Pure Mathematics Year 2 SolutionBank

Parametric equations 8A

1 a x=¢-2 d x=2r+1
SO t=x+2 1 -1
@ S0 t=2— 1)
y=t+1 (2) 2
Substitute g 1) into (2): y= 1 @)
y=(x+2)"+1 t
P dxt 44l Substitlllte (1) into (2):
Ly=xT+4x+5 V="
2
x=t-2,-4<t<4 )
So the domain of f(x) is -6 < x < 2. y:E

y=t"+1, —4<t<4
So the range of f(x) is 1< y <17.

x=2t+1,t>0
So the domain of f(x) is x > 1.

b x=5-¢ 1
sot=5-x 1) y=;,t>0
y=t'-1 (2) So the range of f(x) is y > 0.
Substitute (1) into (2):
y= G-l e ro—L
=25-10x+x" -1 =2
o y=x*—10x+24 s0 1-2=1
X
x=5-t,teR t=2+l 6}
So the domain of f(x) is x € R. X
y=t' (2
y=t'-1,teR Substitute (1) into (2):
So the range of f(x) is y > -1. ( 1)2
y=|2+—
X
¢ x=1 (2x+1)2
t y:
1 X
SO t=— Q)]
X
1
y=3—¢ (2) XZB,[>2
Substituice (1) into (2): So the domain of f(x) is x > 0.
y=3-—
* y=t>,1>2
1 So the range of f(x) is y > 4.
X:;, t#0

So the domain of f(x) is x # 0.

y=3—-t,1t#0
Range of f(x) is y # 3.
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=L o
X

1
=— 2
y=r7 @
Substitute (1) into (2):
1

y:
LI

x=L, t>2
+

So the domain of f(x) i1s 0 < x <%

1
=—t>2,1t>2
TS

So the range of f(x) is y > 0.

2

a i

i

SolutionBank

x=2In(5-1¢)
1

—x=In(5-1¢
2x n(5—-1)

e =5—¢
Sot=5-¢"
Substitute £ =5-¢”" into y=£>—5:

y=(5-¢")-5
—25-10e*" +¢* -5
—20-10e”" +¢°

x=2In(5-1¢), t<4
Whent=4, x=2Inl1=0
and as ¢ increases 2In(5—¢) decreases.

So the range of the parametric function
forxis x>0.
Hence the Cartesian equation is

y=20-10e"" +¢*, x>0

y=t"-51t<4
y=t>—5 is a quadratic function with

minimum value —5 at = 0.

So the range of the parametric function
foryis y>-35.

Hence the range of f(x) is y > -5.

x=In(t+3)
e =t+3
e —-3=¢

Substitute £ =¢* —3 into y=L:
t+5

_ 1 1
e"—3+5 e +2

y

x=In(+3),t>-2
Whent=-2, x=Inl=0
and as 7 increases, In(z+3) increases.

So the range of the parametric function
forxis x>0.
Hence the Cartesian equation is

1
= , x>0
e +2
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2 b ii

ii

1
= t>-2
Y t+5
When ¢t = -2, y:%

) 1
and as ¢ increases, —5 decreases
t+

towards zero.
So the range of the parametric function

1
foryis 0<y<§

1
Hence the range of f(x) is 0< y < 3

x=¢

Soy=¢"=(e') =x

(Note that since y is a power of x
there is no need to substitute for .)

x=¢,teR

The range of the parametric function
forxis x>0.

Hence the Cartesian equation is

y=x,x>0

y=e", teR

The range of the parametric function
foryis y>0.

Hence the range of f(x) is y > 0.

SolutionBank

3ax:\/;

sox’ =t
Substitute ¢ = x* into y=#(9—1):
y=x"(9-x%

=9x? —x*

x=+/t, 0<t<5

The range of the parametric function
for xis 0<x <A/5.

Hence the Cartesian equation is
y=9x> —x*, 0<x<+5

y=t(9-1), 0<t<5
Whent=0,y=0;

when =35,y =20;

and y =1(9—1t) is a quadratic function

with maximum value % at 1 = %

So the range of the parametric function

foryis OSyS%

Hence the range of f(x)is 0< y < %

44|9°
1
—_
o
(g
=
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4

a

i x=2*-3
x+3=2¢
x+3=t2

2

+ x+3 iy
2

Take the positive root since ¢ > 0.

+3
Substitute t=,/x2 into y=9—1¢*:

2
x+3 x+3
=9_ -9_

_18—-x-3 15-x
2 2

The Cartesian equation is y = 175 —%x

ii x=27-3,1t>0

2t* -3 is a quadratic function

with minimum value —3 at # = 0.
The range of the parametric function
for x is x > -3.

Hence the domain of f(x) is x > -3.

y=9-1>,t>0

y=9—¢" is a quadratic function

with maximum value 9 at 7 = 0.

So the range of the parametric function
foryis y<9.

Hence the range of f(x) is y <9.

il

i

x=3t-1

x+1=3¢

x+1

=t
3

) +1 .
Substitute t=xT nto

y=(t=1)t+2):

x+1 x+1
v=(X _1j[ : +zj
[ x+1=-3\(x+1+6
RNE J( 3 j
[ x=2)x+7
U3 j( 3 j
The Cartesian equation is

y=é(x—2)(x+7)

x=3t-1, -4<t<4

When 1 =—4, x =—13;
whent=4,x=11.

The range of the parametric function
forxis —13<x<11.

So the domain of f(x) is =13 < x<11.

y=@-1)(t+2), —-4<t<4

When t=—-4,y=10;

when t=4,y=18;

and (¢ —1)(t+2) is a quadratic function

with minimum value —% atr=-0.5.

The range of the parametric function

foryis —%£y<18.

Hence the range of f(x) is —% <y<l18.

Note: Due to symmetry, the minimum
value of y occurs midway between the
roots t=1and t=—-2, i.e. at t =—0.5.
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4 b iii

(11, 18)

y=t(=2)x+7)

ci

ii

iii

1n X

x=t+1
x—1=t¢

Substitute t =x—1 into y = tLl :

11
7 x—1-1 x-2
The Cartesian equation is
1
y_x—2

x=t+1, teR, t#1

So the domain of f(x) is x e R, x # 2.

1
Y
YT

So the range of f(x) is y e R, y #0.

Y
A y: 1
x -2
0
: 5
X
_% 2

di x=+t-1

d iii

(¢

ii

i

ii

x+1=+t
(x+1)* =¢
Substitute 7 = (x+1)* into y =3+/¢ :

y=3J(x+1)* =3(x+1)

The Cartesian equation is y =3x+3

x=+t-1,>0

Whent=0,x=-1

and as ¢ increases ~/f —1 increases.
The range of the parametric function
for xis x> —1.

So the domain of f(x) is x > —1.

y=3t,t>0

The range of the parametric function
foryis y>0.

So the range of f(x) is y > 0.

YA
%336 +3
/3
_'1 0 X
x=In(4-1)
e =4-¢
t=4-¢"

Substitute t =4—¢" into y=¢-2:
y=4-e"-2=2-¢"

The Cartesian equationis y=2—-¢"

x=In(4-1t), t<3

When¢t=3, x=Inl1=0

and as ¢ decreases In(4—1) increases.
So the domain of f(x) is x > 0.

y=t-2,1t<3

Whent=3,y=1

and as ¢ decreases ¢ —2 decreases.
So the range of f(x) is y <1.
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4 e iii
YA
1-\
0 In? x

y=2-e*

5a C:x=1+2t
x—1

=t

2

Substitute ¢ = XT_I into y=2+3¢:

x—1
=243 —
g [ 2)
_4+3x-3 3x+1
2 2
So the Cartesian equation of C1 is
34l
Y 2 2
CZ: x:#
2t-3
2-3=1
X
2t:3+l:3x+1
X X
3x+1
S =
2x
and y = ! =t 1
2t -3 2t -3
Substitute 7= >>"L and x=— L
2x 2t-3

. 1
mto y=¢| ——|:
4 (2;—3]
(3x+1j 3x+1
X =
2x 2

So the Cartesian equation of C> is
S
7 2 2

Therefore Ci and C> are segments of the

. 3 1
same line y =—x+—
2 2
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5 b For the length of each segment find the
domain and range of C1 and Co.
For C1: x=1+2¢, 2<¢t<5
Whent=2,x=15;
whent=5,x=11.
The range of the parametric function
forxis S<x<1l,

so the domain of C1is 5<x<11.

y=2+3t 2<t<5
Whent=2,y=28;
whent=5,y=17.

The range of the parametric function
foryis 8<y<17,

so the range of C11s 8 < y <17.

The endpoints of C1 have coordinates
(5,8)and (11, 17).

~length of C, =/(11-5)> + (178’
=36+81
=J117 =313

For C: x:;, 2<t<3
2t-3

Whent=2,x=1;
when ¢t =3, )c=l
3

The range of the parametric function

for x is %<x<l,

so the domain of C> is %< x<l1.

t
y= YREY 2<t<3
Whent=2,y=2;
whent=3,y=1.
The range of the parametric function
foryis1<y<2,
so the range of C2is 1< y < 2.
The endpoints of C2 have coordinates

(é, 1) and (1, 2).

The range of the parametric function
forxis x # 2.

(This is also the domain of the Cartesian
equation y = f(x).)

y=2t-3-1,t#0
Whent=0,y=-3;

2t—3—1" is a quadratic function

with maximum value —2 at ¢ = 1.

The range of the parametric function
foryis y<-2, y#-3.

(This is also the range of the Cartesian
equation y = f(x).)

Note: To find the maximum point of the
quadratic y=2¢-3—¢%,

either solve d_y =0
dt

2-2t=0

2=2t

t=1

Ly=2)-3-(1)’=-2
or complete the square
y==(t-1"-1+3)

=—((t-1"+2)
= —(t-1)>-2

© Pearson Education Ltd 2017. Copying permitted for purchasing institution only. This material is not copyright free. 7



Pure Mathematics Year 2

Substitute ¢ = into y=2t-3-¢:

x—2

yzz(xizj_3_(xizj2

_6(x—2)-3(x—2)" -3’
B (x-2)

:_3(—2(x—2)+(x—2)2+3]

(x—2)*
~ [—2x+4+x2—4x+4+3j
(x—2)’
=—3(x2—6x+11)
(x—2)°

This is a Cartesian equation in the form
A 2
_ (x +bx2+ c) with
(x-2)

A=-3,b=—6andc=11.

x=In(+3), t>-2
e =1+3
e'—3=t¢

Substitute  =¢* -3 into y = L:
t+5

B 1 1
e —-3+5 e +2

y

When¢t=-2, x=Inl1=0

and as ¢ increases In (¢ + 3) increases.
The range of the parametric function
for xis x>0,

so the domain of f(x) is x > 0.
Therefore the Cartesian equation is

yz;, x >k where k =0.
e +2

SolutionBank

When ¢ =-2, y:%

) 1
and as ¢ increases, —5 decreases
t+

towards zero.
The range of the parametric function

foryis O<y<§

so the range of f(x) is 0 < y <§

£

a x=3

. x* .
Substitute t = 5 into y=¢-2¢:

x* ’ x? X 2x°
y: _— —2 —_ = =—_—
9 9 729 9

The Cartesian equation is

_xt 2
=99 9
x=3Jt, 0<t<2
When ¢t =0, x = 0;

whent=2, x= 3.2.
The range of the parametric function

for xis 0< x <32
so the domain of f(x) is 0 <x < 342.

b d—y=3t2—2

ds
d—y:OWhe:n 3P -2=0
dr

32 =2
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d’ y
ds?

2
Whent=\/§,dg/=6 % >0
3 dt 3

2 . . .
So t= \/; gives a minimum point

6t

of the parametric function for y.
The minimum value of y is

SRt

_z\ﬁ_é\ﬁ__iﬁ__ﬁ
3V3 3\3 3.3 9

When =0,y =0;
whent=2,y=4.
The range of the parametric function

foryis —%Sy£4.
Therefore the range of f(x) is
—ﬁ <f(x)<4.

9
x=1—1=1(t"-1)
= X = -1)7 Q)

y=4—t2:>t2:4—y (2)

Substitute (2) into (1):

X = (4= y)d-y -1y

X =(4-»G-y)

This is in the form x* = (a—y)(b—y)’
witha=4and b = 3.

y=4-t,teR

This is a quadratic function of ¢, and (by
symmetry) the maximum value of y
occurs at ¢t = 0, where y = 4.

So 4 is the maximum y-coordinate.

SolutionBank

Challenge

a Squaring the parametric functions gives

, (1-2Y
! _(1+t2j o

, (2t Y
4 _(thJ @

Add (1) and (2):

x2+ 2_ 1_t2 2+ 2t ?
Y e 1+

(- +4r8
(1+£°)
=20+ 148
(1+27)
1+217 ¢
(1+27)
A+
(1+2°)

So a Cartesian equation for curve C'is
x> +y =1,

x*+y =1

= ()C—O)2 +(y—0)2 =1

Curve C is the equation of a circle with
centre (0, 0) and radius 1.
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