Pure Mathematics Year 2 SolutionBank

Trigonometry and modelling 7A

1 a i ZFAB=ZCAF+/BAC
=(a-p)+f=a
So ZFAB=a

ii £FAB and £ZABD are alternate angles
so ZFAB = Z/ABD
so ZABD =«
/CBE=90-a,s0 ZECB=90-(90-a)=a

AB
il cosf=—
d 1

So AB =cos f
L BC
IV sinf=—
p 1

So BC=sing

b i ZABD=g¢,sosina =£
AB

As AB = cos g, this gives sina = AD
cos

So AD =sinacos S

BD _ BD
AB cosp
So BD =cosacos S

ii cosa=

c I ZECB=g¢, socosw:E
BC

As BC =sin g, this gives cosa = CE

sin g
So CE =cosasin g
Lo BE BE
i sinag=—=——-
BC sing

So BE =sinasin g

d i sin(a-ﬂ)=%
So FC =sin(a - p)
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1d i cos(a—ﬂ)=%

So FA=cos(a—f)
e 1 The completed diagram should look like this:

cosa sinfy
F Sil‘l((x —ﬁ) C / E

sina sinf?

cos(a - f3) ~00 - «

cos a cos /3

A sine cos 3 D

FC+ CE=AD,so FC=AD - CE
sin(a — f) =sina cos S —cosasin S

ii AF=DB +BE
cos(a— ff) =cosa cos +sinasin 3

sin(A-B)
cos(A-B)
_sin Acos B —cos Asin B
~ cos Acos B +sin Asin B

2 tan(A-B)=

Divide the numerator and denominator by cos A cos B

sin AcosB cos Asin B sinA sinB

_R)_ cosAcosB _ cosAcosB _ cosA cosB
tan(A-B) cosAcosB sinAsinB 1+ sin Asin B

+
cosAcosB cosAcosB cos AcosB

_ tanA-tanB

=—————— asrequired
1+tan AtanB

3 sin(A+B)=sin AcosB-+cos Asin B
sin(P + (—Q)) =sin P cos(—Q) + cos Psin(—Q)
Ascos(—P) =cos P and sin(—P) =—sin P, this gives
sin(P—Q) =sinPcosQ-cosPsinQ
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4 Example: A=60°, B=30°

J3 1

sinA=—, sinB==
2 2

31

sin(A+B)=1 sinA+sinB=—+==%1

This proves sin(A+B) =sin A+sin B is not true for all values.

There will be many values of A and B for which the statement is true, e.g. A=-30° and B =+30°,
and this is the danger of trying to prove a statement by taking particular examples. To prove a
statement requires a sound argument; to disprove it only requires one counterexample.

5 co0s(A- B)©cos.AcosB+sin AsinB
SetA=60,B=60

= cos(#—0)=cosdcosd+sindsind
= cos0=cos’ f+sin* 0
So cos® @ +sin®@ =1 (since cos0=1)

6 a sin(4- B)©sinAcosB-cos AsinB

SetA=Z B=0¢
2
= sin(E—QJssinﬁcose—cosfsinﬁ
2 2 2
= sin(ﬁ—ejzcose
2
since sinﬁzl, cosﬁzo
2 2

b cos(A4- B)©cosAcosB+sin Asin B

SetA=ZX B=¢
2
= cos(f—ej scosﬁcosénsin Esinﬁ
2 2 2
= cos(g—e]zsine

since cosE =0, sin T =1
2 2

. VA . V4 . T
7 sm(x+gj:sm XCOS€+COSXSIn—

B3

=—sinx+1cosx
2 2
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T T . . T
8 0S| X+ = |=c0SXC0S— —sSin Xsin —
3 3 3

1 3

=_-C0SX——sin X
2 2

9 a Using sin(A+ B) =sin Acos B +cos Asin B gives
sin15°cos 20° + c0s15°sin 20° =sin(15° + 20°) =sin 35°

b Using sin(A—B) =sin Acos B —cos Asin B gives
sin58°c0s 23° —cos58°sin 23° = sin(58° — 23°) =sin 35°

¢ Using cos(A+ B) =cos Acos B —sin Asin B gives
€0s130°c0s80° —sin130°sin80° = cos(130° +80°) = cos 210°

d Using tan(A—B)EM gives
1+tan Atan B

tan 76°—tan45° _ tan(76° —45°) = tan 31°

1+ tan 76°tan 45°

e Using cos(A—B)=cos AcosB+sin Asin B gives
€0s 26 cos @ +sin 26sin @ = cos(260 —6)=cos o

f Using cos(A+ B) =cos Acos B —sin Asin B gives
c0s46cos30—sin40sin 30 =cos(46+30) =cos 76

g Using sin(A+ B) =sin Acos B+cos Asin B gives
sin6cos230+cosifsin216=sin($6+210)=sin30

h Using tan(A+ B)EM gives
1-tan AtanB

tan20+tan3¢ _ tan(26 + 36) = tan 50

1-tan20tan 360

i Using sin(P—Q) =sinPcosQ—cosPsinQ gives
sin(A+ B)cos B —cos(A+ B)sin B ssin((A+ B) - B) =sin A

j Using cos(A+B)=cos Acos B —sin AsinB gives

COS(3x+ 2yjcos(3x—2yj_sin(3x+ZyJSin[Sx—Zyj _ cos (3x+2yjj{3x—2y}
2 2 2 2 2 2

)
= C0S ? = C0S3X
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10a Use the fact that i = cos% = sin% to write

V2
i(sin x+cosx):isin x+icosx=sin xcos£+cosxsin£:sin(x+£j
J2 V2 J2 4 4 4
or
i(sin x+cosx):icosx+isinx:cosxcos£+sin xsinE:cos(x—Ej
2 2 2 A 4 4
b Use the fact that i=cos£=sinE to write
2 4 4
i(cosx—sin X) =:icosx—isinx=cosxcosz—sin xsinzzcos(x+zj
72 2R 4 4 4
C Use the fact that 1=cos£=sinE and ﬁzcos£=sin£ to write
2 3 6 2 6 3

l(sin x+\/§cosx) =lsinx+£cosx=sin XCOS ~ +cos Xsin = = sin x+£)
2 2 2 3 3 3
or

3

1, . 1. T . . T T
= (sin X + /305 X) == = €OS X + = SiN X = COS X COS — +SiN XSin — = coS| X ——
2 2 2 6 6 6

d Use the fact that i = cos% = sin% to write

J2
i(sinx—cosx) —isin x—icosx—sin xcosE—cosxsinE—sin(x—Ej
2 2 J2 g A A

11 cosy =sin(x+Y)
= COSY =SINXC0S Y+ CosS Xsiny
Divide throughout by cos xcos y

90571 _SinXM+Msiny
COSXCO8Y  COSXCOSY  £osX cosy

= secx=tanx+tany

= tany=secx—tanx

12 As tan(x—y)=3
tanx—tany _3
1+tanxtany
= tanx—-tany=3+3tanxtany
= 3tanxtany+tany=tanx—-3
= tany(3tanx+1)=tanx-3
tanx—-3

= tany=———
3tanx+1
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13 sin x(cos y +2sin y) =cos x(2cos y —sin y)

= SINXCO0S Y+ 2sin Xsin y =2C0s XCOS y —C0S Xsin y
Sin XCOS y + C0S XSin y = 2(C0s X c0s y —sin xsin y)
sin(x+y) =2cos(X+Y)
sin(x+Y) 9
cos(X+Y)
tan(x+y)=2

U Uy

J

1l4a tan(x—45°) = %

tanx—tan45° 1

l+tanxtan45°® 4
= 4tanx—4=1+tanx (as tan45°=1)

= 3tanx=5

5
= tanx=—
3

b sin(x—60°) =3cos(x+30°)
= sin xco0s 60° —cos xsin 60° = 3cos xcos 30° —3sin xsin 30°

= 1sin x—ﬁcosx:%cosx—Esin X
2 2 2 2

— 4sinx = 4/3cos x
sinx 4\/5

cosx 4
= tanx:\/§

c tan(x—60°)=2
tan x —tan 60°

1+ tan x tan 60°
tan X—\/§
= 1++/3tan x
— tanx—+3=2+23tanx
= (2B-Dtanx=—(2++3)
C(2+B8) _ (2+B)(23+1)
2J3-1  (2V3-1)(23+1)
_8+5\/§

11

=2 (as tan60°=+/3)

= fanx=
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15 tan(x+£j:l
3 2

tanx+tang 1
l-tanxtani 2
M:l (tanzz\/gj
1-Btanx 2 3
— 2tanx+2+/3=1-+3tanx
— (2+B)tanx=1-23
1-2V3 _ (1-2V3)(2-3)
2443 (2++/3)(2-3)
=2—4J§;J§+6=8_5J§

= tanx=

16 Write 0 = 6?+2—n _2_n and 0+4_n: 9+2_“ +2_“
3 3 3 3 3
Now use the appropriate addition formulae for cos

2n 21 271 2t . 2n) . 2®;

cos|| 0+— |—— |=cos| @ +— |coOS— +SIn| @+ — [sin—
([ 3 ] 3 J ( 3 j 3 [ 3 J 3
cos 0+E +2—n =CO0S 6?+2—7E cosz—n—sin 6?+2—n sinz—n
3 3 3 3 3 3

Now add up all terms
cos¢9+cos(0+2?nj+cos(0+%nj

= COS 0+E _an +CO0S 9+2—n +COS 9+2—n +2—n
3 3 3 3 3
21 2T . 2w ) . 2% 27 27 27
zcos(0+—jcos—+sm(0+—jsm—+cos(9+—j+cos(0+—jcos—
3 3 3 3 3 3 3
—sin[f)+2—“jsin2—7t
3 3
=2C0S 6?+2—7t cosz—n+cos 0+2—n
3 3 3
1

=0as cosﬁ=——
3 2
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Challenge
ai Area= %absinezéx(ycos B)(sin A)

= % xysin Acos B

ii Area= %absin0=%y(xcos A)(sin B)
:%xycos AsinB

1., . 1 .

Il Area = Eab5|n¢9=5xy5|n(A+ B)

b AreaT +T,= AreaT + AreaT,
:>%xysin(A+ B) =%xysin AcosB +%xycos Asin B

= sin(A+B) =sin Acos B +cos Asin B
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