Pure Mathematics Year 2 SolutionBank

Parametric equations 8D

1 a The curve meets the x-axis wheny =0 e The curve meets the x-axiswheny =0
y=6-t y=t-9
0=6-t t-9=0
Sot=6 Sot=9
Substitute t =6 into the parametric Substitute t =9 into the parametric
equation for x: equation for x:
X=5+t ot
x=5+6=11 X= 1+t
The coordinates are (11, 0). 20) 18 9

b The curve meets the x-axis wheny =0 1+(9) 10 5

y=2t-6 The coordinates are 9 0.
0=2t-6 5
6=2t
Sot=3 2 a The curve meets the y-axis when x =0
Substitute t =3 into the parametric X=2
equation for x: 0=2t
Xx=2t+1 Sot=0

X=2x3+1=7

The coordinates are (7, 0). Substitute t =0 into the parametric

equation for y:

¢ The curve meets the x-axis wheny =0 y=t"-5
y=@1-t)(t+3) y=0°-5=-5
0=Q1-1)(t+3) The coordinates are (0, —5).
Sot=lort=-3 )
b The curve meets the y-axis when x =0
Substitute each value of t into the x=3-4
parametric equation for x: 0=3t-4
X= t2 3t = 4
Whent=1 x=1*=1 Sot=ﬂ
When't =-3, x=(-3)2=9 3 .
The coordinates are (1, 0) and (9, 0). Substitute t = 3 into the parametric
d The curve meets the x-axis wheny = 0 equation for Y.
y=(t-D(2t-1) yziz(lj
0=(t-1(2t-1) >\t
2
Sotzlort:1 y:(gj :ﬂ
2 4 16
Substitute each value of t into the _ 9
parametric equation for x: The coordinates are (0, Ej'
1
X = —

t
1
Whent=1, x=1=1

Whent:i, x:izz
2 1

2

The coordinates are (1, 0) and (2, 0).
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2 C The curve meets the y-axis when x =0 3 Atpoint (4,0),x=4andy=0
Xx=t>+2t-3 Hence
2 _
_ __ olving equation ort:
Sot=lort=-3 2%-1-0
Substitute each value of t into the 2t=1
parametric equation for y: 1
y=t(t-1) =3
Whent=1, y=1(1-1)=0 Substitute into equation (1):
2
Whent=-3, y=-3(-3-1)=12 4{{1} _4
The coordinates are (0, 0) and (0, 12). 2
1
d The curve meets the y-axis when x =0 4a><Z =4
x=27-t° a=4
0=27-t° So the value of a is 4.
t* =27
Sot=3 4 Atpoint (0,-5),x=0andy=-5
Hence
Substitute t =3 into the parametric b(2t-3)=0 @
equation for y: b(1—t?) = -5 @)
1 : : .
y=— Solving equation (1) for t:
t 11 . 2t-3=0
Y=33173 =3
1 t= 3
The coordinates are (0, E)' )
Substitute into equation (2):
e The curve meets the y-axis when x = 0 bl1-(3 i _ s
1 2
t+1
1 b{1-3 )5
Ct+1
0=t-1 b (_E - _5
Sot=1 4
b=4
Substitute t =1 into the parametric So the value of b is 4.
equation for y:
y= 2t
t?+1
2x1
= :1
y 12 +1

The coordinates are (0, 1).
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5 Substitute x=3t+2 andy=1-t

into y+x=2:
A-t)+@t+2)=2
1-t+3t+2=2
2t+3=2
2t=-1

t=—=
2

Substitute t = —% into the parametric

equations:

x=3t+2=3( S ]42=-342-1
2 2773

2 2 2

The coordinates of the point of intersection
o
are | =, —|.
2 2

Substitute x =t* and y = 2t into
4x—-2y-15=0:
4(1%) - 2(21) -15=0
4t -41-15=0
(2t+3)(2t-5)=0
So02t+3=0 or2t-5=0
3 5

t=——ort=—
2 2

Substitute t = —g into the parametric

equations:

X:t2 =(—§j2 =g
2 4

3
=2t=2| ——|=-3
d [ 2)

Substitute tzg into the parametric

equations:

5
=2t=2|—-1|=5
d @

The coordinates of the points of intersection

are (g, —3j and (é SJ.
4 4

SolutionBank

7 Substitute x=t* andy =2t into

x*+y°-9x+4=0:

(t°)* +(2t)* -9(t*) +4 =0

t*+ 4t -9t +4=0

t*-5t°+4=0

-4t -1)=0

Sot®*-4=0ort*-1=0
t?=4 ort*=1
t=12 ort=+1

Substitute t =42 into the parametric
equations:

X=(+2)° =4

y=2x(+2)=+4

Substitute t =+1 into the parametric
equations:

x=(*)?*=1

y=2x(+1)=42

The coordinates of the points of intersection
are (4,4), (4, -4), (1, 2) and (1, —2).

8 a The curve meets the x-axiswheny =0
y=cost, O<t<m

0 =cost

t==
2

Substitute t:g into the parametric

equation for x:
x=t>-1

I ? 2
x=(—j 1= g
2 4

2
Coordinates on the x-axis are [%—1, Oj )

The curve meets the y-axis when x = 0
x=t*-1 O0<t<m

0=t"-1

1=t>

t=1(ast=-1 is outside the domain of t)
Substitute t = 1 into the parametric

equation for y:
y =cost

y =cosl
Coordinates on the y-axis are (0, cosl).
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8 b The curve meets the x-axiswheny =0

y=2cost+1, n<t<2m

0=2cost+1
1
cost=—=
2
.
3

Substitute t = %n into the parametric

equation for x:
X =sin2t

X :siniz(i;jj =sin8?n =g

NG

Coordinates on the x-axis are (7 OJ.

The curve meets the y-axis when x =0
X=sin2t, t<t<2m

0=sin2t, 2n<2t<4n

s2t=3n

_3n

T2

t

Substitute t = %n into the parametric

equation fory:
y=2cost+1

y=2cos(37nj+1=1

Coordinates on the y-axis are (0, 1).

SolutionBank

¢ The curve meets the x-axiswheny =0

y =sint—cost, 0<t<g

0=sint—cost
cost =sint
tant=1

t==
4

Substitute t=% into the parametric

equation for x:
x=tant

x=tan£=1
4

Coordinates on the x-axis are (1, 0).

The curve meets the y-axis when x = 0

0 =tant

There are no solutions in the domain of t.
So the curve does not meet the y-axis in
the given domain of t.

The curve meets the x-axis wheny =0
y=Int

0=Int

t=e’=1

Substitute t = 1 into the parametric
equation for x:

x=e'+5

X=e"+5=e+5

Coordinates on the x-axis are (e + 5, 0).

The curve meets the y-axis when x =0
O=e'+5

e'=-5

This equation has no solutions since

e' >0 always.
So the curve does not meet the y-axis.
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9 b The curve meets the x-axiswheny =0
y=t’—64
0=t>-64
t* =64
t=8 (sincet>0)
Substitute t = 8 into the parametric
equation for x:
x=Int
x=1In8
Coordinates on the x-axis are (In8, 0).

The curve meets the y-axis when x = 0

x=Int
0=Int
t=e’=1

Substitute t = 1 into the parametric
equation fory:

y =t*—64

y=1"-64=-63

Coordinates on the y-axis are (0, —63).

¢ The curve meets the x-axis wheny =0

y=2¢e"-1
0=2e"-1
1=2¢'
o=l

2

. 1. .
Substitute €' = > into the parametric

equation for x:
x=e"+1=(e")"+1

2
X = (1) +1= >
2 4
] ] 5
Coordinates on the x-axis are (Z, Oj.

The curve meets the y-axis when x = 0
0=e”+1

e*=-1

This equation has no solutions since

e” >0 always.
So the curve does not meet the y-axis.

10 Substitute x=t> andy =t into y=-3x+2:

t=-3t*+2
3 +t-2=0
(Bt—2)(t+1) =0

Sot:g ort=-1
3

Substitute tzé into the parametric

equations:

3
X=| — = —
3 9

2
=3
Substitute t =—1 into the parametric
equations:
x=(-1)%=1
y=-1
The coordinates of the points of intersection

are (ﬂ E) and (1, -1).
9 3

11 Substitute x =In(t—1) and y =In(2t —5) into

y=x-1In3:
In(2t-5)=In(t-1)—In3

[t
In(2t—5)_ln( 3 j

t-1
3
Bt—15=t-1
5t = 14

2t-5=

sot=—

Substitute t:% into the parametric

equations:

ol (g
ron(3-2)-u(

The coordinates of the points of intersection

9 3
are | In=, In=|.
5 5
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12a The curve intersects the x-axis wheny =0
y =4sin 2t + 2, ELPTP
2 2
0=4sin2t+2
sin 2t=—l
2

o—_m T
6 6

Substitute each value of t into the
parametric equation X =6co0st:

X =6C0S —5—n =6C0S 5—“
12 12
X =6C0S _T =6C0S il
12 12

The coordinates are

el ) )]
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12b

Substitute the parametric equation
y=4sin2t+2 into y=4:
4sin2t+2=4

4sin2t=2

sin2t=1

2
=" 2"
6 6
tzl,s—n(inthedomain—f<t<£)

12'12 22

Substitute each value of t into the
parametric equations:

When tzi,
12

x:6cos£
12

y =4sin| 2 il +2:4xl+2:4
12 2

When t:5—n,
12

x:6cos5—n
12

y=4sin| 2 5—n +2:4xl+2:4.
12 2

Coordinates are

(60051 , 4) and (60035—n, 4).
12 12

SolutionBank

14a To find intersections between the line

and the curve, substitute the parametric
equation y=cos2t+1 intoy =k::
cos2t+1=Kk
cos2t=k-1
Since —1<cos2t <1,

-1<k-1<1

so 0<k<?2

b First find a Cartesian equation for the
curve:
y=cos2t+1
=(1-2sin’t)+1
=2-2sin’t
Since x=sint,
y=2-2x°
Substitute y =k into this Cartesian
equation:
k=2-2x
2x°+(k-2)=0
If y=k isatangent to the curve,

then it touches the curve at one point,
so the discriminant of the quadratic is 0.

b?—4ac=0
02—4x2x(k-2)=0
—8(k-2)=0
k—-2=0

k=2

13 To find any intersections between the line
and the curve, substitute the parametric
equations x =2t and y =4t(t—1) into

15a Atthe pointA, t=In2
X = 2t — g2in2 :eln22 _22_4
y=e'-1=e"-1=2-1=1

Zt(:t 2)1)__2(20 . . coordinates of A are (4, 1).
A2 — 4t =4t -5 At the point B, t=1In3
A2 —8t+5=0 X:ezt:ezln3:e|n32:32:9

y=e'-1=e"-1=3-1=2
.. coordinates of B are (9, 2).

The discriminant of this quadratic equation is

b? —4ac = (-8)* —4x4x5
=64-80=-16<0

So the quadratic equation has no real roots.

Hence the line does not intersect the curve.

b Points A and B lie on the line I, so
the gradient of | can be found from
the coordinates of A and B:

yz B Y1 _ 2-1 _ 1

X, =% 9-4 5
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15¢ Using the gradient and the coordinates of 17a At A (on the y-axis), x=0
A, the equation of | is given by t-1
Y=Y, =m(x-x,) T
1 t-1
y—1:§(x—4) "
5y-5=x—4 O=t-1
Sot=1
X—=5y+1=0 Substitute t =1 into the parametric
X—=5y+1=0 equation for y:
y=t-4
y=1-4=-3

16 At the point A, t=2 ]
6 Coordinates of A are (0, —3).

. |
X—S'“t—s"‘g‘z At B (on the x-axis), y =0
) y=t—4
y:COSt:COS€=7 0O=t—4
. 13 t=4 . .
Coordinates of Aare | =, — |. Substitute t =4 into the parametric
2 2 equation for x:
At the point B, t=2 X=E
2 t

x=sint=sin= =1 X—;l—§

B ST 4 4
y =cost = cosg =0 Coordinates of B are (%, 0).

Coordinates of B are (1, 0).

As the line | passes through A and B,
the gradient of | can be found from
the coordinates of A and B.

BB

m= Yo=Y _ 2 __ 2 _ J3

X, =% 1_1 1

2 2

So, using the coordinates of B, the equation
of I is given by
y=Yr=m(x=x)
y—O:—«/§(x—1)
y=—3x+3
J3x+ y—\/§:0
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17 b Find the gradient of Iy using the

coordinates of A and B:

TTxox 3, 3

4 4
Because the lines I> and I3 are parallel to
I1, they have the same gradient as I; and so
have equations
l: y=4x+c,
l,: y=4x+c,
Substitute the parametric equations for x
andyintoy=4x+c:

t—4:4(tt;lj+c

t* —4t=4t—4+ct

t* —(8+C)t+4=0 (1)
The lines |2 and I3 are tangents to the curve
when the discriminant of (1) equals 0.
(8+¢)*—4x1x4=0
64+16¢c+c”-16=0

c?+16c+48=0

(c+4)(c+12)=0

c=-4 or c=-12

Taking ¢, =—4 and ¢, =-12,
equations for I, and I3 are

y=4x—-4 and y=4x-12.

SolutionBank

¢ Substituting ¢ = —4 into (1) gives

t?—4t+4=0
(t-2)>=0
t=2
Att=2,
-1 2-1
X=—m=—-—=
t
y=t—-4=2-4=-2

N |-

So I, meets the curve at (% —2).

Substituting ¢ = —12 into (1) gives
t>+4t+4=0
(t+2)°=0
t=-2
Att=-2,

-2-1 3
X=—=—

-2 2

y=-2-4=-6

So I3 meets the curve at @ —6).
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Challenge

Find a Cartesian equation for Cy:
x=e"=2t=Inx

Substitute into the parametric equation for y:
y=2t+1

Sy=Inx+1 (1)

Find a Cartesian equations for Ca:
x=e'=t=Inx

Substitute into the parametric equation for y:
y=1+t?

oy =1+(Inx)? (2)

Now solve equations (1) and (2).
Substituting (1) into (2) gives
Inx+1=1+(Inx)*
(INx)>~Inx=0
Inx(Inx-1)=0
so Inx=0 or Inx=1

x=e"=1or x=e'=¢
Substitute these x-values into either (1) or (2):
Whenx=1, y=In1+1=0+1=1
Whenx=e,y=Ine+1=1+1=2

.". the coordinates of the points of intersection
are (1, 1) and (e, 2).
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