(-3)x(-12)+0

—144 =368
B=-4

Let x=8:
312+12=0+0+Cx9x12

324 =108C

C=3
A=1,B=—4and C=3
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39x+12 _ 14 N 3
(x+D(x+4)(x—-8) x+1 x+4 x-8
1 4 3

—~ + =(1+x)" —4(4+x)" +3(-8+x)"
x+1 x+4 x-8

=(l+x)1—4(4(1+lxD_ +3[—8(1—1xn_
4 8

e (1t 3121
=(+x) (1+4x) 8(1 SxJ

(I+x)" :1+(—1)x+#x2+...

=l—x+x"+...

(l+lxj_ =1+ (—1)(lx)+w(li +
4 4 2! 4

=l—lx+ix2+...
4 16

() :z[H(_l)(_lx}M(_l@ j
8 8 8 8 2! 8

3 3 3 .,
==+ —x+——x"+
8 64 512

39x+12 2 1 1, 3 3 3
=l l-x+x"+.. | l-—x+—x"+.. || =+ —x+—=Xx"+...
(x+D(x+4)(x-8) 4 16 8 64 512

3051 477
+——x"+

X X
8 64 512

12x+5 _ 4 N B
(1+4x)* 1+4x (1+4x)
_A(l+4x)+B
T (1+4x)
12x+5=A(1+4x)+B

Let x:—l:
4

-3+5=0+B
B=2

Let x=0:
5=Ax1+B

5=A4+2

A=3
A=3,B=2
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12045 _ 3 2
(1+4x)*  1+4x (1+4x)
=3(1+4x)" +2(1+4x)

14b

3(1+4x)" = 3(1 +(=1)(4x) Jr%mx)2 +.. j

:3(1—4x+16x2+...)
=3-12x+48x* +...
2(1+4x)7 = 2(1 +(=2)(4x) +$(4x)2 +.. j

:2(1—8x+48x2+...)
=2—-16x+96x"+...

12x+5
(1+4x)*
=5-28x+144x> +...

=3-12x+48x> +2—-16x+96x> +...

9x% +26x+20 B C
=A+ +
(1+x)2+x) I+x 2+x
9
X +3x+2)9x2 +26x+20
Ox* +27x+18
—x+2

A=9
9x2+26x+20E9+ -x+2
(1+x)(2+x) (1+x)(2+x)
-x+2 B N C
1+x)2+x) 1+x 2+x
_BQ2+x)+C(1+x)
 (1+%)Q2+x)
-x+2=B2+x)+C(+x)

Letx=-1:
1+2=Bx1+0:
B=3

Letx=-2:
2+2=0+Cx(-1):
C=-4
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15 a (continued)

9x2+26x+20=9+ 34
1+x)2+x)  1+x 2+x

=9+3(1+x)" —4Q2+x)"

=9+3(1+x)_1—4£2(1+%xjj1

-1
:9+3(l+x)_1—2(1+%xj

3(1+x) ' = 3(1 p e EDED o, EDEDED) 15 j
2! 3!

=3(1—x+x2 -x +)

=3-3x+3x" =3 +...

2(l+1x}*=z[l+(_1>(1x)+w(ixf+M(ij+..]
2 2 2! 2 3! 2

=2 l—lx—i-lxz—lx3 +...
2 4 8

=2-x+—x"——Xx +
9+i— 4 =9+3-3x+3x*-3x*+...— 2—x+lx2—1x3+...
1+x 2+x 2 4

:10—2x+§x2—ﬂx3+...
2 4

Equating coefficients gives:

poS ool
2 4
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9(0.1)* +26(0.1)+ 20

13b a0 D= o ha o

=9.822510823

Using the expansion:
5 , 11 3
q(0.1) = 10—-2(0.1) +E(O.1) _Z(O'l) =9.82225

9.822510823-9.82225 %100 = 0.0027%

Percentage error =

9.822510823
Challenge
fx)= L W1+3x%)"

J+37

1
— . . : . 1
=(1+3x%) 2 Use binomial expansion with 7 = 3 and x =3x

(Do CUCO (e

2! 3!

3x2 27x* 135x°
+ - +
2 8 16

—1-

Valid for |3x” | <1
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