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1 a Let 5
1

xy
x

=
+

  

  Let 5 and 1u x v x= = +  

  d dThen 5 and 1
d d
u v
x x
= =  

  Using 2

d d
d d d
d

u vv uy x x
x v

−
=  

  2 2

d ( 1) 5 5 1 5
d ( 1) ( 1)
y x x
x x x

+ × − ×
= =

+ +
 

 b Let 2
3 2

xy
x

=
−

 

  Let 2 and 3 2u x v x= = −  

  d dThen 2 and 3
d d
u v
x x
= =  

  Using 2

d d
d d d
d

u vv uy x x
x v

−
=  

  
2

2 2

d (3 2) 2 2 3
d (3 2)

6 4 6 4
(3 2) (3 2)

y x x
x x

x x
x x

− × − ×
=

−
− −

= = −
− −

 

 c Let 3
2 1
xy
x
+

=
+

 

  Let 3 and 2 1u x v x= + = +  

  d dThen 1 and 2
d d
u v
x x
= =  

  Using 2

d d
d d d
d

u vv uy x x
x v

−
=  

  
2

2 2

d (2 1) 1 ( 3) 2
d (2 1)

2 1 2 6 5
(2 1) (2 1)

y x x
x x

x x
x x

+ × − + ×
=

+
+ − −

= = −
+ +

 

 d Let 
2

2

3
(2 1)

xy
x

=
−

 

  Let 2 23 and (2 1)u x v x= = −  

  d dThen 6 and 4(2 1)
d d
u vx x
x x
= = −  

  Using 2

d d
d d d
d

u vv uy x x
x v

−
=  

  
( )

2 2

4

4

4 3

d (2 1) 6 3 4(2 1)
d (2 1)

6 (2 1) (2 1) 2
(2 1)

6 (2 1) 6
(2 1) (2 1)

y x x x x
x x

x x x x
x

x x x
x x

− × − × −
=

−

− − −
=

−
− −

= = −
− −

 

 e Let 1
2

6
(5 3)

xy
x

=
+

 

  Let 
1
26 and (5 3)u x v x= = +  

  
1
2

d d 5Then 6 and (5 3)
d d 2
u v x
x x

−= = +  

  Using 2

d d
d d d
d

u vv uy x x
x v

−
=  

  

( )
( )

1 1
2 2

1
2

1
2

1
2

3
2

5
2

2

(5 3) 6 6 (5 3)d
d (5 3)

3(5 3) 2(5 3) 5
(5 3)

3(5 3) (10 6 5 ) 3(5 6)
(5 3) (5 3)

x x xy
x x

x x x
x

x x x x
x x

−

−

−

+ × − × +
=

+

+ + −
=

+

+ + − +
= =

+ +

 

 
 
 
 
 
 



  

© Pearson Education Ltd 2017. Copying permitted for purchasing institution only. This material is not copyright free. 2 

2 a 
4eLet 

cos

x

y
x

=   

  4Let e  and cosxu v x= =   

  4d d4e  and sin
d d

xu v x
x x
= = −   

  2

d d
d d dUsing 
d

u vv uy x x
x v

−
=  

  

4 4

2

4

2

d 4e cos e ( sin )
d cos

e (4cos sin )
cos

x x

x

y x x
x x

x x
x

− −
=

+
=

  

 

 b lnLet 
1
xy

x
=

+
  

  Let ln  and 1u x v x= = +   

  d 1 d and 1
d d
u v
x x x
= =   

  2

d d
d d dUsing 
d

u vv uy x x
x v

−
=  

  2 2

( 1) lnd 1 ln
d ( 1) ( 1) ( 1)

x xy xx
x x x x x

+
−

= = −
+ + +

 

 

 c 
2 2e eLet 
ln

x x

y
x

− +
=   

  2 2Let e e  and lnx xu v x−= + =   

  2 2d d 12e 2e  and 
d d

x xu v
x x x

−= − + =   

  2

d d
d d dUsing 
d

u vv uy x x
x v

−
=  

  

( )

2 2
2 2

2

2 2 2 2

2

2 4 4

2

e eln (2e e )d
d (ln )

2 ln (e e ) (e e )
(ln )

e 2 (e 1) ln e 1
(ln )

x x
x x

x x x x

x x x

xy x
x x

x x
x x

x x
x x

−
−

− −

−

+
− −

=

− − +
=

− − −
=

 

 
  
 
 
 
 

 d 
3(e 3)Let 

cos

x

y
x

+
=   

  3Let (e 3)  and cosxu v x= + =   

  2d d3e (e 3)  and sin
d d

x xu v x
x x
= + = −   

  2

d d
d d dUsing 
d

u vv uy x x
x v

−
=  

  ( )

2 3

2

2

2

d 3e (e 3) cos ( sin )(e 3)
d cos

(e 3) 3e cos (e 3)sin
cos

x x x

x x x

y x x
x x

x x
x

+ − − +
=

+ + +
=

  

 

 e 
2sinLet 

ln
xy

x
=   

  2Let sin  and lnu x v x= =   

  d d 12sin cos  and 
d d
u vx x
x x x
= =   

  2

d d
d d dUsing 
d

u vv uy x x
x v

−
=  

  

2

2

2

2

1ln (2sin cos ) sind
d (ln )

2sin cos sin
ln (ln )

x x x xy x
x x

x x x
x x x

−
=

= −

  

 

  



  

© Pearson Education Ltd 2017. Copying permitted for purchasing institution only. This material is not copyright free. 3 

3 
3 1

xy
x

=
+

  

 Let  and 3 1u x v x= = +  

 d d1 and 3
d d
u v
x x
= =   

 2

d d
d d dUsing 
d

u vv uy x x
x v

−
=  

 2 2

d (3 1) 3 1
d (3 1) (3 1)
y x x
x x x

+ −
= =

+ +
  

 At the point ( )1
41, , x = 1 

 2

d 1 1so 
d 4 16
y
x
= =   

 

4 1
2

3
(2 1)

xy
x
+

=
+

  

 
1
2Let 3 and (2 1)u x v x= + = +   

 
1
2

d d1  and (2 1)
d d
u v x
x x

−= = +   

 2

d d
d d dUsing 
d

u vv uy x x
x v

−
=  

 
1 1
2 2d (2 1) ( 3)(2 1)

d 2 1
y x x x
x x

−+ − + +
=

+
  

 At the point (12, 3), x = 12 

 

1 1
2 2

1
5

d 25 (15 25 )so 
d 25

5 15 2
25 25

y
x

−− ×
=

− ×
= =

 

 

5 
2 3e x

y
x

+

=   

 2 3Let e  and xu v x+= =   

 2 3d d2e  and 1
d d

xu v
x x

+= =   

 2

d d
d d dUsing 
d

u vv uy x x
x v

−
=  

 
2 3 2 3 2 3

2 2

d 2 e e e (2 1)
d

x x xy x x
x x x

+ + +− −
= =  

 At stationary points d 0
d
y
x
=   

 4

so 2 1 0
0.5 and 2e
x

x y
− =

= =
  

 There is one stationary point at 4(0.5, 2e ).  
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  In the last line, dividing through by (x + 5)  
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12 a 2
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At stationary points, f ( ) 0
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 b The range of f(x) is between the  

 y-coordinate of B and the y-coordinate of  
 the right endpoint of the interval. 

 1tan 2 2 0.4636 or 3.6052
2

x x= ⇒ =  

  0.2318 or 1.8026x =  
  So the x-coordinate of B is 1.8026. 
 
  Range of f(x) is 
  f(1.8026) ⩽ y < f(π) 
  −1.47 ⩽ y < 6.26 (3 s.f.)  
 


