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Trigonometry and Modelling 7F

cos2A4
cos A+sin 4
_ cos® A—sin® A
~ cosA+sin A
_ (cos A+sin A)(cos A—sin A)

cos A+sin A
=cos A-sin A= RHS

1 a LHS®©°

b LHS Es!nB_cosB
SinA CcosA

_sinBcos A—cosBsin A
- sin Acos A
sin(B-A)
1(2sin Acos A)
_2sin(B-A)
~ sin2A
= 2cosec2Asin(B—-A) = RHS

~ sin20
_1-(1-2sin* )
~ 2sinfcosd
_ 2sin*@

~ 2sindcosd
_sin@

" cos6
=tanfd = RHS

sec’q
1-tan’q
_ 1
~ cos® O(1—tan® 0)

=2
1 [as tan® @ = 21 0)

d LHS °

~ cos?O—sin? @ cos? 6
1

cos 20
=sec20 = RHS
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1 e LHS ©2(sin*gcosqg+cos’gsing)
© 2singcosg(sin® g + cos® q)
©sin2g  (since sin®g+cos*g °1)
© RHS

f LHS o M - M
sing  cosq
o Sin3gcosqg - cos3gsing
singcosqg
o Sin(3g-g)
3sin2q

sin2qg
2sin2q
©2° RHS

o

g LHS ©cosecq-2cot2gcosqg

©cosecq - 2_0932(/ cosq
sin2g
© cosecq - 2c932qcosq
2singcosqg
o 1 cos2q
sing sing
o 1-cos2q
sing
o1-(1-2sin’q)
sing
o 2sin*g
sing
©2sing° RHS
h LHS oSecqg-1
secg+1
o ﬁg B
wsg +1
o 1-cosq
1+cosqg

HY)
o 1—(1— 2sin g)
1+(2cos* 4 - 1)
o 2sin’¢
2cos” 4

o tanzgo RHS
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1 i LHS ©tan(2-x)
o tan® -tanx
1+tan®tanx
ol-tanx
1+tanx
1 - sinx

o COSx
1+ oer
o COSx - Sinx
COSx +Sinx
o €0s” x +sinx - 2sinxcosx
cos’x -sinx
1-sin2x
o= _>"%2 0 RHS
C0S2x

(multiply 'top and bottom' by cosx - sinx)

2 a LHS ©sin(A4+60°)+sin(A4-60°)

O sin Acos60° + cos 4sin60° + sin 4c0s60° - cos Asin60°
© 2sin 4co0s60°

Osin4 (since c0s60° = %)
© RHS

b LHS o0C0s4 sin4

sinB cosB
o €0s AC0s B -sin Asin B
sin Bcos B
o C0s(A+ B)
sin Bcos B
© RHS

¢ LHs o3N*y)
COSxCOS y
o SinxCos y +cosxsin y
COS X COS
o Sinxcosy N cosxsiny
COSXCOSy COSxXCOSy

oSinx  siny

CoSx COSy
Otanx+tany
© RHS
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2 d LHs 0S80ty
Sinxsiny
o C0S(x + y) +sinxsiny
sinxsiny
o COSXCOS y - sinxsiny +sinxsin y
sinxsiny
o COSXCOS y
sinxsiny
©cotxcot y
© RHS

e LHS zcos(q+3] +\/§sinq
3
scosqcos%—sinqsin%+\/§sinq

cosg - %sincﬁ «/C—Ssinq

Il
N |-

N | S

sinq+%cosq

p p [ p_3 1)

=singcos—+cosgsin— | cos—=—,sin—=—=
9 6 9 6L 6 J

©

2 6 2

ssin[q+%) (sin(A+B))
= RHS

cos(A+ B)
sin(4+ B)
o €0S.AC0s B - sin Asin B
sin Acos B +cos Asin B
cos Acos B _sin 4sin B

o SindsinB sinAsinB (qiyiding top and bottom by sin 4sin B)
sin 4c0s B, cos 4sin B

sinA4sinB  sin 4Asin B
o cotAcotB-1
cotA+cotB

f LHS ©cot(4+ B)°

RHS
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2 g LHS ©sin®(45° +g) +sin’(45° - q)
O (sin45°cosq + cos45°sing)’ + (sin45°cos g - cos45°sing)?
© (sin45°cosqg +sin45°sing)” + (sin45°cosg - sin45°sing)”  (as sin45° = cos45°)
o (sin45°)2((cosq+sinq)2 +(cosq - sinq)z)

o %(coszq+ 2singcosqg +sin’ g + cos® g - 2singcosq +sin® q)

°%(2(sin2q+ cos’ q))

O%’Z (sin g +cos’ g ©1)
°1

© RHS

Alternatively as sin(90° - x°) © cosx®, if x = 45° + g° then sin(45° - g°) © cos(45° + ¢°)
and original LHS becomes sin®(45+ g)° +cos®(45+ g)°, which = 1

h LHS ©cos(4+ B)cos(A- B)
© (cos Acos B - sin Asin B)(cos Acos B + sin Asin B)
© cos® Acos® B - sin® 4sin® B
© cos® A(1-sin® B) - (1-cos’ 4)sin’ B
© cos® 4 - cos® Asin® B -sin® B+ cos’ 4sin® B
©cos® 4 -sin’ B
© RHS

3 a LHS ©tang+cotg
o Sing L cosg
cosqg sing
o sing+cos’q
singcosq
O# (sing+cos’g°1)
2singcosq
o 2
sin2g
© 2cosec2g© RHS

b Use g=75°
P tan75°+cot75° = 2cosec150°=2"

1 _,-1
sin150° 3
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4 a sin30=sin(20+ ) =sin 26cos @+ cos20sin &
© (2singcosg)cosg + (cos’ g - sin*g)sing
© 2singcos’ g +singcos’ g -sin’q
© 3singcos’ g -sin’q

b c0s3g © cos(2g +q) © cos2gcosq - sin2gsing
© (cos’ g - sin” g)cosq - (2singcosg)sing
© cos®q - sin®gcosq - 2sin® gcosq
© cos’g - 3sin®gcosqg

sin3g , 3singcos’g-sin’q
cos3g cos’q - 3sin*gcosq
3singcos’ g -sin’g
o cos’q

cos’ g - 3sin®gcosq

cos’q

3sing sin’q
o_C0sg _cos’g

cos’q 3sin’g

cos’q cos’q
o 3tang-tan’q
1-3tan’q

c tan3ge°

d Sketch the right-angled triangle containing g

3 2,2

/0\ [

1

This shows tang = 2\/5

3(2\/5)-(2‘/5)3 _6v2-16v2 _-10V2 _ 102

So tan3qg = >
1- 3(2\/5) 1-24 -23 23

5 a i Using COSZAOZCOSZA—lWithA=§

b cosx® Zcoszg—l

b Zcoszg O©1+CoSx

b cos?to 1+cosx
2 2
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5 a ii Using cos24°1-2sin’ 4

b cosx©1- Zsinzg

b 2sin? 201 COSx

b sin? X o 17C0Sx
2 2
. . . l+cosqg _16 4
b i Using (a) (i) cos?L=21589 22 _gg-2
g (a) (i) > > 5 c

q_2_2\/§[q ]

= C0ST=—(==—— |as < acute
2 J5 5 2
. . iy 1-cosqg _04 1
i Using (a) (ii) sin?Z = =="_-p2==
g (a) (ii) > > 5 c
P sinc—7: 1:ﬁ
2 5 5
.. g _sin¢ V5. 1
iii tan< = _¥5. 5 1
2 cos? 5 25 2

¢ Using (a) (i) and squaring

oA _(1+ cosA)’ 1+2c0sA+cos? 4
T2 ) F 4

but using cos24 = 2cos® 4 -1 gives

COoS" —

cos® A= 1(1+ cos2.A)

24 _ 1+2cos 4+ %(1+cos24) 2+4cosA+1+c032A 3+4c0sA+cos2A4

So cos =
2 4 8 8
2
+
6 LHS =cos*g=(cos’q)’ = {%\
1 2
EZ(1+ 2C0S2q +C0s° 2Q)
1 1 1(1+cos4q)
=—+-00s20+~| ——
4 2 4 2
1 1 1 1
=—+—-00s2g +—+—-cos4
4 2 7 8 8 d
3 1
E§ Ecoqu+ cos4q RHS
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7 sin®(x+y)-sin*(x - y) @ [sin(x + y) +sin(x - y)][sin(x + ) - sin(x - )]
=[sin x Ccos y +€0s XSin y +Sin X c0s y —cos Xsin y][sin xcos y +cos xsin y —(Sin X cos 'y —cos xsin y)]

=[2sin xcos y][2cos xsin y]
=[2sin xcos x][2cos ysin Y]
=sin2xsin2y

8 Let cos2qg - \/§sin 2g © Rcos(2g+a) © Rcos2gcosa - Rsin2gsina

Compare cos2q: Rcosa =1 1)
Compare sin2q: Rsina = J3 (2)
Divide (2) by (1):

tana:«/g = a:%

Square and add equations:
R*=1+3=4 = R=2

So cos2q - «/§sin 2q= Zcos(Zq + %)

9 4cos[2q— %j = 40052qcos% +4sin 2qsin%
o 2\/§0032q+ 2sin2q

o 2«/5(1— Zsinzq) +4singcosq
©2./3 - 4/3sin?q + 4singcosg

10a RHS z«/Esin(q+%j

- . p)
= \/Ekschosz+ cosqstJ

E\/E(Sin i+cos xi\
L qx\/} q \/EJ
=sing +cosq
= LHS
(. p)
b RHS =2sin| 2g-+
smL q 6}

= Z{Sin 2qcos% - C0S 2qsin%]

( )
ZLsin 2q x ﬁ - C0S2g x 1}
2 2

J3sin 2q - cos2q
= LHS
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Challenge

1 a cos(A+ B)-cos(A4- B)© cosAcos B -sin Asin B - (cos Acos B +sin Asin B)
O -2sinA4sin B

b LetA+B=PandA-B=Q
Solving simultaneously gives
2A=P+Q
P+Q
2

A=

and
2B=P-Q
g-"—Q
2
Substituting these into the identity from part a gives

cosP—cosQz—25in(PZQj3in(P;Qj

¢ Rearranging the identity from part a to give sin AsinB© - %cos(A +B)+ %COS(A - B)
. 3 3
3sinxsin7x © - Ecos(x +7x)+ Ecos(x -7x)
o- EcosSx + §cos(—6x)
2 2
3 3
o- Ecos 8x + Ecos(Gx) (as cos(-x) © cosx)

o- g(c058x - €0S6x)

2 a sin(A+ B)+sin(A- B)©sin Acos B +cos Asin B+ (sin Acos B - cos Asin B)
O 2sin Acos B
LetA+B=PandA-B=Q
Solving simultaneously gives
2A=P+Q
P+Q
2

A=

and
2B=P-Q
B-"—Q
2
Substituting these into the equation for sin(A4+ B) +sin(4 - B) gives

sin P+sinQ525in(P;Qjcos(P_Q)

2
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11p P+Q 5p P-0

2 b Let
24 2 ‘24 2
22p 10p
=T -p+ =pP-
24 o ©
Solving S|multaneously gives:
op=32P p_16p
24 24
and
12p 6p
2 =—
0= 24
11 (p)_V3, V2 _+V3+42
So 25|n ——sm +5sin =sin +sin —+—
L24J kz4J ksJ )" 2727 2
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