Pure Mathematics Year 2

SolutionBank

Trigonometry and modelling 7D

1 a 3cosé@=2sin(€+60°)

= 3cosd =2(sin & cos 60°+ cos &sin 60°)
= 3c0s0=2(%sin€+§cos€j =sin€+\/§cos€

= (3—ﬁ)cose=sin6’

= tanf=3—-+/3 =1.2679... (as tan @ = sme]
cos@
As tan @ is positive, @ is in the first and third quadrants

0 =tan (1.2679), 180°+tan"' (1.2679)
6= 51.7°, 231.7°

b sin(@+30°)+2sind=0

= sinfcos30°+cos@sin30°+2sind =0

B3

= 7sin6’+%cos€+25in¢9=0

= (4+\/§)sin¢9=—cosﬁ
1

443

As tan @ is negative, @ is in the second and fourth quadrants

(s) A

= tanf=-

T ©

1 1
f=tan'| — +180°, tan™'| ———— |+360°
[ 4+\@J [ 4+\Bj

0=170.1°, 350.1°
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1 ¢ cos(@+25°)+sin(8+65°) =1
= ¢c0sHcos25°—sin@sin 25°+sin @ cos 65° + cos @sin 65° =1
As sin(90 — x)° =cos x° and c0s(90 — X)° = sin X°
€0s25° =sin 65° and sin 25° = cos 65°
So cos@sin 65° —sin @ cos 65°+sin #cos 65° + cos Isin 65° =1

= 2c0sfsin65°=1

= cosf= =0.55168...

2sin 65°

0 = cos ™' (0.55168), 360°—cos ™' (0.55168)
0= 56.5°, 303.5°

d cos@=cos(8+60°)

= co0s@ =cos@cos60°—sindsin 60° =%cos9—73sin9

= cos@=-+/3sinb
= tan6’=—L (as tan @ = smﬁj
3 cosd

As tan@ is negative, @ is in the second and fourth quadrants

(s) A

T ©

6 =tan™ (—L] +180°, tan™' (—Lj +360°
3 3

0 =150.0°, 330.0°

2 a sin 6’+E Esint9cos£+cos6'sinE
4 4 4

Eisin6’+icos¢9£L(sin9+cos¢9)

2 J2 2
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1 1
2 b —Ginf+costd)=—
NED =7

:>sin£¢9+£j—L
4) 2
Find all answers for 0+%. As 0<6<2m so %SH+%SZTE+%

3z 97

9+£:£7_’_5
4 44 4

SO 6’=0,£,2;z
2

c As sin(0+§J=L(sin0+cose)

N

When sin@+cosf =1

sin(¢9+£]—L
NG

S0 0=0,% 21
2

3 a cosf@cos30°-sindsin30°=0.5

= co0s(f+30°)=0.5
= 6+30°=60° 300°
= 6=30° 270°

b cos000s30°—sin6’sin30°Ecos€><73—sin6?><l

So cos@cos30°—sin@sin30° = % 1s identical to \/gcos 0—-sind =1

Solutions are same as (a), i.e. 30°, 270°

4 a 3sin(x—Yy)—sin(Xx+Yy)=0
= 3sinXcosy—3cosXsiny—sinXcosy—cosXxsiny =0
= 2sinXcosy =4cosXsiny

2sinXcosy 4cosXxsiny
COSXCOSY  CcOsSXcosy

2sinX _4siny
cosX  cosy

=

= 2tanX=4tany

b Puty=45° = tanx=2
Sox=tan"'2, 180°+tan"' 2
X =63.4°, 243.4° (1d.p.)
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5 a sin20=sinf, 0<0<2n
= 2sinfcosf =sinf
= 2sinfcosf—sin@ =0
= sinf(2cosf—-1)=0

1

2

T

= sin@ =0 or cosf =

Solution set: 0, E, T, 5—, 2n
3 3
b cos20=1-cosf, —180°< @ <180°
= 2cos’@—1=1-cosd
= 2cos’@+cosf-2=0

“1+17
4

= cosf=

N —1—4\/ﬁ

(using the quadratic formula)

—1+417

< —1, this gives the only solution as cosd = — " 0.78077...

As cos@ is positive, 8 is in the first and fourth quadrants
Using a calculator cos™ 0.78077 =38.7° (1 d.p.)
Solutions are +38.7°

c 3cos20=2cos’d, 0<6<360°
= 32 cos’ 0-1)= 2cos’ 0
= 6cos’0-3=2cos*
= 4cos’0=3
= cos29=g = cos@ziﬁ

4 2

6 will be in all four quadrants.

Solution set: 30°, 150°, 210°, 330°

d sin40=cos20, 0<6O<nmn

= 2sin2@cos26 = cos26
= co0s20(2sin260-1)=0

= c0s20 =0 or sin20=%

cos20=01in 0<20<2=n

= 20=£, 3n = =£, 3n
272 4" 4
sin2¢9=%in 0<20<2n
= 20=£, o = 0=£, o
6 6 12" 12
. T wm St 3m
Solution set: —, —, —, —
12" 4 12 4
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5 e 3cos€—sin§—l=0, 0<60<720°
= 3(1—25in2g)—sing—1=0
2 2

= 6sin2§+sing—2=0

= (3sing+2j(25in€— ): 0
2 2
2

g 1
- SiIn—=—— 0r SiIn—=—
2 2
sm—:l inOSgS360°
2 2 2
- gzgoO, 150° = 6 =60°, 300°

sin—=—z in OSQS36O°
2 3 2

S A

(R
QARG

= §=180°—sin‘1 (—%) 36O°+sin‘1(—§j= 221.8°, 318.2° (1 d.p.)
— 0= 443.6°, 636.4°
Solution set: 60°, 300°, 443.6°, 636.4°

f cos®@—sin20 =sin’ 0, 0<O<n
= cos’ @—sin’ #=sin26
= c0s26 =sin26

= tan260 =1 (divide both sides by cos26)
tan20=1in 0<260<2xn

20=1, 2"
4 4
:G:E,S—E
8 8
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5 g 2sinf=secld, 0<6<2n

= 2sinf =

cos @
= 2sinfcosf =1

= sin260=1
sin20=11in 0<20<4n

= 20:5, o
202

= 6’=E, 5—7[
4 4

h 2sin26=3tand, 0<60<360°
3sin@

cos @

= 4sinfcos* @ =3sin
= sin@(4cos’@-3)=0

= 4sin@cosl =

= sinfd=0or c052¢9=%
sind=0 = 6=0° 180°
00320=% :cos@zi? = 6= 30°, 150°, 210°, 330°
Solution set: 0°, 30°, 150°, 180°, 210°, 330°
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5i 2tan@=+3(1-tanO)(1+tand), 0<O<2n
= 2tan6’=\/§(1—tan29)
= x/gtan26?+2tant9—\/§=0
= (V3tan@-1)(tanO++3)=0

1
= tanf=—— or tanf = —/3
NE)
1
tanfd=—, 0<0<2n
NE)

O,

(1) c

= 6’=tan_1L,n+tan’L—£, —
3 367 6

tant9=—\/§, 0<0<2n
(5 | a
T ©

2t Sn

= 9: +t ! —\/§ 5 2 + t. ! _\/g =" —

ertan (). 2ntan (3)= 25, 2
. Tt 2n Tn Sm
Solution set: —, —, —, —
6 3 6 3
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5 j sin’@=2sin20, —180°<H<180°
= sin’@ =4sinfcos b
= sinf(sin@—-4cosf)=0
= sin@=0or sinfd =4cosd
= sinfd=0or tand =4
sind=0 = 6= 0° 180°
tand=4 = O=tan'4, —180°+tan ' 4= 76.0°, —104.0° (1 d.p.)

¥
(1) C

Solution set: —104.0°, 0°, 76.0°

k 4tan@=tan26, 0<6<360°
2tand
1—tan” @

= 2tan@(1—tan’ @) = tan @
= tanf(2-2tan’ H-1)=0
= tand(1-2tan’H)=0

= 4tanl =

= tand=0or tan0=i\/g
tand=0 = = 0° 180°

tan @ = i\/I
2

= 0= 35.3° 144.7°, 215.3°, 324.7°
Solution set: 0°, 35.3°, 144.7°, 180°, 215.3°, 324.7°
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6 Sketch A ABC

A Scm C
4sin26 =5sin @

= 8sinfcosd =5sind

= 8sinfcosd—5sind =0
= sinf(8cosfd—-5)=0
=sinfd =0 or cos«9=§

As ABC is a triangle, 0 < 8 <90°, so @ =0° or 180° are not possible solutions.

So @ =cos™ (%) =51.3°(1d.p.)

7 a As 5sin20=10sin8cosd
5sin260+4sin@ =10sinfcos@+4sinfd =0
2sin@(5cos@+2)=0

Soa=2,b=5andc=2
b 2sinf(5¢c0s0+2)=0, 0<6<360°
=sinf =0 or cosz9=—%
sind=0 = #=0° 180°
2 -1 2 o -1 2 o o
oS 6’=—§ = 0 =cos 5 , 360°—cos 3 =113.6°, 246.4° (1 d.p.)
Solution set: 8 =0°, 113.6°, 180°, 246.4°
8 a As sin26 =2sinfcosé and cos26 =1-2sin’ @
sin 260 +cos26 =1
= 2sinfcosd+(1-2sin’*0) =1

= 2sinfcosd—2sin’ =0
= 2sinf(cosf—sinf) =0
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8 b 2sinf(cosf-sin@)=0, 0<6<360°

=sind =0 or cosd =sinf
sinfd=0=6=0°, 180°
cosfd =sinfd = tanfd =1= 6 =45° 225°
Solution set: 8 =0°, 45°, 180°, 225°

9 a LHS =(cos20-sin26)’
= cos’ 26 —2sin 26 cos 260 +sin” 26
= (cos’ 26 +sin’ 26) — (2sin 20 cos 26)
=1-sin4f  (sin’ A+cos’ A=1, sin2A=2sin Acos A)
= RHS

. 1 . .
b You can use (cos 26 —sin 20)’ = 5 but this also solves the equation

c0s260—sin260 = —L

V2

so you need to check your final answers.
As (cos26 —sin20)* =1-sin46

= lzl—sin40
2

= sin46?=l

0<f<m, s0 0<40<4n
n St D 17

= 40=—, —,
6 6 6 6

_x St B 1
24° 247 247 24

b

Checking these values in cos26 —sin26 = L eliminates 5—7[, 13n

2 24 24

1
which apply to cos260 —sin20 = ———
pply NG
17w

. i3
Solutions are —, —
24" 24

© Pearson Education Ltd 2017. Copying permitted for purchasing institution only. This material is not copyright free. 10



Pure Mathematics Year 2 SolutionBank

2tan 4
1+tan’ ¢
2tan4

sec” ¢

10a i RHS =

in @
2sin§

Zxcos’ §
cos?

=2sin4cos4
=sind  (sin2A=2sin Acos A)
= LHS

2
cos” 4

. 2 ]

. sin” ¢
=cos’ £ —sin’ ¢ (tan2 £= 2 J
=cosd (cos2A=cos’> A—sin® A)

= LHS
b Let tangzt

i sin@+2cosf=1
2t 2(1-t?
e (1+t2)=
= 2t+2-2t7 =1+t’
= 3t°-2t-1=0
= Gt+)(t-1)=0

1

= tangz—l or tangzl, Osgs 180°
2 3 2 2

tang=1 = Q=450 = 6=90°
2 2
tangz—% = §=161.56° = 6=323.1°(1d.p.)

Solution set: 90°, 323.1°
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10b ii

3cosfd—-4sinfd=2
31-t%) 4x2t
2 2 =2
1+t 1+t
= 3(1-t*)-8t=2(1+1%)
= 5t2+8t—-1=0
t_—SJ_n/ﬁ

10

For tangzM OS%SISO"

10
0
5= 6.65° = 6=13.3°(1d.p.)

~8—/84 0

0<—<180°
10 2

For tan Q =
2

g =120.2° = §=240.4°(1dp.)

Solution set: 13.3°, 240.4°

11a RHS =1+2cos2x

=1+2(cos” X—sin” X)

=142cos’ x—2sin’ X

=cos’ X+sin’ X+ 2cos” X—2sin’ X
=3cos’ X—sin® X

= LHS

(using sin’® X+cos” X =1)
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11b y=3cos*x—sin’ X is the same as y = 1+2cos2X
Using your work on transformations, this curve is the result of
(i) stretching y = cos X by scale factor § in the X direction, then
(i1) stretching the result by scale factor 2 in the y direction, then

(iii) translating by 1 in the positive y direction.

Va
3

The curve crosses Yy-axis at (0, 3). It crosses X-axis where y =0

i.e. where 1+2cos2x=0 —nt<X<m

= cos2x=—% —2n<2Xx<2n

@ A

|3 [

4 2m 2n 4n

So2x=——, ——, ,
3 3 3 3
2 T W 2n

= X:——, Ty s T
3 33 3

The curve meets the x-axis at —E,O s —E,O , E,O , 2_71:70
3 3 3 3

12a C052§_1+cos€ Sinzg_l—cosﬁ
2 2 2 2

So 2coszg—4sin2§=(1+cos€)—2(1—cos9)=3cos<9—1
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12b 3cos@-1=-3, 0<6<360°
= 3cosfd=-2

2
= cosf=——
3

As cos @ is negative, @ is in second and third quadrants.

Calculator value is cos™ (—%) =131.8°(1d.p.)

@ A

48.2°
48.27

(1) «

Solutions are 131.8°, 360°—-131.8°=131.8°, 228.2° (1 d.p.)

13a As sin’ A+cos” A=1s0 (sin® A+cos’ A)’ =1
= sin* A+cos* A+2sin’ Acos’ A=1

= sin* A+cos* A=1-2sin* Acos® A
El—%(4sin2 Acos’ A)

=1 —%((2sin Acos A)2)

El—lsin22A
2
=l(2—sin22A)
2
b As cos2A=1-2sin* Aso cos4dA=1-2sin’2A so sinQAs#
= from (a) sin* A+cos4AE%(2—%j E%(W)Ei(3+cos4A)
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13¢  Using part (b)
8sin* @+8cos* 0=7

= 8xi(3+c0s46’)=7
7
= 3+cosd40=—
2
1
= cosd4l0=—
2

Solve cos4¢9=% in0<40 <4n

_ 4p-F n Tn llm
373 3 3
o osn o7 Ui
127127 127 12
14a cos360 =cos(20+6)=cos20cosf—sin26sinf
= (cos’ @ —sin’ @) cos @ —(2sin Hcos H)sin O
=cos’ @ —sin” @cos@—2sin’ Hcos O
=cos’ #—3sin’ Ocos
=cos’ @—3(1—cos’ #)cos b
=4cos’ @—3cosb

b 6cos@—-8cos’d+1=0, 0<O<m

—=1=8cos’@—6c¢cosb

:>4cos3¢9—3c0s9=%

= cos30 = %, 0<30<3n  using the result from part (a)
So39=X 2% 1
333
= 0:2,5_71:,7_7[
99 9
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