Pure Mathematics Year 2 SolutionBank

Trigonometric Functions Mixed Exercise

1 tanx=2cotx, —180°<x<90° 4 a i cosecld=2cotfh, 0<O<180°

1 2cosd

= tanx = ] =
tan x sind sind

= tan’x=2 = 2cosf =1

= tanx=i\/§ N cos&:l

2

Calculator value for tan x = +/2 — 0=60°

is 54.7° (1 d.p.)
ii 2cot’@=7cosecl—8, 0<O<180°
= 2(cosec’ @—1)=7cosecd—8
24.7°

@ = 2cosec’ @ —7cosecd+6=0
= (2cosecd—3)(cosecd—-2)=0
4.7

Solutions are required in the 1st, 3rd
and 4th quadrants.

Solution set is: @ @

~125.3°, —54.7°, 54.7° (1 d.p.)

= cosecl = % or cosecd =2

So sinﬁzgor sin@:l
3 2

o [Z
2 p=2secld = secézg
g=4cosf = cosé’:% gk C
secld = 7 = §=%=i :>p=§
cos E 1 Solutions are ° and (180 — )° where
1 1 a is the calculator value.
3 p=sinfd = —=——=cosectd 2
p siné sinf =—
3
q
g=4cotd = cotl= 2 Calculator value is 41.8° (1 d.p.)

Using 1+ cot? 0 = cosec? 0 Solutions are 41.8°, 138.2°

2

1 .
— 1+q_=—2 (multiply by 16 p*)
16 p

sind = 1

2
Calculator value is 30° (1 d.p.)
Solutions are 30°, 150°
Solution set is:

30°, 41.8°, 138.2°, 150°

= 16p° + p’q° =16
= p’q> =16-16p> =16(1- p*)
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4

b i

ii

sec(260 —15°) =cosec135°,

0<6<360°
= co0s(20—-15°) = _
cosec135°
=sinl135°= %

Solve cos(260—-15°) = g, in the

interval —15°<260-15°<705°
The calculator value is 45°

cos is positive, so (260 —15°) is in the

Ist and 4th quadrants.
O
45°
45°

T 1 (©
So (20-15°) = 45°, 315°, 405°, 675°

= 260= 60°, 330° 420°, 690°
= 6= 30° 165°, 210°, 345°

sec’@+tan @ =3, 0<0<360°
= l+tan’f+tanf=3
= tan’@+tanf—-2=0
= (tan@d-1)(tand+2)=0
= tanf=1or tand=-2
tand=1 = 6 =45° 180°+45°,
i.e. 45°, 225°
tan@ =-2,
calculator value is —63.4° (1 d.p.)
= 6=180°+(-63.4°)=116.6°
60 =360°+(—63.4°) = 296.6°
Solution set is:
45°, 116.6°, 225°, 296.6°

Calculator value is —%

. T . .
sin (x + Ej is negative,

SO X + % is in 3rd and 4th quadrants.

S A
z L
4 4
n St T=n
Sox+—=—, —
15 4 4
St nm TIn =w™
X=———, ———
4 15 4 15
_75n—4n 105n—4n
60 60
_E 101z
60 " 60

.. 4
ii seczng, 0<x<2n

= cos’x=

AW

3
= coOSxX=F*——
2

3. 7
Calculator value for cosx = +7 is —

As cosx is £, x is in all four

quadrants. Solution set is:

TT T T T
X=—,n——, T+—, 2n——

6 6 6 6
_m 5% 7n lx

6 6 6 6
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5 Ssinxcosy+4cosxsiny =0 ¢ LHS =(1-sinx)(l+cosecx)
55inxcosy+4cosxsiny _0 =1-sin x+ cosec x —sin x cosec x
sin xsin y sin xsin y =1-sinx+cosecx—1

(divide by sin xsin y)

1
(as COSEC X = —
sin x
=0

siny  sinx =cosecx —sinx

Scosy N 4cosx

So Scot y+4cotx=0 1 ‘
=———sinx
As cotx=2 sin x
S5coty+8=0 _l-sin’x
Scoty=-8 sin x
8 cos’ x
coty=—— =0
4 5 sin x
_ cosXx X oS x
6 a LHS =(tand+cot)(sinf+cosb) " sinx
sin@ cos@ ) . =cosxcotx= RHS
= - (sin@+cos )
cos@ sind
. cotx COS X
sin?@+cos’0 ) . d LHS = -
=| ————— [(sinf +cos ) cosecx—1 1+sinx
cos@sin @
COS X
) ; CcOS X
=| ——— [(sin@ +cos ) = S:uXx -
cos@sin @ I | l+sinx
_ sinf N cos@ sin x
cos@sin@ cos@sinf cos x
1 1 — sin x _ COS X
= T l-sinx ]+sinx
cos@ sind e
=secH+cosecd = RHS
_ _COsx  cosx
cosec x l-sinx l+sinx
b LHS = ; cos x(1+sin x) —cos x(1 —sin x)
cosec x —sin x = ' :
1 (1-sin x)(1+sin x)
—_ sinx _ 2cosxsinx
- S e—
— —sinx 1—s1n.x
sin x _2cosxsinx
! cos’ x
__ sinx ) sin x
.2 =
w COS X
Sin x =2tanx = RHS
1 sin x
E . X . 2
sinx 1l-sin“x
_ 1
l—sin® x
1
cos’ x

(using sin® x+cos’ x =1)
=sec’ x= RHS
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1 1

+
cosecd—1 cosecd+1
_ (cosecd+1)+(cosecd 1)

~ (cosec&—1)(cosecO+1)

_ 2cosecd
~ cosec’ 0-1
_ 2cosect
~ cot’ @
(1+cot” @ = cosec’ )
2 sin” @
sin@ cos’ @
1 sin &

X
cos@ cosl

=2secHtanfd = RHS

=2x

(secd —tan B)(secd +tan )

1+tan’ @

sec’ @ —tan’ @

sec’ 0
_ (I+tan’@)—tan’ 0
B sec’ 6

1

sec’ 6

=cos’ @ = RHS

sin x 1+cosx
+

1+cosx sin x
_sin® x+(1+cosx)’

(14 cos x)sinx

_sin® x+1+2cosx+cos’ x

(14 cos x)sinx
_ 2+2cosx
~ (1+cosx)sinx
(sin2 x+cos’ x = 1)
__2(1+cosx)
B (I+cosx)sinx
2
sin x
=2cosecx = RHS

SolutionBank

b Solve 2cosecx:—i, —2n<x<2n

=

=

NG

2
cosecx =——=

V3
3

sinx =———

Calculator value is —%

(RS

ollo

Solutions in — 2w < x <21 are

T

__’

3

T T T
-n+—,n+—,2n——
3 3 3

TE21£4TI:5_TE

ie. ——,—, —,

33 3 3

8 RHS =(cosecl +coth)’

( 1 cosé jz
+
sin@ sinf

(1+cos )’
sin® @
(1+cos )’
1-cos’ @
(14 cos@)(1+cos )
(14+cos@)(1—cos )

1+cos®&

= LHS

1-cosé@
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9 a secAd=-3, §<A<n,
i.e. 4 is in 2nd quadrant.
As 1+tan”> 4 =sec’ 4
l+tan®* 4=9
tan® 4 =38
tan A = +/8 = £24/2
As A is in 2nd quadrant, tan 4 is negative.

So tan 4= —2\/5

b secA=-3, so COSA:_%

As tan 4 = sin A4

cos 4

202

sinA=cosA><tanA:—§x—2\/_= 3

3 312 32
22 2x2 4
An alternative approach is to use the fact

that cosec’ @ =1+cot* @

So cosec 4 =

cosec2A=1+cot2A=1+l=2
8 8
:>cosecA=ii:i¥

22

T . ..
As 5 < A< m, cosec A is positive, so

32
cosec 4 = T

10 secO=k, k|21
0 is in the 2nd quadrant
= k is negative

a cosf= ! :l
secd k

b Using 1+tan’ @ =sec* 0
tan’ 0=k*—1

¢ tanf=+Vk’ -1
In the 2nd quadrant, tan @ is negative
So tanfd =k’ -1
I 1 __ 1
tand _Jk2-1 Jk*-1

cotd =

d Using 1+ cot” @ = cosec’ §
1 K-1+1 K

cosec’ @ =1+ = =
k* -1 k* -1 k* -1

k
Vi -1
In the 2nd quadrant, cosec@ is positive
k

k-1

So cosecd =+

As k is negative, cosect =—

11 sec(x+%}z2, 0<x<2m
= oS x+E =l, 0<x<2m
4) 2

T o1 1
= x+—=co0s —, 2m—cos —
4 2 2

_4n-3n 20mn-3m
12012
n 17n
12 12

12 arcsin (%) is the angle & in the interval

T T .o 1
——< a £<— whose sine is —
2 2 2

So arcsin (1) _I
2 6

Similarly, arcsin| —— | = -2
2)" 76

(1 . 1 o I
So arcsin| — |—arcsin| —— |=——| —— |=
2 2 6 6
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T
13 seczx—gtanx—2=0, 0<x<2m 15 arctan(x—Z)z—g
= (1+tan2x)—¥tanx—220 S A
= tanzx—ﬁtanx—l=0
3 Ed
(This does factorise!) \
T C
(tanx+£}(tanx—x/§)=0
3
T
= x—2=tan| ——
= tanx:—? or tanx =+/3 * an( 3}
p . = x—2=—\/§
Calculator values are —— and —
6 3 = x=2-3
@ A 5 @ 16
VA
5 ] A o=
5 3
T @ @ c
B ¥y = arccos x
) n St 4n 1ll=n 2
Solution set: —, —, —, — 1
376 3 6
| | 5
14a secxcosecx—2secx—cosecx+2 -1 0 1 = T X
2
=sec x(cosecx—2)—(cosecx—2) -1
¥ =cosx

=(cosecx—2)(secx—1)

17a Asl+tan’x=sec’x
sec’x—tan*x=1

b So secxcosecx—2secx—cosecx+2=0

= (cosecx—2)(secx—1)=0
= (secx—tanx)(secx+tanx)=1
= cosecx=2or secx=1 i
. (difference of two squares)
= sinxza or cosx=1 As tanx+secx =-3 is given,

1 so —3(secx—tanx)=1
sinx=—, 0<x<360° 1
2 = secx—tanx=——
= x=30°(180-30)° 3

cosx=1, 0<x<360°,

= x=0°7360° (from the graph)
As cosec x is not defined for x = 0°, 360°,
the equation is not defined for these
values, so x = 0°,360° are not solutions
So the solution set is: 30°, 150°
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17b secx+tanx=-3

1
and secx—tanx = —5

i Add the equations

10 5
= 2secx=—— = secx=-——
3 3

ii Subtract the equations

= 2tanx:—3—(—lj:_§
3 3

4
= tanx=——
3

¢ As secx and tanx are both negative,
cosx and tanx are both negative.

So x must be in the 2nd quadrant.

o | a
B

Solving tan x = —%, where x is in the

2nd quadrant, gives
x=180°+(-53.1°) =126.9° (1 d.p.)

18 p=secd—tan b, g =secH+tand
Multiply together:
pq = (secd —tan @)(sec 8 + tan 6)
=sec’#—tan’ 0 =1
(since 1+ tan” @ = sec’ 0)

1
= p=—
q

(There are several ways of solving

this problem.)

19a LHS =sec’'#—tan*6
= (sec’ @ —tan” f)(sec’ @+ tan> 6)
=1x(sec’ @+ tan’ @)
(as sec’d =1+tan’ @
=sec’@—tan’ 0 =1)
=sec’ @ +tan’ @ = RHS

b sec’d=tan*@+3tano
= sec'f—tan* @ =3tan b

= sec’@+tan’ @ =3tan 6
(using part (a))

= (I+tan’ @) +tan’ @ =3tan @

= 2tan’ #-3tanf+1=0

= (2tanf-1)(tanf—-1)=0

= tanH:% or tan@d =1

SO

A
(1) C

In the interval —180° <@ <180°

tan6?=l:> 6’=tan_ll,—180°+tan_ll
2 2 2

=26.6°—153.4° (1d.p.)
tanf=1 = O =tan'1,—-180°+tan'1
=45°, —135°
Solution set is:
—153.4°, —135°, 26.6°, 45°
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20a y=sinx
Va

2 :

2=

7.
IO sin xdx represents the area between

. . T
y =sinx, the x -axis andx=5

b y=arcsinx, —1<x<1

Y
x|
2

|

-1 [9] l X

_ 5|

2

1
_[0 arcsin xdx represents the area between

y = arcsin x, the x-axis and x =1

SolutionBank

¢ The curves are the same with the axes
interchanged.
The shaded area in (b) could be added to
the graph in (a) to form a rectangle with

sides 1 and %, as in the diagram.

Area of rectangle =1x r_T
2 2

z, o T
So '[02 sin xdx + '[O arcsin xdx = 5

1 1

X
tan 60° cos 60°
1 1 2

"B B
23
ER

21 cot60°sec 60° =

22a The graph of y=2-3secx is
y =secx stretched by a scale factor 3 in
the y direction, then reflected in the x-axis

0
and then translated by the vector (2]

y

2n

b -1<k<5
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= -1<
23a The graph 0fy=3arcsinx—g is b Let y=arccosx, —1<x<0

=CcosSy=x
'y = arcs11} X s.tretched by a scale factor 3 — sin y = -
in the y direction and then translated by
T
0 As —1<x<0, —<y<m,
the vector | o ‘ _2
3 S0 sin y 1s positive
sin y 1-x°
” =tany = =
. W cosy X
. i
2T for—1£x<0,5<yﬁn
-15 -1 Y 0 0.5 I s ¥ T .. .
S Note that as y > > it is not in
y=3 arcsmx—7

the range of y = arccos x

However, from the tan curve, we know

o that tan(y —m) =tan y

b Curve meets the x-axis when y =0 2

1-x

) n So tan(y—m) =
:>3arcsmx—5=0 X

. T for-1<x<0, —£<y—nS0
:>arcsmx=g 2

We can now use the inverse function

LT
=sin—=x 2
6 I-x
y—m = arctan
1 X
=>x=—
2 1—x?
1 So y = m+arctan
Curve meets the x-axis at (—, Oj X
2 for—-1<x<0
2
24a Let y=arccosx, 0<x<I Thus arccos x = 7t +arctan I-x

=>cosy=x X

=siny=v1-x°

Note that as 0 < x <1, 03y<§,

for—1<x<0

S0 sin y 1is positive

/ 2
Thus tan y = I=x ,
X

which is valid for 0 < x <1

1-x

= y =arctan
X

2

So arccos x = arctan for 0<x<1
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