Pure Mathematics Year 2 SolutionBank

Review exercise 3

1. 3
1 y==x"+4cosx 3 y=—~——
2 (4-6x)’
dy _ . -2
&_x—4smx =3(4-6x)
When x = = dy 73 36
2 &=36(4—6x) =(4 o)
2 _ —6Xx
yzn—andﬂzﬂ—4=7t 8
dx 2 2
When x =1:
So gradient of normal is — 2 y=§ and ﬂ=_§:_g
n—8 4 dx 8 2

Equation of normal is

) So gradient of normal is 2

o 2 ( n) 9

Y-——% =~ X==
8 n—8 2

2 - Equation of normal is
y(8—n)——(8—n)=2(x——) 3 2

8 2 y—zzg(x—l)
8y(8—n)—n2(8—n)216x—8n 36y—27 =8x—8
8y(8—n)—16x—n2(8—n)+8n=0 0=8x—-36y+19

8y (8- m)—-16x+m(n’ —8m+8) =0
4 a y=(2x-3)e*

_ a3X 2
2 y=e"-In(x") Let u=(2x—3)2:>d—u=4(2x—3)
=e¥*-2Inx o
andv=e2X:>d—V=2e2X
& g 2 %
dx X d_y:ud_v du
dx dx dx
When x = 2: =2(2x-3) ™ +4(2x-3)e”
d
y=¢e’~In4 and d—z(':?,ee—l =2e™(2x-3)(2x-3+2)

=2e™(2x-3)(2x-1)
Equation of tangent is

6 _ 6_ _
y-(e"~In4)=(3e"-1)(x~2) 3o pdes
y—e'+In4=(3e°~1)x-6e°+2 dx
sox—3 o L
y—(SeG—l)x—2+In4+5e6:O OX_EorE

Whenx=g,y:0

Whenx=%,y=4e

So coordinates of stationary points are
(E,Oj and (l,4ej.
2 2
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Pure Mathematics Year 2

Let u :(x—1)2 :g—i: 2(x—-1)

. dv
and v =Sin X = — = C0S X
dx

du dv
dy Vo ax
dx v?
_2(x=1)sin x—(x—l)2 COS X
- sin x
_ (x=1)(2sin x—xcosx+cos x)
B sin? x
b Whenx =2
2

2
y=(£—1j and ﬂ=2(£—1)
2 dx 2
Equation of tangent is
2
{5 e s
2 2 2
=(n—-2 X_E)
(v-2)(x-
2
y=(n—2)x—%(n—2)+(%—1)

2 2
—(n-2)x-Z4+n+Z —n+1
2 4

=(n—2)x+(l—%2j

SolutionBank

1
6 a y=cosecXx=——
sin X
) du
Let u=sinX= — =C0S X
dx
dy 1

andy—1:>— -=
u du u?

Using the chain rule:

dy _dy du
dx du dx
1

= ————XxCO0SX

sin‘ x
1 1

=—— X

sinx tanx

= —C0SecC X cot X

b x=cosecby

% =-6cosecbycotby
dy

cosec’6y =1+cot’ 6y

— cotby =+/x*—1
dx_ —6xv/x* -1

dy
d_y_ 1

dX  Bxy/x? 1

7 y=arcsinx

Sox=siny

:%zcosyand @y_ L
dy

dx  cos y
sin®y+cos’y =1
cosy = \/1—sin2y =y1-%

So ﬂz !
dx  {1-x?
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8 a x=2cott,y=sin’t

dx =—2cosec’t, dy =4sintcost
dt dt

dy _dy  dx
dx dt dt
__4sintcost
~ —2cosec’t
=-2sin®tcost
b When t="
4
2
X 2andy:2><(i2 =1

So equation of tangent is
1
-1=—=(x-2
y ,(x=2)

1
=——X+2
y 2

c x:Zcott:cottzg

Y

y=2sin’t =sin’t == and cosec’t _2
y

cosec? t =1+cot’t

44X

4
4

y_
2 4+x
8

4+ xP

As O<t£g,cott20

X =2cott so the domain of the function
isx>0.

Using the chain rule:
ox__1 dy_ 1
dt @+t)? ' dt  (1-t)?

dy _dy  dx
dx dt dt
_(@+v?

@-t)?

Whent—1
2
2
X =— and
3 y=

d_yz_i’_)z:_%z_g
4

dx (3

So equation of tangent is

2
—2--9[x-%
y ( 3)

y=-9x+8

H
-
r—l-
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10 3x* —2y* +2x-3y+5=0
Differentiating with respect to x:
ex—ay Y 2-3¥ 00

dx dx

Substituting x=0, y=1:

_4ﬂ+2_3d_y=0
dx dx
1Y,
dx
dy _2
dx 7

So gradient of normal at (0, 1) is _?7

Equation of normal is

—7
-1=—(x-0
y 2( )
—7
=—xXx+1
y 2
7x+2y-2=0

11 a sinx+cosy=0.5

Differentiating with respect to x:

COS X —sin yg—izo

dy cosx
=>—==—
dx siny

b ﬂ=0:>cosx=0:>x=iz
dx 2

When x =2
2
l+cosy=05=cosy=-05
3 3
When x=—"_:
2

—-1+cosy=05=cosy=15
(no solutions)

SolutionBank

:e‘x(x2 —4x+2)

2
For C to be convex, d—)zl > 0.

e*>0,andforall x<0, xX>—4x+2>0
2

So d—2’>Oforall x <0.
dx

Hence C is convex for all x<0.
13aV :ﬂnr3 :d—vz4nr2
3 dr

b Using the chain rule:

av _dv dr_, o dr
dt  dr dt dt
w000 o
dt  (2t+1)° dt
dr _ 1000
dt  4n(2t+1)°r?
250
~ r(2t+1)%r?

14a g(x)=x"-x"-1

g(L.4) =1.4° -1.42 -1=-0216 <0
g(L.5) =15 -15 -1=0.125>0

The change of sign implies that the root
aisin [1.4,15].

b g(1.4655) = —0.00025... < 0
9(1.4665) = 0.00326... > 0

The change of sign implies that the root
«a satisfies 1.4655 < a < 1.4665, and so

o =1.466 correct to 3 decimal places.

So the only stationary points in the given
T 2% T —27
rangeareat | —,— [and | —,— |.
2 3 2 3
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15a p(x)=cosx+e™

16a

17a

p(1.7) =cosl.7 +e*" =0.054...> 0
p(1.8) = cos1.8+e® =-0.062...< 0

The change of sign implies that the root
aisin [1.7,1.8].

P(1.7455) = c0s1.7455 + e -'*°
=0.00074...>0

p(1.7465) = cos1.7465 + e "
=-0.00042...<0

The change of sign implies that the root
o satisfies 1.7455 < a < 1.7465, and so

a =1.746 correct to 3 decimal places.

f(x) =e*°-3x+5=0
e*?2=3x-5
x—2=1In(3x-5)

x=In(3x—5)+2, for 3x—5>0:>x>%

Using X, = 4:
X, =In7+2=3.9459
X, = In(3x3.9459 —5)+ 2 = 3.9225

X; =In (3 x 3.9225 - 5) +2=39121
All correct to 4 decimal places.

1
e 2)3 +4x?

£(0.2) = —L— +4x0.2?

(0.2-2)
= -0.011..<0

£(0.3) = ——— +4x0.3?

(0.3-2)

=0.156...>0

f(x) =

The change of sign implies that the root
a isin [0.2,0.3].

18a

SolutionBank

Using x, =1:

3/—_1 +2=1.3700
4
1
3/—2 +2-1.4893
4%x1.3700
3

— L i2-15170
414893

- 3/‘—12 +2=1528
415170

All correct to 4 decimal places.

X

X
%3
Xy

m +4x 152352

=0.0412...>0

f(1.5245) = —— =+ 4x1.5245"
(15245 - 2)

=-0.0050...<0

f(1.5235) =

The change of sign implies that the root
a satisfies 1.5235 < o < 1.5245, and so

o =1.524 correct to 3 decimal places.
1 2.«

f(x) =—x"e"-2x-10
10

As A is a stationary point, the gradient at
Ais zero. So f(a) = 0.

The Newton—Raphson process uses f/(x)
as a denominator. Division by zero is
undefined so X, = a cannot be used to

find an approximation for «.
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18b f(x)=xe*(0.1x+0.2)-2

Using X, =2.9:
R
(%)

~ f(2.9)

f(2.9)

. 0.5155

23.825
=2.922 (3d.p.

X1:

2
19a f(x) 3 xeilig
10 X

: 3 s 21
i f(0.2)=—x0.2"-0.23+—-4
10 0.2

=0.660...>0

3 s 2
f(0.3)=—x0.3"-0.33+—-4
10 0.3

=-1.107...<0

The change of sign implies that there is
aroot « in [0.2,0.3].

3 21
i f(2.6)=—x2.6%-2.6%+——4
10 2.6

=-0.233..<0

3 21
f(2.7)=—x2.7°-273 +— -4
10 27

=0.336...>0

The change of sign implies that there is
aroot « in [2.6,2.7].

2
b f(x):ix3—x3+£—4:0
10 X

2
3 oapye-t
10

c UsingXx, =2.5:
2
X =3 10 4+25° N 2.6275
3 2.5

2
e e

2.6275

2
X, = 3|—| 4+ 2.64063 Lt =2.6419
2.6406

2
- ofo2met L] -20

2.6419
All correct to 4 decimal places.
d f(x) _9 —gx_é L
10 3 X2
Using x, =0.3:
_ 1)
" (%)
3_ f(0.3)
f(0.3)
-1.10671

~ Z12.02598
= 0.208 (3 d.p.)

20a v(x)=0.12 cos(%) —0.35sin (%) +120
= R(cos%ﬂxjﬂzo

R(COSQ+6¥)
5

( 2X . 2X . )
=R COS?COSa—SIn?SIna

=0.12cos (ﬁj —0.35sin (ﬁj
5 5

So Rcosa =0.12 and Rsina=0.35
tan o :@ = a=1.2405(4d.p.)
0.12

R?(cos? @ +sin? @) =0.12% +0.35°
R? =0.1369 so R = 0.37
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20b v(x)=0.37 cos(% +1.2405) +120
V'(X) = —% x0.37sin (% +1.2405j

=-0.148sin [% +1.2405j

c V'(4.7)=-0.148sin (9—;' +1.2405)
=-0.0031...<0
V'(4.8) = —0.148sin [9—56 +1.2405j
=0.0028...>0

The change of sign implies that there is a
stationary point in the interval [4.7,4.8].

d V(x)=—2x0.148cos| 2X +1.2405
5 5

Using X, =12.6:
_V'(12.6)
v"(12.6)

x =12.6

0.148$in(25g2+1.2405j
=12.6-

gx 0.148 cos(255'2 +1.2405j

0.0003974...
0.5920...
=12.607 (3d.p.)

=126+

e V/(12.60665)
25.2133

= —O.l48$in( +1.2405)

=0.0000037...>0

V'(12.60675)
25.2135

= —O.l48sin( +1.2405j

=-0.0000022...<0

The change of sign implies that there is a
stationary point at x =12.6067 correct to
4 decimal places.

21 [*(12-3x) dx=78

3
[—%(12—3x)3} =—%7+%(12—3a)3

—3+%(12—3a)3 =78

%(12—361)3 =81
(12-3a)’ =729

12—-3a=9
a=1

22a cos(5x+2x)=cos5xcos2x—sin5xsin 2x

cos(5x—2x) = C0S5XC0S 2X +Sin5xsin 2X

Adding:
COS 7X+C0S3X = 2C0S5XC0Ss 2X

b I6c055xc032x dx
= 3j(cos7x+c053x)dx

:gsin 7X+sin3x+c

23 Consider y=¢* = g_y =453~
X

—memA_m
4 4
m* 3
n -2
m* 3
(e —1) Z(e81 1)
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Let U =2x-1= 2ud—u:2
dx

So replace dx with u du.

241

J2x-1=uand x= u

N[

X3
25Let | =| _dx
0 (1—X2)2

Let u=1—x? :>d—u=—2x
dx
du

So replace x dx with -

x?=1-u
X3 X2
So_[ ldx:j - xdx
(1-x2)° (1-x)’
3
u? 2
_ 1 1_1udu
27 y:
1 11
=——|u"—-u?)du
il )
X u
1 3
2 4
0 1

2 3 44 3
s
_2 38
3 8
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26 Let | = Le (x* +12) In xdx

Letu:lnx:>d—u:E

dx X

3

and ﬁ=x2+1:>v=x—+x
dx 3

Using the integration by parts formula:

3 € e 3
| = X—+x In x —J'E X—+x dx
3 . 1x(3

3 e 2
- e_+e xl—(1+ljx0—_|. X—+1 dx
3 3 13

3 3 €
=e—+e—0—[x—+x}
9

3 1

e (URER)
=—+e—|| —+e|-| =+1
3 9 9
2¢° 10
= —+4—

9 9
—l(2e3+10)

9

5x+3 A B

27 a

2x—3)(x+2) 2X-3  x+2
_A(x+2)+B(2x-3)
T (2x=3)(x+2)
5x+3= A(x+2)+B(2x-3)

Let x=—2: -7=B(-7)soB=1

Let x=§: 2—1:A(Z) soA=3
2 2 2

o 5x+3 3 1
(2x-3)(x+2) 2x-3 x+2

SolutionBank

J~6 5x+3 «

2 (2x— 3)(x+2)
3
X—3

dX+Jx+2

6

2

E
Bln(Zx 3)+1In(x+ 2)}
( In9+1n 8)—(gln1+1n 4)

:In95+ln8—0—ln4

3
=1n92 +1n§
4

=1n27+1n2
=1n54
28a 2cost=1
1
= cost==
2
=T ort=2F
3 3

b J' y—dt—j 3 (1-2cost)(1—-2cost)dt

3
5z
:J‘f(l—Zcost)2 dt
5z ;
c Iﬂ?’ (1-2cost)"dt
3

57
=J‘,,3 1—4cost+4cos’t dt
3

Using double angle formula:
jcoszt dt = j COSZtJrldt

Using substitution u=2t, dt = %du :

Icos 2t dt = Sin 2t

57
= .[”3 1—4cost+4cos’t dt
3

57

=[-4sint+sin 2t+3t]7

({3

=47 +33
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29 a At point A, xcoordinate is zeroand y is 3, 33,
maximum, therefore t = 2 4 16

Gradient at point A: =—a
dy

ay_ ot

dx dx

dt b 2[£a2j=10
dy

— =acost
dt 22 :Q
%:—Basin 3t ‘/§

a- [
dy acost _ cost 5

dx —3asin3t -3sin3t

=6.796 (4 s.f.)

& 3 6

Equation of AD:

y—%a=—§(x—0)

X —coordinate of D:

NCI

O0=——x+—-a
6 2

5w
Area:

J-a\/_ 3

X =

——X+= adx j asint(—3asin3t)dt

B, 1 [ i
= = x>+ Zax —3a2_|‘gsintsin3t dt
12° 27| 0

Using product to sum formulas:

_ ~a3
3, 1 _3a2J‘%_COS4t—COSZt

= ——X"+=ax dt
2 2

12

L -0

_ B _ o
= _£X2+£ax _BaZ[SInZt_smMT
2 0 4 8 o

(e
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30 a Let | =j:xezxdx

Letu:x:>d—U=1
dx

and Ol—V:e2X :v:le2X
dx 2

Using the integration by parts formula:

1 1
I =erzx} —jlxle“dx
2 )72

0

1
:(lez_oj_[}ezﬂ
2 4 0

b When x = 0.4,y =0.89022
When x = 0.8, y = 3.96243

¢ AreaofR

~ 5 x0.2(0+2(0.29836 +0.89022 +
1.99207 +3.96243) + 7.38906)

—0.1x 21.67522
= 2.168 (4s.f.)

d Percentage error in answer from part ¢

Loyl 5168
-4 4 x100% = 3.37%
1, 1
4 4

31 a

2x-1  __ A B
(x-)(2x-3) x-1 2x-3
2x—-1= A(2x-3)+B(x-1)

Let x:i: 2:8(1)3824
2 2

Let x=1: 1=A(-D=A=-1
2x-1 -1 4

0 = +
(x=-D(2x-3) x-1 2x-3
(2x—3)(x—1)d—y =(2x-1)y
dx

Separating the variables:

2x-1
I_ _-[(Zx T

Solny= j—dx+ dx

2X-3
=—1In|x-1+21n[2x-3/+¢

=—1In|x—1+1n(2x-3)* +In A

(2x—3)?
x—1

=lnA

So the general solution is
_ A@x-3)°
x-1

_ A@x-3)°
x—1

When x=2, y=10 so
A(4-3)°
2-1

10= = A=10

So the particular solution is
~10(2x—3)?
(x=1)
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32aV =£7‘Cr3:>d—v=4ﬂ:l’2
3 dr

Using the chain rule:
v _dvdr
dt  dr dt

dr

=4nr® x—
dt

3k

So B= >
16w

b Separating the variables:

Irsdr :I 3k dt

2

16w
6
L. 3k2 t+A
6 16x
re =9—k2t+ A
8n
r =(9—k2t+ A’j
8n

33 a Rate of change of volume is Z—\t/cms st

Increase is 20 cm3 st
Decrease is kV cm?® s, where k is a
constant of proportionality.

So the overall rate of change is

d—V:ZO—kV
dt

Separating the variables:

1
j20—kV dv =j1dt

So —%1n|20—kv|:t+c

When t=0,V =0 so
1

——In20=c
k
Combining the In terms:
—lln 20—-kVv i
k 20
120K _
20
20—-kV "
20
kV =20-20e™
_20_20 .
k k
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33¢c V=" :>CI—V:20e‘kt
k k dt

Substitute (jj_\t/ =10 when t=5:

10=20e* = e = %

Taking natural logarithms:
-5k :1n% or 5k=1In2

k= %1n 2=0.1386 (4 d.p.)

2

SoV="—"--"
In2 1n2

When t=10:
_100_100 1
In2 1n2 4
75

“1n2

=108.2 (1 d.p.)

t
100 100 ( 1 jS

So the volume is 108 cm® (3 s.f).

34 a CL—(t: is the rate of change of concentration.

The concentration is decreasing so the rate

of change is negative.

So —d—CocC or d—C=—kC,

dt dt

where Kk is a positive constant of

proportionality.
b Separating the variables:

| Lic-- [kt
C
SO INnC =—kt+1In A,
where 1n A is a constant.

soInC =kt

— e—kt

>0 >

So the general solution is C = Ae™.

c Whent=0,C=C;,s0oA=Co
SoC=C,e™

When t=4,C =iC0 SO
10

%CO =C,e ™
e* =10
4k =1n10

k= 11n10
4

35 [PQ| = /(8 (-1’ +(-4—4)* + (k—6)°
=9 +(-8)* +(k—6)* =75
81+64+(k—6) =245
(k-6)" =100
k—6=+10
k=—4ork=16

36 |AB| = 1+36+16 =+/53

AC|=/25+4+9 =38

BC = AC — AB = 6i —8j- 7k

BC|=/36+64-+49 =149

c0s /BAC = 22387149y 5se0..

ZX@X@ -

/BAC =130.3° (1 d.p.)
37a Let O be the fixed origin.

PQ =0Q-0P =10i—5j -2k

b |@| =100+ 25+ 4 = /129

Unit vector in direction of PQ
10 . 5 . 2

= - - k
J129 129 J J129

C co0sf, = 2 -0.1761

V129

6, =101.1° (1 d.p.)
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37d AB=230i-15j+6k 39 —6i+40j+16k =3pi+(8+qr)j+2prk
There is no scalar, say m, for which
AB =mPQ, so AB and PQ are not Comparing coefficients of i:
parallel. —6=3p=p=-2
38 MN =10i —5j— 4k Comparing coefficients of k:
— 16=2pr=pr=8=r=-4
[MN| =107 +5° + 4° = /141
Comparing coefficients of j:
MP = (k+2)i-2j-11k 40=8+0qr=qr=32=q=-8
|W:5|=\/(k+2)2+22+112 p=-2,q=-8,r=-4
= |J(k+2)" +125

NP =(k-8)i+3j-7k
|W5|=\/(k—8)2 +3% 472

=J(k—8)" +56

If |W|:|W5| then
J141 = J(k+2) +125
(k+2)° =16
k+2=14

k=2ork=-6
= k =2 (since k is positive)

If |W| = |@| then

J141 = (k—8)° +56
(k-8)" =85
So there are no integer solutions for k
if [MN| = [NP|
If |W|=|W| then
J(k+2)° +125 = [(k -8’ +56
k® +4k +129 =k* —16k +122

20k =7
So there are no positive solutions for k
if [MP| =[NP

So k=2
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Challenge
1 a ay+x*+4xy=y?

Differentiating with respect to x:

ad—y+2x+4(xd—y+yj= Zyd—y
dx dx dx

g—y(a+4x—2y)=—4y—2x
X
. —4y-2x
a+4x-2y

d—y=0:>x:—2y

dx

Substituting for x in the original equation:
ay +4y* -8y’ =y?

ay—5y* =0

y(a-5y)=0= y:00ry:%

Wheny=0,x=-2y=0

a —2a
Wheny=—,x=-2y=—
Y 5 Y 5

So g—y=0 at (0,0) and at (—%,Ej.

X 5
b dx _a+4x-2y
dy —4y-2x
d—X:0:>a+4x—2y:O: y:2x+E
dy 2

Substituting for y in the original equation:

2
a(2x+§j+ NG +4x(2x+gj=(2x+§j
2 2 2

a’ a’
2ax+—+x2+8x2+2ax=4x2+2ax+7

2
5x2+2ax+a7=0

20a’ a2

‘b* —4ac’=4a’ -

2
-a’<0 (as a=0)so 5x2+2ax+a7=o

has no solutions.

Hence d_x # 0 for all x.
dy
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2 y=sinx+2andy=cos2x+2

Curves intersect when
SinX+2=C0S2X+2

sin X = c0s 2X
=1-2sin’x

2sin® x+sinx—1=0

(2sinx—1)(sinx+1)=0

So sinx:% or sinx=-1

So the intersections are at

T 5n 3n

X=—,X=— and x=—
6 6

Shaded area up to x :% is

I% cos 2X+2—(sin x+2))dx

:'[5 (cos 2x—sin x) dx

6
={ sin 2x+cosx}

0

=(£+£J (0+1)
33

33
4

Shaded area between X =% and %ﬁ is

51
J‘E(sin X —C0S 2X ) dX
° 5n

={—cosx—%sin Zle
{28129
_33

2

SolutionBank

Shaded area between X = %ﬁ and 37“ is

3n
52 (cos 2x —sin x)dx
0

3n

= Bsin 2X+Cos x]:n
5 fj

2

So the total shaded area is

33,33 33

4 2 4

=3J3-1
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