Pure Mathematics Year 2 SolutionBank

Review Exercise 2

. . 3n
1 Crosses y-axis when x =0 at sin— =

1
N

Crosses x-axis when sin (x + %J =0

x+3—n=—n, 0,7, 2xn
4

Jm 3m m Sm
474 4

So coordinates are 0,L , _7_71)0 , _3_1c’0 , E,O , 5—7190
2 4 4 4 4

T
2 a y=cos|x —gj is y = cosx translated by the vector | 3
0

T
s
4

YA
14 - _T
/\y_cos(x 3) /
0 T T 3n / o %
Z 2
=11

b Crosses y-axis when y = cos(—gj =

. TT
Crosses x-axis when cos (x - Ej =0

m 3n
272
1

So coordinates are O,l , 5_71,0 , E,OJ
2 6 6

2 ¢ cos(x—gj =-0.27, 0<x<2mn
cos™(=0.27) =1.844 (3 d.p.)
:x—§z1.844 and x—§z2n—1.844

— x=2.89,5.49 (2 d.p.)

© Pearson Education Ltd 2017. Copying permitted for purchasing institution only. This material is not copyright free. 1



Pure Mathematics Year 2 SolutionBank

3 a Let C be the midpoint of the line 4B, then
AOC is aright-angled triangle and AC =3cm, so

sing = 3 =0.6=> 0 =0.6435...
2 5 2

0 =1.287 radians (3 d.p.)

b Use /=r6
So arc AB =5x1.287 =6.44cm (3 s.f)

4 As ABC is equilateral, BC = AC = 8cm
BP=AB—-AP=8—-6=2cm
QC=BP=2cm

/BAC =§, PO =6x§= 2n=628cm (2 d.p.)
So perimeter = BC + BP + PO + QC=18.28cm (2 d.p.)

Exact answer 12 + 2t cm

5 a L(r+100%0-1r°0=40
= 20r0+1000 =80
=rf+50=4

:>r:i—5
0
b r:i—5=66’
o0

= 4-560 =60°
= 60*+50-4=0
— (30+4)(20-1)=0

:>9=—i orl
3 2

1

But € cannot be negative, so § =—, r =3

So perimeter = 20+r6’+(10+r)0=20+%+%:28cm

6 a arc BD=10x0.6=6cm

b Area of triangle ABC = %(13 x10)sin 0.6 = 65x0.567 =36.7cm’ (1 d.p.)

Area of sector ABD = %102 x0.6 =30cm’

Area of shaded area BCD =36.7-30=6.7cm’ (1 d.p.)
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7 a LOED =90" because BC is parallel to ED
10
cos0.7

Sor= =13.07cm (2 d.p.)

Area of sector OAB = %rz x1.4=119.7cm’ (1d.p.)

b BC=A4AC=rtan0.7

So perimeter = 2rtan0.7+rx1.4
=(2x13.07x0.842)+(13.07x1.4) =40.3cm
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8 Split each half of the rectangle as shown.

EFB is a right-angled triangle, and by Pythagoras’ theorem EF = ?r

Mg
\\

Let ZEBF =0, so tan6?=\/§:>t9=§ F

So ZFBC =

w |3

T
6
T T

_:_;/-2

12

o

Area S =—r’

3
X——r X

2

2

Area T = r= r A B

= =

| %

N | —

= Area R :%rz —Area S — Area T:{%———— r

Area of sector ACB = %rz g L

4 R|R

Area U = Area ABCD — Area sector ACB —2R b ¢

So area U = rz—gr2 —2R

={1—§—1+£+£Jr2

4 6

:r{ﬁ_i}ﬁ@ﬁ—n)

4 12) 12

2

So shaded area =2U = %(3\/§ —n)
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9 a 3sin’x+7cosx+3=3(1-cos’x)+7cosx+3

=—-3cos’ x+7cosx+6

=3cos’x—7cosx—6

b 3cos’x—7cosx—6=0
(3cosx+2)(cosx—3)=0

cosx=—Z or3
3

cos x cannot be 3

2
SO COSX =——
3

x=2.30,2n-2.30=2,30,3.98 (2 d.p.)

10 a For small values of §:
sin40 ~ 40
cos4l ~ 1—%(40)2 ~1-86°,

11a

12a

tan

30 ~ 360

sin46?—cos4¢9+tan3t9z49—(1—892)+30

-1

y:

~80% +76-1

4 —2cosec x is y =cosec x stretched by a scale factor 2 in the y-direction,

0
then reflected in the x-axis and then translated by the vector (4}

y =4 - 2cosecx

| /
N\

-2m

The
and

The

RY

2

E—‘JT 0 \r

minima in the graph occur when cosec x =—1 and y = 6. The maxima occur when cosec x =1
y = 2. So there are no solutions for 2<k<6.

graph is a translation of y =secd by « .

So oz:E
3

As the curve passes through (0, 4)

4=

ksec£:>k=4cos£=2
3 3
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12¢ —2\/5 = 2sec(¢9—§)

= cos(@—ﬁj ——L
3) 2

T St 3m

S L
3 47 4

cosx l-sinx _cos’x+(l1-sinx)’
l-sinx cosx  cosx(l—sinx)
_ cos” x+1-2sinx+sin’ x
- cos x(1—sin x)
_ 2-2sinx
~ cos x(1—-sinx)

13a

b By part a the equation becomes

2560x=—2«/§
:>secx=—\/§
1

= COSX=——=
2

2
3n 5n ln 137
4

X=—,— s
47 4

sin@ cos® sin’ O+cos’ O

14 a - = ;
cos@ sind cos@sind
= ; (using cos® @ +sin” @ =1)
sindcos @
1 ) ) )
=— (using double-angle formula sin 26 = 2sin & cos &)
1
>sin 260
=2cosec26
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14b The graph of y =2cosec28 is a stretch of the graph of y =cosec@ by a scale factor of 1 in the
horizontal direction and then a stretch by a factor of 2 in the vertical direction.

3y
2__\/ U
0 90° 180° 270° 360° ¢

y =2 cosec 260

¢ By part a the equation becomes
2cosec26 =3

= cosec26 = %

=sin26 = %, in the interval 0 <26 < 720°

Calculator value is 260 =41.81° (2 d.p.)
Solutions are 260 =41.81°,180°—41.81°,360°+41.81°, 540°-41.81°
So the solution set is: 20.9°, 69.1°, 200.9°, 249.1°

15 a Note the angle BDC =6
cosé’z%: BC =10cosf

BC BC 10cos® _

sinf=—= BD = 10cot @
BD sin @ sin &
b 10c0t9:£
NE)
1 T
=>cotld=—1, =—
NE) 3

From the triangle BCD, cos @ = lB)—g

= DC =BDcos@
So DC =10cotfcosb

o5
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16a sin’@+cos’f=1
sin*@ cos’@ 1
cos’6  cos’@ cos
= tan’ @ +1=sec’ 0

(dividing by cos’6)

20

b 2tan’O+sechd =1
= 2sec’O—2+secO=1

= 2sec’ @+sec—-3=0
= (2secd+3)(secd—1)=0

:>sec0=—%,sec0=l

:>c036’:—§,0050=1

Solutions are 131.8°,360°—-131.8°, 0°
So solution set is: 0.0°,131.8°,228.2° (1 d.p.)

172 a=——=L_2
sinx 1b b
4-b°  4-b°
at-1 ?
ok
b
72 72 2
_4-b" 4 b2 (4—p?) b :
4 T ab b
b b?

An alternative approach is to first substitute the trigonometric functions for a and b
4-b>  4—4sin’x
a’—1 cosec’ x—1
_ 4(1—sin’ x)
cot’ x

_4cos’ x

cot’ x
=4sin’ x = b*

18a y =arcsinx

= siny=x / Using sin @ = cos (%— 0)

x=cos(§—y)

= 5 —y=arccosx

b arcsinx+arccosx=y+%—y
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1 1
19a arccos—=p=>cosp=—
X X
Use Pythagoras’ theorem to show that opposite side of the right-angle triangle with angle p is
VX' -1

Vxt =1 . Axr=1
= p =arcsin

So sin p =
X

b If 0<x<1thenx’—1 is negative and you cannot take the square root of a negative number.

20a y=2arccosx T y =arccos x stretched by a scale factor of 2 in the y-direction and then

T . . o
translated by —— in the vertical direction

(-1, 3?77) Ya

y = 2arccosx —%

A

o |
(

X
1.-T
, 2)
b 2arccosx—§=0

T
—> arccos x = Z

1
V2

1
Coordinates are [ j
i

T
= X=CO0S— =
4

21 taan+ —J 1 ﬁ = l [using the addition formula for tan (4 + B)]

1£tan6

V3

6tanx+2\/§:1—Ttanx

(IgzﬁJtanle—Z\/g

3(1-243)(18-+3)
(18++3)(18-3)
_72-1113

321

tan x =
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22a sin(x+30°) = 2sin(x+60°)
So sin xcos30°+cosxsin30° =2 (sin xc0s60°—cos xsin 60°) (using the addition formulae for sin)
3. 1 1. 3
—sinx+—cosx =2| —sinx ———cos x
2 2 2 2
V3 sinx+cosx =2sinx—2+/3 cosx (multiplying both sides by 2)

(—2+\/§)sinx=(—l—2x/§)cosx

~1-243
2443
(1-28) 24

So tanx =

(—2+\/§)(—2—\5)
_ 2+6+4V3+3

4-3

=8+5\3

b tan(x+60°) = tan x + tan 60
1—tan x tan 60

B 8+5V3+/3
_1—(8+5J§)J§
8463
_14-8\3

i (4+43V3)(-7+443)

(-7-443)(-7+443)

36-28-21/3+16\3
49-48

=8-53

23 a sin165° =sin(120°+45°)
=sin120°cos45° +cos120°sin 45°

RCNR IS N
2 2 2 2
W3-l
2
V62

4
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1
sin165°

4 (Vo++72)
(V6—2) (Y6+2)
_4(J€+J§)

o 6-2

=J6++2

23 b cosecl65° =

24 a cosA:E
4

Using Pythagoras’ theorem and noting that sin 4 is negative as 4 is
in the fourth quadrant, this gives

NG

sind=———
4

Using the double-angle formula for sin gives

sin2A4=2sin Acos 4 = 2(—ﬂj(ij = _ﬂ

4 1\ 4 8
) 1
b cos2A4=2cos A—1=§
. _37
:>tan2A:sm2A:( ’ ):_3ﬁ
cos2A4 (%

25a cos2x+sinx=1
=1-2sin’ x+sinx =1 (using double-angle formula for cos2x)
= 2sin’ x—sinx =0

= sinx(2sinx—1)=0
=sinx=0,sinx =%
Solutions in the given interval are: —180°, 0°, 30°,150°,180°

b sin x(cos x +cosecx) =2cos’ x

= sinxcosx+1=2cos’ x
= inxcosx=2cos’ x—1
1 . : .
= Esm 2x =cos2x (using the double-angle formulae for sin2x and cos2x)

= tan2x =2, for —360° < 2x <360°
So 2x =63.43°-360°, 63.43°—-180°, 63.43°, 63.43°+180°
Solution set: —148.3°,—58.3°,31.7°,121.7° (1 d.p.)
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26 a

27 a

Rsin(x+a) = Rsinxcosa + Rcos xsina
SoRcosa =3, Rsina =2
R’cos’a+R*sin*a=3"+2"=9+4=13
— R=+13 (as cos’ a+sin’ a =1)

tana = % = a=0.588 (3d.p.)

4 4 . . . . .
R = (\/E ) =169 since the maximum value the sin function can take is 1

J13sin(x +0.588) =1

sin(x+0.5880) = —— = 0.27735...

V13

x+0.588 =1—0.281, 2 +0.281
x=2273,5.976 3 d.p.)

LHS =cotf—tand
_ cosH_ sin @
sin@d cosé

_cos” @—sin’ @

sinf@cos
cos 26 ) .
=— (using the double angle formulae for sin26 and cos26)
1sin26
=2cot26 = RHS

2cot26’:5:>cot29=§:>tan20=%, for —2n<20<2n

So0 26 =0.3805-2x,0.3805—m7,0.3805, 0.3805+
Solution set: —2.95,-1.38,0.190,1.76 (3 s.f.)

28a LHS =cos360

b From part a cos36 = 4——

= cos(20+60)

= c0s 26 cos @ —sin 26sin &

= (cos” @ —sin” #) cos @ —(2sin O cos O)sin &
= cos’ € —3sin’ @cos

= cos’ @ —3(1—cos” &) cos &

=4cos’ #—-3cosf = RHS

\/_ \/—__19\/_

27
27 27@

1942 38

So sec30 =—
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29 sin* 0 = (sin2 9)(sin2 0)
Use the double-angle formula to write sin® @ in terms of cos 26
1—cos26

2
Now substitute the expression for sin® @ and expand the brackets

So Sin40=(1—00526’j(1—c0526’j
2 2

cos20 =1—-sin* @ = sin’* G =

_1 1—2cos26 +cos’ 26
al )

Again use the double-angle formula to write cos” 26 in terms of cos 46

So sin* @ =%(1—2cos20+wj

=§—lcos26’+lcos46’
8 2 8

30a Rsin(@+a)=Rsinfcosa+ Rcosfsina =6sinf+2cosl
SoRcosa =6, Rsina =2
R*cos’a+R*sin’ @ =6"+2°=36+4=40
—R=+/40  (as cos’a+sina=1)
tana=%:>a=0.32175...=0.32 (2d.p.)

So 6sin &+ 2cos O ~ 40 sin(€+0.32)

b i /40, since the maximum value the sin function can take is 1

il Maximum occurs when sin(6+0.322) = 1
= 0+0.322 = g
=60=125Q2dp.)

Note that you should use a value of & to 3 decimal places in the model and then give your
answers to 2 decimal places.

¢ T =9+msin(%+0.322j
So minimum value of 7' is 9—~/40 = 2.68°C (2d.p.)
Occurs when sin (% + 0.322) =-1

™ 0302="
12 2

=t =16.77 hours
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14

30d 9+\/Esin(%+o.322j

— 40 sin (%+ o.322j =5

. [ mt 5
=sin| —+0.322 |=—
(12 j J40

= %-1— 0.322=0.9117,2.2299

=1=2.25729(2dp.)
0.25h =15 minutes and 0.29h = 17 minutes
So times are 11:15am and 4:17 pm

31a As i;«r&O,x;«tl
t

The equation for y can be rewritten as

RIS

B 16-12+12x+1-2x+x"

=

X2 +10x+5
(1-x)’

Soa=1,b=10, c=5

32a x=ln(t+2)=e" =t+2=>t=¢"-2
3t 3e'-6

y_m_ e +1

t>4=>¢"-2>4=>¢" >6=>x>1Inb6

X

So the solution is y =

,x>In6

X

e +1
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32b Whenx >,y —>3
3¢"-6 _(3x6)-6 _12
e 41 6+1 7

Whenx=1n6,y =

.12
So range is 7<y<3

L P TRLIE T
1+¢ X X
1 X X
T I Tt (—x) 2x-1
1— x—(1-x) 2x

X

34a y=cos3r=cos(2t+1)=cos2tcost—sin2¢sint
:(c052t—l)cost—2sin2tcost
=2cos3t—cost—2(1—cos2t)cost
=4cos’ t—3cost

X
x=200st:>cost:5

3
X x) 1 5 3  x/,
y—4(5) —3(5)—5)6 —EX—E()C —3)

b o<i<Z
2

So0<cost<land —1<cos3r<1
So0<x<2 -1<y<l
) T ) T LT
35a y=sin|t+— |=sinfcos—+costsin—
( 6) 6 6

3

. 1
=——sSInf+—cost
2 2

zﬁsint+%\/l—sin2t

As —gﬁtﬁg,—lﬁsintﬁlj—lﬁxsl
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35b AtA,sin(t+%j:0:>t:_%

) T 1
x=sin| —— |=——
S

Coordinates of A4 are (—%, Oj

AtB,x=sint=0=¢=0
—sin(t+£j—sin£—
7 6 6

Coordinates of B are (0, %)

1
2

36a y=cos2t=2cos’t—1

2
yzz(gj ~1, -3<x<3

b Curve is a parabola, with a minima and y-intercept at (0,—1) and x-intercepts when

2
X X 1
2l = | =l=>—=t—=x
(J 3 2
3

3
Coordinates | ——,0 |,| —,
e
Ya

L3
i
J

2
R

KY

R A
@\-1/\/2

37 y=3x+c would intersect curve C if
81(2t—1)=3(4t)+c
16t =20t —c=0
Using the quadratic formula, this equation has no real solutions if

(—20)" —4(16)(—¢) <0

= 64c<—400:>c<—?
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) : 1
38 a The curve intersects the x-axis when 2cost+1=0= cost = _E

2_71471

Solutions in the interval are ¢ = 3 ,?

=X =3sin(4—nj, 3sin(8—nj
3 3

So coordinates are [—#, 0] and (%, 0]

b 3sin2t:1.5:>sin2t=%

In the interval © <2t <3m solutions are
137 17n
"6
,_1x 17n
127 12

2t

39 a Find the time the ball hits the ground by solving —4.9¢> +25¢+50 =0
|_25¢ J25° —4(~4.9)(50)
2(-4.9)
t 20, so only valid solution is £ = 6.64s (2 d.p.)
=k=6.64 (2d.p.)

X
b t=
2543
2
X X

=25 —— |49 —=—| +50
Y (25&) (2%)
SRS P

J3 18750

Domain of the function is from where the ball is hit at x = 0 to where
it hits the ground when ¢ = 6.64 seconds.

When ¢ = 6.64, x = 25v/3(6.64) = 287.5 (1 d.p.)
So domain is 0 < x <287.5
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Challenge

1 Angle of minor arc = By because it is a quarter circle

Let the chord meet the circle at R and 7. The area of P is the area of sector formed by O, R and T less

the area of the triangle ORT.
2
SoareaofP= L2 Logn® (T 1 = (n-2)
2 2 2 2 4 2 4

Area of Q = > — area of P

2
=7’ 7t—£+l :r2(3—+1]=r—(3n+2)
42 4 2) 4
SOratioz(n—2):(3n+2)=3”_2 1
I

+2

2 a sinx
b cosx
¢ LCOAz%—x:LCAO:x
OA =1+sinx = cosec x
d AC=I+tanx=cotx
e tanx

f OB=1+cosx=secx
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3 a sint:x—_?’,cost:y—Jrl
4 4

As sin*t+cos’t=1

() (5 -

= (x=3)" +(y+1)" =16

The curve is a circle centre (3, —1) and radius 4.

Endpoints when ¢ = —g, x=-1,y=-1

andwhent=%,x=2\/§+3,y=2\/§—l

Ya
/ (2V2+3,2v2-1)
(—1,—1)\0 *

b Cis $ths of a circle, radius 4

So length = %x 87 =37
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