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Differentiation 9l

1 a fx)=x-3x"+x-2 ii f(x) is concave when f"(x)< 0
f'(x)=3x> —6x+1 —sinx<L0for<0x<n
£7(x) = 6x—6 So f(x) is concave on the interval
[0, m].

i f(x) is convex when f"(x) > 0

6x—6=0forx>1
So f(x) is convex forallx > 1

d f(x)=—x"+3x-7
f'(x)=-2x+3
or on the interval [1, o). f"(x)=-2

ii f(x) is concave when f"(x)< 0 i f(x) is convex when f"(x) > 0

6x—6<0forx< 1 So f(x) is not convex anywhere.
So f(x) is concave forall x < 1

or on the interval (—oo, 1]. ii f(x) is concave when f"(x)< 0

So f(x) is concave forall xe R

b f(x)=x*-3x"+2x-1 or on the interval (—o0,0).
f'(x)=4x’ —9x* +2 () e
£7(x) = 12x* —18x = 6x(2x —3) ¢ X)=e =X
f'(x)=e"-2x
i f(x) is convex when f"(x) > 0 f'(x)=¢"-2
3
6x(2x=3) > 0 forx<Oorx > = i f(x) is convex when £"(x)3 0
. 3 e—2>0forx>In2
So f(x) is convex forx < 0 orx > > So f(x) is convex on [In2, ),
3

or on (—0,0]u {E,OO) ii f(x) is concave when f"(x)< 0

e—2<0forx<In2

ii f(x) is concave when "(x)< 0 So f(x) is concave on (—oo, In2].

6x(2x—3)<0f0r0<x<% f  f)=lnx, x>0
N

So f(x) is concave forall 0 < x < % Fe) = X
" _ _L

or on the interval [0, %} 0= x

) i f(x) is convex when f"(x) >0
c f(x)=sinx

f'(x) =cosx But —Lz<0 forallx >0
x

f"(x) =—sinx So f(x) is not convex anywhere.

i f(x) is convex when f"(x) >0
—sinx>0fort<x<2n 1
So f(x) is convex on the interval —— <0 forallx>0

x
[r, 27]. So f(x) is concave on (0, ).

ii f(x) is concave when f"(x)< 0
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2 a Let y=f(x). Then x=siny.

dx dy 1 1
—=Ccosy=>—= =
dy dx cosy \/l—sinzy
1
so f'(x) =
1-x°

f(x)=arcsin x

f'(x) = =(1-x)"
1—x?
£(x) = (—bc)[—lj (B ——
2 (1-x%)
On the interval (—1, 0), x <0
s "(x)<0

So f(x) is concave on the interval (—1, 0).

On the interval (0, 1), x>0
S f"(x) =0
So f(x) is convex on the interval (0, 1).

f(x) changes from concave to convex at
x=0

Whenx=0,y=0.

.. point of inflection is (0, 0).

SolutionBank

3 a f(x)=cos’x—2sinx

f'(x) =—2cosxsinx—2cos x

£"(x) = —2(cos” x —sin® x) +2sin x
= —2(1-2sin* x) +2sin x
=-—2+4sin’ x+2sinx
=2(2sin* x+sinx—1)

At points of inflection f"(x)=0

2sin’ x +sinx—1=0

(2sinx—1)(sinx+1)=0

) 1
sinx=— or —1
2

TS5 3n

_’_ Or _—

6 6 2

Check the sign of f"(x) on either side of
each point:

£10)=2(0+0-1)<0

f"(EJ =22+1-1)>0
2

T . . . .
=>x= i is an inflection point
f'(mr)=2(0+0-1)<0

Sm . . . .
=>x= o is an inflection point
f'2n)=2(0+0-1)<0

31 . ) ) .
=x= > is not an inflection point

-g=re(-F] {3

So the points of inflection are

n 1 57 1
—,——|and | —,——|.
I
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3 b f(x)=-
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X =2x"+x-1

x=2
=—(x2+l+ ! J
x=2
f'(x)= -2x
=Gy

f'(x)=- 2 T—2=-2 ! -+1
(x=2) (x=2)
At points of inflection f"(x)=0

1
(x-2)°
(x-2) =-1
x=2=-1 .. x=1

+1=0

Check the sign of f"(x) on either side of
x=1:
£"(0.5)=-1.407...<0

£"(1.5)=14>0

. x=11s a point of inflection

Whenx=1,y=—(1+1-1)=-1
So the point of inflection is (1, —1).

SolutionBank

x* 2 2
+

-4 x—2 x+2
22

(x=2)* (x+2)°

4 4

= +

(x-2) (x+2)

=4 1 3t 1 3
(x=2)" (x+2)

At points of inflection f"(x)=0
1 " 1 o

(x=2) (x+2)

(x=2) =—(x+2)’

x—=2=—(x+2)

Sox=0

£7(x)

Check the sign of f"(x) on either side of
x=0:
104

f"(-)=—>0
(=D 7
104
f"(1)=———<0
(1) >

. x =0 1is a point of inflection

Whenx=0,y=0
So the point of inflection is (0, 0).
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4 f(x)=2x"Inx 6 a y=xe
f'(x) =2x" (%)+4xlnx =2x(1+2Inx) % =xe"+e" =e"(x+1)
£"(x) = 2x GJ +2(1+2Inx)=6+4Inx At stationary points jx—y =0
At a point of inflection f"(x)=0 e'(x+1)=0 when x=~1 and y=—¢"'
6+4lnx=0 = lnx= _% —~yx=¢? .". stationary point at (—1, —éj
So there is one point of inflection, where d’y

x=¢’ @Zex+ex(x+l):e"(x+2)
dzy -1
S a y=e"(x2—2x+2) When x =—1, gze >0
dy . . ;
a:e (2x_2)+e (x2 _2x+2)=e x2 Therefore (_1’_lj is aminimum.
(§

At stationary points % =0

. . . d’y
e'x> =0 when x=0 and y=2 b At points of inflection P 0
.'.2stationary point at (0, 2) e (x+2)=0
jx—); =2xe" +e'x’ =e'x(x+2) = x=-2, y=-2¢? = _%
e

d’ 2
When x =0, ﬁ:o When x < -2, ‘;x—f<0
so x =0 is neither a maximum 2y

.. ) When x >-2, —->0
nor a minimum point dx

d’y so x =—2 1s a point of inflection
When x >0, —->0 ) . . . .

dx .. non-stationary point of inflection at

2 2
When —2<x<0, d—)2)<0 (_2’_?J
dx
.. (0, 2) is a stationary point of inflection.
c
d? y Ha
b At points of inflection —5-=0 y = xef
dx
e’ x(2+x)=0
x=0 or -2 x
From part a it is known that x= 0 is -2 -2) 1. -1
a stationary point of inflection. e - ®
2
When x < -2, d—); >0 7 i f'(x) is the gradient, so it is
dx , negative for 4
When -2 <x<0, 32 <o zero for B
dx positive for C

so x =—2 is a point of inflection zero for D
x=-2= y=10e"

s (=2,10e7) is a non-stationary

point of inflection.
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7 ii f"(x) determines whether the curve
is convex, is concave or has a point
of inflection. Hence f"(x) is
positive for 4
positive for B
negative for C

zero for D
8 f(x)=tanx
f'(x) =sec’ x
f"(x) =2sec’ xtanx =2 sm3x
cos’ x

At points of inflection f"(x)=0

sin x
cos’ x

which has only one solution, x = 0, in

2

=0 only when sinx =0,

the interval —= < x <~
2 2
When x =0, f(x)=0
When x <0, f"(x)<0
When x>0, f"(x)>0

.". there is one point of inflection at (0, 0).

9 a y=x3x-1)
dy 4 5
—=15xBx-1)"+(3x-1
™ x(3x—=1)"+@Bx-1)
d’y

=30(3x—1)* +180x(3x 1)’
=30(3x—1)’(9x—1)

2
dy0

b At points of inflection —5-=

30(3x—1)’(9x—1)=0

11
X=—or —
39
] 1 (1 Y 32
X=—=y=—X|=—1| =——=—
9 9 (3 2187
x—l:> —lx(l—l)S—O
3773

Points of inflection are

o) (5]
9 2187 3
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o= 15(3x = 1)* +15(3x = 1)* +180x(3x —1)°

2

10a jxy =12(x—-5)> > 0 for all x, so even

> =
2 2

d’y _ . d7y
=0 at x =5, the sign of o

though

does not change on either side of x =5 and
hence it is not a point of inflection.

b d—y=4(x—5)3 =0 when
dx

x=5and y=0
Stationary point is at (5, 0).

When x <5, d_y<0
dx

When x > 5, d_y>0
dx

. (5, 0) is a minimum point.

11 yzéx2 Inx-2x+5

d—y=lx2 1 +2xlnx—2=£+2xlnx—2
dx 3 \x) 3 3 3

2
d—f=l+g(l+lnx)=l+glnx
dx> 3 3 3

2
C is convex when d—;: >0
dx

1+§lnx> 0

Inx > -

N | W
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Challenge

1 A general cubic can be written as
f(x)=ax’ +bx’ +cx+d
f'(x) =3ax’ + 2bx+c
f"(x) = 6ax+2b

f"(x) =0 when x = _b
3a

Let & > 0; then

f”(—i-l-&‘j =6a(—i+5j+2b
3a 3a

=-2b+6as+2b=6as>0

f"(—i—ej = 6a(—i—8)+2b

3a 3a
=-2b—6as+2b=-6as <0

The sign of f"(x) changes either side of

X= —3i , so this is the single point of
a

inflection.

2 a y=ax'+br’ +cex’ +dx+e

d_y =4ax® +3bx* +2cx+d
dx

2

(cllx_J; =12ax” +6bx +2c¢

2
9V 0o 12ax* +6bx 12 =0
dx

As this is a quadratic equation, there
are at most two values of x for which

So there are at most two points of
inflection.

b If the discriminant of a quadratic is less
than zero, there are no real solutions.

Discriminant = (6b)° —4x12ax 2c
=36b" —96ac
—12(3b* —8ac)

If 3> < 8ac then discriminant < 0 and
2

v _o.

2:

so there are no solutions to

Therefore if 3b* < 8ac, then C has no
points of inflection.

© Pearson Education Ltd 2017. Copying permitted for purchasing institution only. This material is not copyright free. 6



