Pure Mathematics Year 2

Parametric equations 8B

1 a x=2sintr-1

So sint=xT+l (1)
y=5cost+4

-4
cost:y? (2)

Substitute (1) and (2) into
sint+cos’t=1:

(55 -
2 5
(1) =4

4 25
25(x+1)% +4(y—4)> =100

b y=sin2t
=2sintcost

So, since x =cost,
y=2xsint (1)
sinz+cos’t=1

sint=1-cos’t=1-x?

sint =+/1-x (2)

Substitute (2) into (1):
y=2xV1-x"

or y* =4x*(1-x%)
¢ y=2cos2t
=2(2cos’t—1)

So, since x = cost?,
y=2(2x"-1)
y=4x> -2

SolutionBank

d y=tan2¢

2tant
So y=—"—— 1
Y 1—tan’¢ M
sint+cos’r=1
cos’t=1-sin*t=1-x°
cost =+1-x" (2)
Substitute (2) and x =sin¢ into (1):
zsint 2x 2x
__ cost _ V1-x° =\/1—x2
1_sinzt x° 1-2x2

cos’t  1-x* 1-x
o 2x(1- x%)
Ca=20W1-2

ZxM

1-2x2

Hence y =

X=cost+2
cost=x—2 (1)

4
y=sect=——
cost

COSt = 4 (2)
Y
Substitute (1) into (2):

x—2:i

x=3cott?
X

cott=— 1
3 (D

cosect =y (2)
Substitute (1) and (2) into
1+cot® t = cosec’t:

x2
1+ = | =»°
(3) g

2
2o+
d 9
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2 a x=sint-5 4 x=cost—2
—sinf=x+5 D) = cost=x+2 (1)
y=sint+3
y=cost+2 .
=sint=y—-3 (2)
=>cost=y-2 (2)

Substitute (1) and (2) into sin®#+cos’ ¢ =1:
(x+2)°+(y-3)" =1

This is a circle with centre (=2, 3)

and radius 1:

Substitute (1) and (2) into
sin‘f+cos’t=1:
(x+5)2 +(y—2)2 =1

b This is a circle with centre (=5, 2) Ha
and radius 1

¢ One full revolution around the circle is
obtained for an interval of ¢ corresponding
to one period of both parametric equations
y=cost+2 and x =sin¢-35.

So 0 <¢<2mxis a suitable domain.

0l x
3 x=4sint+3
4sint=x-3
. x=3 5 a y=sin|t+o
smtzT Q)] 4
y=4cost-1 = Sin‘cos—+cosssin—
4cost=y+1 5 & :
2 2
1 N AP N=
cost=& 2 5 sinf+ > cost
Substitute (1) and (2) into b N2 ooV2 0
sin®t+cos’t=1: . 2 .2
5 , (since x =sint)
(x_—3j +(y_+1) 1
4 4 sin®t+cos’t=1
_1)? 2 cos’t=1-sin’t=1-x?
(x—3) +(y+1) _1

42 4 . cost=~1-x" Q)
)2 2

(=3, 0+ _, P
16 16 ubstitute (2) into (1):

(=3P +(y+1) =16 y:g“% .

So the radius of the circle is 4 and the

centre is (3, —1). £x+\/2(1—x2)

or y=
Y 5 2

. T T
x=sint, ——<t<—
2 2

= —-l<xx<l
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5 b x=3cost

X
= cost=—
3

T
=2cos| t+—
g ( 6j

T } . T
=2costcos——2sin¢sin—
6 6

:2cost><—3—2sint><l
2 2
=+/3cost—sint
So y=—3x—sint
3
sin’f+cos’t=1

2
sinztzl—cosztzl—(gj

X 2
sint = l—(—}
3

Substitute (2) into (1):

3 3

\/5 9—x?
=—X—

3 9
B, s

3 3

V4
x =3cost, 0<t<?

= é<x<3
2

¢ y=3sin(t+mn)
=3sintcosm+3costsinm
=3sin¢x(—1)+3costx0

=-3sint
Since x =sin¢,
y=-3x

x=sint, 0<t<2rx
=>-l<x<l

(1)

2)

SolutionBank

6 a x=28cost

X
cost=—
8

I,
So y=—sec’t=
Y 4 4cos’t

1 1_64 16

2:4 2 2
OREE
8

Therefore a Cartesian equation for C is
16

2
X

V4 T
x=8cost, ——<t<—
2 2

= 0<x<8

For —g <t< g the range of the

parametric equation x =8cos? is

0 <x <8, so the domain of y = f(x) is
0<x<8.

The range of the parametric equation

y=%sec2t is yZ%, so the range of

y=1(x)is yZ%

y

—_—
o
N
SN—

)
k'
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_ 2
7 x=3cot it 9 x:2cost:cost:%
cot’ 2t ==
3 ) o
, ., y=sm(t——j
X _cos 2t 1-sin"2t 1 1 6
3 sin’ 2t sin” 2¢ sin” 2¢ ) T . T
=sinfcos— —costsin—
£+1: 1 6 6
3 sin® 2¢ B
x+3_ 1 ZTSlnt—ECOSt
3 sin’2¢
3 yzﬁsint—lx (1)
sin” 2¢ = 2 4
x+3 sin’#+cos’ =1
3 9 2
o —dinl 0 — _
s y=3sin 2t_3xx+3_x+3 sin2tzl—coszt=l—x—
For 0<¢<= the range of the parametric . x’
4 Sosint = 1—7 (2)

function x =3cot” 2 is x > 0, so the domain Substitute (2) into (1):

of f(x) is x > 0.
\/g x* 1
! NI
8 a x=—sint
3 1 [12-3¢ 1
:>Sll’lt=3x = — ——X
y =sin3t = sin(t + 2¢) 2y 4 4
) ) So the Cartesian equation is
=sintcos2¢+costsin 2t 1

— _ 2
=sin#(1—2sin’ £) +cost(2sint cost) y_4(V12 3x x)

=sin#(1-2sin’ ¢) +2sin#(1 —sin’ ¢) For 0 < ¢ < 7, the range of the parametric
= 3x(1-2x9x%) + 6x(1—9x?) function x =2cost is -2<x<2,

- * * ¥ so the domain of y = f(x) is -2 <x < 2.
=3x—54x" + 6x—54x’

=9x—108x

=9x(1-12x7%)
So the Cartesian equation of the curve is
¥y =9x(1-12x"), which is in the form
y=ax(1-bx*) witha=9 and b = 12.

b For 0<z< g the range of the parametric
. | 1
function x = gsmt 1s 0<x< 3
so the domain of y =f(x) is 0 < x <%

For 0 <t < g the range of the parametric

function y =sin3¢ is —1<y <1
so the range of y = f(x) is —1< y <.
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10a y=>5sins 11 y =3sin(z —n)
So sint=2 =3sinfcosmt—3costsinm
S =3sintx(~1)—3costx0
sin2t=;—; =-3sint
2 So sint=—-2
x=tan"f+5 3
tan’ = x5 sin’¢+cos’ t =1
sin’ ¢ cos’t=1-sin’¢
zt:x—S .
cos
sin? ¢ cost =+/1—-sin’t = A
St s 9
)
llsm t 1 | oy
t —
x—5:sin2t_1 S ox=tant=—nl = 3 = = J -
cost L \/9_),
1 1
+1=— 9
x=5 y y
75 Therefore x =— = is a Cartesian
9_
L2 fontorc.
=5 3 equation for C.

b For 0<z< g, the range of the parametric

function x =tan’z+5 is x> 5,

so the domain of the curve is x > 5.
The range of the parametric function
y=>5sint is0<y<35,

so the range of the curve is 0 <y <5.
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Challenge

x:lcos2t
2

1
=—(2cos’t—1
2( )

2x+1

=cos’t
2
2x+1
cost =
But also
1
X =—cos 2t
2

1 .5
=—(1-2sin"¢
2( )

oosin’t= 1-2x
. 1-2x
st =
2
Therefore

= sin[tJrEj
4 6

. i . T
y= Sll’ltCOSg+COStSIIl—

V3

. 1
=——-sInf+—cost
Y7 2

ﬁ\/l—zx 1\/2x+1
y=— +—
2\ 2

2\ 2
_\/3—6x+\/2x+1
YTV 8
yzzi( 3—12x2—2x+2)

4y° +2x-2=+/3-12x"

(497 +2x-2) +126*~3=0
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