Statistics and Mechanics Year 1/AS SolutionBank

Data Collection 1A

1 a A census observes or measures every member of a population.
b An advantage is it that it will give a completely accurate result.
A disadvantage could be any one from:

It would be time consuming.
It would be expensive.

2 a The testing process will destroy the harness, so a census would destroy a// the harnesses, meaning
that there would be no harnesses left for climbers to use.

b The claim is misleading. 250 kg is the mean and median load at which the harnesses in the sample
break. So we would expect half of the harnesses to break at a load of less than 250 kg.

¢ Test a larger number of harnesses.
3 a Any one from:
It would be time consuming.
It would be expensive.
It would be difficult to process the data.
b A list of residents.

¢ Each individual resident.

4 a The testing process would destroy the switches, so a census would destroy all the switches,
meaning that there would be no switches left to sell.

b The mean is 19 615.4, less than the stated average. One of the switches survived significantly
fewer operations, which suggests that the median of 22 921 might be a better average to take, as it
is not affected by outliers. The data therefore supports the company's claim.

¢ Test a larger number of switches.

5 a All the mechanics in the garage.

b Everyone’s views will be known.
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Data Collection 1B
1 a There are 40 + 60 + 80 = 180 pupils altogether.

Year 1: 40 x 0.2 = 8 pupils
Year 2: 60 x 0.2 =12 pupils
Year 3: 80 x 0.2 = 16 pupils

b Any one from:

A stratified sample accurately reflects the population structure of the school.
A stratified sample guarantees proportional representation of different year groups in the sample.

2 a Taking every 20th person may introduce bias, as the sampling frame is not random.

b A simple random sample using the alphabetical list as the sampling frame.

3 a No, this is not a systematic sample. Any reason from:

The first person is not selected at random.
The required elements of the sample are not being chosen at regular intervals.

b To improve the reliability of the data collected, the gym could use a larger sample.
To reduce bias, take a simple random sample using the list of members as the sampling frame.

4 a Stratified sampling

b There are 70 + 50 + 85 + 75 = 280 students altogether. All answers should be rounded to the
nearest whole number as appropriate.

Year 12 Male: 2% x40 =10

280

Year 13 Male: 22x40 =~ 7

280

Year 12 Female: -&£-x40 =~ 12

280

Year 13 Female: 22 x40 =~ 11

280
5  k=4-16

Randomly select a number between 1 and 16. Start with the worker having this clock number.
Then select the workers that have every 16th clock number after this.

6 a Setup asampling frame. Use any method to select sampling units in which every member of the
population has an equal chance of being selected, e.g. lottery sampling. A disadvantage of this
method is that it may not reflect the proportion of members at the club who play each sport.

b The sample will have proportional representation of the members who play the different sports.

¢ There are 120 + 145 + 105 = 370 members altogether. All answers should be rounded to the
nearest whole number as appropriate.

Cricket; &% 30 =~ 10

370

Hockey: 1%x30 =~ 12

370

Squash: 1% x30 =~ 9

370

© Pearson Education Ltd 2017. Copying permitted for purchasing institution only. This material is not copyright free. 1



Statistics and Mechanics Year 1/AS SolutionBank

Data Collection 1C

1 a i Divide the population into groups according to given characteristics. The size of each group
determines the proportion of the sample that should have that characteristic. The interviewer
should assess which group people fall into, as part of the interview. Once a quota has been filled,
no more people in that group are interviewed.

ii Only sample the people who are available at the time the study is carried out, e.g. the first 40
shoppers who are available to be interviewed.

b Quota sampling, as opportunity sampling is unlikely to reflect the characteristics of the whole
population.

2 A similarity between quota sampling and stratified random sampling is that the population is
divided according to the characteristics of the whole population (into strata for stratified sampling,
and groups for quota sampling). A difference between quota sampling and stratified random
sampling is that quota sampling is non-random.

3 a Opportunity sampling
b Opportunity sampling is unlikely to reflect the characteristics of the whole population..

¢ He could survey people at different times of day.
He could survey people in other parts of the town, not just outside the fish and chip shop.

4 a Mean= 4+7+6+8+2:2—7 = 5.4 hours

5

b She has used opportunity sampling, which is unlikely to reflect the characteristics of the whole
population of the town, and has used a very small sample, which is unlikely to be representative.

¢ Increase the number of people asked.
Ask people at different times and/or in different locations.

5 a Quota sampling
b Any one from:

No sampling frame is required.

It is quick.

It is easy.

It is inexpensive.

It allows for comparison between male and female boars.

75+80+90+85+82 _ 412

. = 82 kg (to the nearest whole number)

¢ Mean male weight =

67+72+75+68+65_ 347
5

Mean female weight = = 69 kg (to the nearest whole number)

Male range =90 — 75 =15
Female range =75 — 65 =10

Males are heavier on average, but have a greater spread.
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5 d Increase the sample size.
Catch deer at random times during the day.

6 a An example of an opportunity sample would be the first five heights, giving a sample of:
1.8,1.9,2.3,1.7,2.1
b The second height is 1.9. To take a sample of 5, now choose every 4th height, giving a sample of:
1.9,2.0,2.6,2.3,2.0

¢ Mean height for the opportunity sample = 18+19+23+17+2.1_ 9—;;: 1.96 m (to 2 d.p.)

5

1.9+2.0+236+2.3+2.0 _ 1(;'8:2,16 m (to 2 d.p.)

Mean height for the systematic sample =

d The systematic sample is likely to be more reliable, because it is random and likely to be more
representative. The opportunity sample might just consider all the small values, as it does here.
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Data Collection 1D

1 a Quantitative as heights are numerical.
b Qualitative as colours are not numerical.
¢ Quantitative as time is numerical.
d Quantitative as shoe size is numerical.
e Qualitative as names are not numerical.
2 a Discrete — you cannot have a shoe size of 4.78, for example.
b Continuous — you can measure the length of a leaf to any degree of accuracy.
¢ Discrete — you can only have whole numbers of people.
d Continuous — you can measure the weight of the sugar to any degree of accuracy.
e Continuous — you can measure the time taken to any degree of accuracy.
f Continuous — you can measure the lifetime of a battery to any degree of accuracy.
3 a Itisdescriptive rather than numerical.

b It is discrete because you can only have whole numbers of pupils in a class. It is quantitative as it
Is numerical.

¢ Weight can take any value in a given range. Therefore, it is continuous. It is quantitative as it is
numerical.

4 a 1.4 and 1.5. There are no gaps, therefore the boundaries are the given boundaries of the class.

1.3+1.4 =£ _135kg

b 2 2

c 13-12=0.1kg
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Data Collection 1E

1 a Leuchars
b Perth
¢ Any one from: Leeming, Heathrow, Beijing
d Any one from: Leuchars, Hurn, Camborne, Jacksonville, Perth
e Any one from: Beijing, Jacksonville, Perth

2 Daily maximum relative humidity is a continuous variable as it can take any percentage value
between 0 and 100.

3 a i Mean daily total sunshine for Leeming = % =10.1 hrs (to 1 d.p.)

ii Mean daily total sunshine for Heathrow = % =7.6 hrs

b i Leemingrange=14.6—5.1=9.5 hrs
ii Heathrow range =14.4 — 1.6 =12.8 hrs

¢ Part (a) shows that Leeming has a higher average number of hours of sunshine. Leeming is further
north than Heathrow, so the data does not support Supra;j’s conclusion. (The range calculated in
part (b) does not affect this.)

4 The rainfall on 2/6/2015, 5/6/2015 and 8/6/2015 was recorded as 'tr', meaning trace, which is
between 0 and 0.05 mm of rain. However, we treat the trace amounts as 0 in numerical
calculations as anything less than 0.05 mm would be 0.0 to 1 decimal place.

06 +0x3+0x5+0.8

Mean daily total rainfall in Heathrow = 10

14
10
=0.14 mm
5 a i Using multiple months provides more data.

ii Two days out of each month of 30 or 31 days is a small sample size.

b He is choosing the last day of one month followed by the first day of the next month, which is not
random. These consecutive days are likely to be affected by the same weather pattern.

¢ He could number the days and choose a simple random sample.

6 a Perth is in the Southern hemisphere, where it will be winter in August, and Jacksonville is in the
Northern hemisphere, where it will be summer. So it is likely to be hotter in Jacksonville.
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6 b The lowest temperatures in the UK are at coastal locations — Leuchars and Camborne (14.7 °C and
15.4 °C). The highest temperature is at an inland location — Beijing (26.6 °C). There is some
evidence to support this conclusion.

7 1 okta corresponds to 1 eighth of the sky covered by cloud, and so the maximum figure for cloud
cover is 8. Brian's answer is more than that and so is incorrect.

8 a Marie should select days at regular intervals from an ordered list. She should put the days into date
order. Then she should begin at a random day between 1 and 6 and select every 6th day thereafter
until 30 days are selected since 184 +~ 30 = 6.
b There may be missing values because the data is not available.

Large data set

1 a Mean pressure = 313@ = 1020 hPa (to the nearest whole number)

b When the rainfall for July 2015 is in numerical order, the first seventeen days had zero rainfall, so
the median daily rainfall is 0.0 mm.

c i
Temperature,  (°C) | Frequency
10<t<15 1
15<£<20 30
20<¢<25 10
25<1<30 1
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2 a i Give each day a number from 1 to 184. Use a calculator to generate 10 random
numbers, for example:

43, 4,102, 23, 139, 106, 164, 94, 163, 63

This gives the sample of wind speeds: 4, n/a, 4, 12, 3, 8, 4, 8, 5 and 3.
ii Mean daily wind speed excluding the value n/a is % = 6 kn (to the nearest whole number)
b i The first ten available values are 5, 8, 7, 11,9, 7, 10, 7, 5 and 5.

ii Mean daily mean wind speed = % = 7 kn (to the nearest whole number)
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¢ The simple random sample is likely to be more representative as the opportunity sample records
consecutive days, which are likely to affect one another.
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2 d Any two of:
Take a bigger sample, as 10 sample units is likely to be insufficient.
Take a stratified sample, categorising by month.
Take a systematic sample.

Both of the final options guarantee that you will take data spread over a range of months.

e Example: A stratified sample of 30 days.

Month May | Jun Jul Aug | Sep Oct

Number of

31 30 31 31 30 31
days

£x30 =5.05 = 5 days
184

30 30 =4.89 ~ 5 days
184

Therefore, take a simple random sample of 5 days from each month for both Leeming and
Leuchars in 1987.

In the sample taken for this example, 4 of the values for Leeming and Leuchars were not
available and so the calculations will be evaluated from the remaining 26 sample units.

Mean windspeed for Leeming = 166 _ 6 kn (to the nearest whole number)
6
Mean windspeed for Leuchars = % =7 kn (to the nearest whole number)

Leuchars is a coastal location and has a higher average wind speed than the inland
location of Leeming so the calculation supports the statement 'Coastal locations are likely
to have higher average windspeeds than inland locations.'
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Data Collection, Mixed exercise 1

146 +88+72+73+102 48
5

1 a Mean daily maximum temperature = =9.6°C

b The sampling frame is the first 15 days in May 1987. Allocate each date a number
from 1 to 15. Use the random number function on a calculator to generate 5 random
numbers between 1 and 15 and choose the dates with these numbers.

¢ For example: The 5 random numbers generated are 12, 8, 13, 6 and 15. These give the
temperatures 12.7, 12.1, 8.9, 11.9 and 9.5.

Mean daily max temperature = %’12 11.0°C (to 1 d.p.)

d Mean daily max temperature = %: 10.8°C (to 1 d.p.)

Using data for the whole period gives a completely accurate result. A sample of one third of the
dates will give a less reliable one. This variation is apparent in the answers to a and c, above.

2 a i Advantage: very accurate.
Disadvantages: expensive, time consuming and difficult to process.

ii Advantages: easier data collection, quick and cheap.
Disadvantages: less accurate, less representative and possibly biased.

b Assign unique 3-digit identifiers 000, 001, ..., 499 to each member of the population. Use random
number tables, a computer or a calculator to generate 3-digit numbers. If these correspond to an
identifier then include the corresponding member in the sample, being careful to ignore repeats
and numbers greater than 499. Repeat this process until the sample contains 100 members.

3 a i Collection of individual items.
ii List of sampling units, with each unit given an identifying name or number.

b i List of registered owners from the DVLA.

ii List of people visiting a doctor’s clinic in Oxford in July 1996.

4 a Advantages:
The results are the most representative of the population since the structure of the sample reflects
the structure of the population.
It guarantees proportional representation of groups within a population.
Disadvantages:
You need to know the structure of the population before you can take a stratified sample.

Classification into mutually exclusive strata may be difficult to implement.
The sampling within each strata may suffer from the disadvantages of simple random sampling.
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4 b

Advantages:

Quick

Cheap.

All units have an equal chance of selection.

Disadvantages:

Can introduce bias (e.g. if the sample, by chance, only includes very tall people in an investigation
into heights of students).

A sampling frame is needed first.

People on the shop floor are not represented.

i Geta list of the 300 workers at the factory. 22 =10 so choose one of the first ten workers on

the list at random and every subsequent 10th worker on the list, e.g. if person 7 is chosen, then
the sample includes workers 7, 17, 27, ..., 287 and 297.

ii The sample should contain +x30 =10 office workers and £x30 =20 shop floor workers, as those
are the corresponding proportions in the whole population. The 10 office workers in the sample

should be selected by a simple random sample of the 100 office workers. The 20 shop floor
workers should be selected by a simple random sample of the 200 shop floor workers.

iii Decide the categories e.g. age, gender, office/non-office and set a quota for each in proportion to
their numbers in the population. Interview workers until quotas are full.

Allocate a number between 1 and 120 (the total number of pupils) to each pupil. Use random number

tables, a computer or a calculator to select 15 different whole numbers between 1 and 120.

Pupils corresponding to these numbers become the sample.

Allocate numbers 1-64 to girls and 65-120 to boys.

Select & x15 =28 different random numbers between 1 and 64 for girls.

Select the remaining 7 sampling units using random numbers between 65 and 120 for boys.
Include the corresponding boys and girls in the sample.
Stratified sampling.

This method uses naturally occurring groupings (strata). The results are more likely to represent the
views of the whole population since the sample reflects its structure.

Opportunity sampling
Any one of:

It is easy to carry out.
It is inexpensive.

The data is continuous, as weight can take any positive value.

© Pearson Education Ltd 2017. Copying permitted for purchasing institution only. This material is not copyright free. 2



Statistics and Mechanics Year 1/AS SolutionBank

70+76+82+74+78 380
5

8 d Mean weight = =76 kg

79+86+90+68+75 398

s = 80 kg (to the nearest whole number)

e Mean weight =

f The second conservationist is likely to have a more reliable estimate as opportunity sampling is
unlikely to provide a representative sample of the whole population, as it does not necessarily reflect
its structure.

g The second conservationist could select more springboks at each location.

9 a This sample is not entirely random as the dates are selected at regular intervals. It is actually a
systematic sample.

b A systematic sample: select the first date at random and then the same date each
month. An advantage of a systematic sample is that each month is covered. A disadvantage
of a systematic sample is that there may be patterns, and therefore bias, in the sample data.
A simple random sample: select the six days completely at random. An advantage of a simple
random sample is that it avoids the likelihood of patterns and unintentional bias. A disadvantage of

a simple random sample is that it may not cover the full range of months.

¢ The data is continuous as temperature can take any value.

d Mean daily maximum temperature = %= 9.9 °C (to 1d.p.)

e Any suitable reason e.g. this estimate is unlikely to be reliable as it does not include the winter
months / the data is very variable.

Large data set

a % ~ 10, so take every 10th day, choosing a starting place by getting a calculator to generate a

random number, for example, 10. The sample is then:
79, 99, 99, 86, 95, 99, 93, 99, 100, 93, 99, 98, 98, 100, 89, 99, 95, 95
b Any of: easy, quick, more suitable for this relatively large population..

¢ Mean= % = 95% (to the nearest whole number)

d The sampling frame is not random (it is in date order) so systematic sampling could introduce bias. This
bias could be counteracted by using simple random sampling.
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Measures of location and spread 2A

1 a 700 g, as this is the most often occurring.
b 500 + 700 + 400 + 300 + 900 + 700 + 700 = 4200

42700 —600g

¢ 300 400 500 700 700 700 900
700 g is the median (the middle value).

d It will increase the mean, as 650 > 600 (the old mean).
The mode will be unchanged.

It will decrease the median. There will now be an even number of values, so we take the middle
pair: 650 and 700. The new median will be half-way between these: 675.

2 a 262 42.7
6
b It will increase the mean, as the new piece of data (52) is greater than the old mean (42.7).

3 a The mean visibility for May = =23354.8 (to 1 d.p.)

>h _ 724000
n

>h _ 632000

The mean visibility for June = =21066.7 (to 1 d.p.)

=222295(to 1

b The mean visibility for May and June = 2h _ 724000+632000 _ 13561000

n 31+30
d.p.)

4 a 8 minutes. Everything else occurs only once, but there are two 8’s.

b % =10.2 minutes
10

c 56788910111226
The median is 8.5 minutes.
d The median would be reasonable. The mean is affected by the extreme value of 26.

In this case the mode is close to the median, so would be acceptable; but this would not always be
the case.

5 a 2 breakdowns

b The median is the 18.5th value =1
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5¢c Bx0)+(11x1)+(12x2)+(3%x3)+(1x4)+(1x5)=53
53
The mean = 3— =1.47 breakdowns

d The median, since this is the lowest value

6  (5x8)+(6x57)+(7x29)+(8x3)+(9x1) =618 petals

8+ 57+ 29 + 3+ 1 =098 celandines
The mean = % =6.31 petals (to 2d.p.)

Ix7+2xp+3x2
7+p+2

7 The mean =

_1+2p+6
p+9

1.5

_2p+13
p+9

15p+135=2p+13
0.5=0.5p

p=1
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Measures of location and spread 2B

1 a

351 =400

(200 4) +(263x8) +(325.5x18) + (375.5% 28) + (450.5x 7)

65
_ 800+2104+5859+10514+3153.5
- 65

224305

65

=345.08

There are 65 observations so the median is the 33rd. The 33rd observation will lie in the class
351-400.

(67x1)+(72x4)+(77x6)+(8§;< 6)+ (87x8)+(92x4)+(97x1) _ 2;1(7)0 823 decibels

The answer is an estimate because you don't know the exact data values.
Modal class =10 <7< 12

(7x3)+(Ox7)+(11x9) +(13x7) +(15%x3) + (17 x2)
31

Estimate of the mean =

353
=272 =11.4°C(1dp.
3 (Id.p.)

(20.5%x5)+(30.5%x16) +(40.5x14)+(50.5x22) + (60.5%26) +(70.5x14)

Store A
97
_ 4828.5 ~ 50 years
97
Store B (20.5x4)+(30.5x12)+(40.5%x10) + (50.5%28) +(60.5x 25) + (70.5x13)
92
= 4696 =51 years
92

Store B employs older workers but not by a great margin.

© Pearson Education Ltd 2017. Copying permitted for purchasing institution only. This material is not copyright free. 1



Statistics and Mechanics Year 1/AS SolutionBank

Measures of location and spread 2C

1 a Q= L;l th value = 8.5th value

1009, 1013, 1014, 1017, 1017, 1017, 1018, 1019, 1021, 1022, 1024, 1024, 1025, 1027,
1029, 1031

_ 1019+1021

Q2 = 1020 hPa

b Qi =4.5th value
Q:1=1017 hPa

Q3 = 12.5th value
Qs = 1024.5 hPa

2 Q2= %th value = 48th value

Q2=137

Q1 = 24th value
Qi =37

Q3 = 72nd value
Q3=38

3 In this case, the number of breakdowns is a discrete variable which in this situation has been
treated as a continuous variable. While not ideal, it is the best you can do.

Median value is the 13th value. This is in the first class.
Let m be the median.

m-0 13-0

= som=1.08 (3 s
15-0 18-0 " (3 s1)

4 a Median: % = 15.5th value

Using interpolation:

Q,-399.5 15.5-9
449.5-399.5 19-9

Q:=432kg
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4 b Q :ﬂ =7.75th value, so Q,is in class 350-399

4

Q,-349.5  7.75-3

399.5-349.5 9-3

Q,-349.5 4.75
50 6

Q, =39.58+349.5 =389

c Q,:3 x% = 23.25th value, so Q, is in class 450 —499

Q,—449.5  23.25-19
499.5-449.5  26-19

Q,—449.5 425
50 7

Q, =30.36+449.5=480

d Three-quarters of the cows weigh less than 480 kg.

(25%6)+(35%10) + (45x18) + (55x13) + (65x 2)
49

5 a Estimate for the mean =

2155
49
= 44.0 minutes (to 3 s.f.)

b 65th :£x49 =31.85
100

P,—40 31.85-16
50-40 34-16

Pss =48.8

P,—50 44.1-34
60-50 47-34

Poo=57.8

90th percentile = 57.8 minutes, so more than 10% of customers have to wait longer then 57.8
minutes — not 56 minutes as stated by the firm.
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P,~2.5 80-6l
3.0-25 89-61

Pso=2.84 (to 2 d.p.)
80th percentile = 2.84 m, so 80% of condors have a wingspan of less than 2.84 m.

b The 90th percentile is in the 3.0 < w class. There is no upper boundary for this class, so it is not
possible to estimate the 90th percentile.
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Measures of location and spread 2D

1 a CF=481017376171
71 slow worms were measured.

b Ql:%I =17.75th value, so Q, is in class 185-199

Q -1845 17.75-17
199.5-184.5  37-17

Q,—184.5 =0.5625

Q, =185.0625

Q,:3 x%l = 53.25th value

so Q, is in class 200-214

Q,—-199.5  53.25-37
214.5-199.5 61-37

Q1095 = 275

Q, =209.656

IQR =209.656 — 185.0625
=24.6 (3 s.f)

(132%4) + (147 x4) + (162x2) + (177 x 7) + (192 x 20) + (207 x 24) + (222 x 10)
71

C Xx=

13707

71
=193.Imm (to 1 d.p.)

d x+ IQR=193.1+24.6
=217.7

217.7 is in the class interval 215-229
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1 d Using interpolation:

217.7-214.5  y-61

2295-2145 71-61
y= 63.13...

71 —y= 7.87

8 slow worms have that length.

.34 70=
2 a 34th: 3Ex70=238

P,-1000 23.8-3
1100-1000  27-3

P, =1086.7

. 66 70=
66th: 1OO><70 46.2

P, —1100 462-27
1200-1100  55-27

P, =1168.6

34% to 66% interpercentile range = P, —P,, =1168.6 -1086.7 = £81.90

b 46.2—-23.8=224
So 22 data values

. D 4 60=
3 a S5th: 100><60 3

P,—145 3-0
165-145 5-0

P, =15.7

.95 e0o
95th: 1OO><60 57

P, -20.5 57-50
22.5-20.5 60-50

P, =21.9

5% to 95% interpercentile range = 21.9—-15.7=6.2
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3 b 57-3=54
So 54 data values

4 a 94,10.3,10.3,10.6,10.9,12.1,12.4,12.7,13.2, 14.3

10.9+12.1 _

Q2 = 5.5th value = 11.5

Q1 =3rd value = 10.3
Qs = 8th value = 12.7

IQR=12.7-103=2.4

b On average, the temperature was higher in June than in May as the median is higher. However, the
temperature was more variable in May than in June, as the IQR is higher.

¢ 10th: £x31 =3.1

100

90th: 2x31 =279
100

279-3.1=248

So 24 days
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Measures of location and spread 2E

1 a

24 _3

Mean = 2

Variance = %8 -32=0.75

Standard deviation =+/0.75 =0.866

2
Standard deviation = % —(21;‘(')1) =3.11 kg

Yh=165+170+190+180+175+185+176 +184 =1425

Mean = % ~178.125~178

Variance = 25‘;#—178.1252 ~=59.9

Standard deviation =+/59.9 =7.74
>x=50+86=136

> x*=310+568=878

_136 _
Mean = 75 5.44

2
Standard deviation = 878 _ (@) =2.35

869
=222 =-10.22
Mean 25 0

2
Standard deviation = 9039 _ (@) =1.35

10.22 + 1.35 = £11.57
11.57-11.50 565

12.50—-11.50 85-65

s =664

85 —-66.4=18.6
So 19 students
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2
6 Standard deviation = %— (&) =1.23

7 Mean = % =16.1 hours
50

140625 (805) _
Standard deviation \/ 50 ( 50 ) 4.69 hours

One standard deviation below mean = 16.1 — 4.69 = 11.41 hours.

11.41-10  p-5
15-10  19-5

p=8.948

50 — p=41.052
41 parts tested (82%) lasted longer than one standard deviation below the mean.
According to the manufacturers, this should be 45 parts (90%), so the claim is false.

8 a Mean=& =8.1 kn
30

2
Standard deviation = \/% —(Ej =341 kn

30

b 8.1+341=11.51kn

11.51-4  d—0
17-4  30-0

d=17.33

30-d=12.67
So 12 days

¢ The windspeeds are equally distributed throughout the range.
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Measures of location and spread 2F
1 all+9+5+8+3+7+6=49

b Mean =%=7

so x =70

Sl

2 a 7+10+4+10+5+11+2+3=52

b Mean =%=6.5

X—3
S

3 (15x200)+65=365

4 Standard deviation = 2.34

(1x3) + (1.1x12) + (1.2x 40) + (1.3x10) + (1.4x5) 84.2

5 a Mean=
70 70
842
70
=1.2 hours
b 842 _ x-1 so X =25.1 hours
7 2

2
¢ Standard deviation of coded data = \/101'82 _(84-2j

70 70
= 0.0877845...

Standard deviation = 20 x 0.0877845... = 1.76 hours

L _ [176.84 (131Y _
6 Standard deviation of coded data = 100 ( 100) =0.229

Standard deviation =0.229x100=22.9

2
7 Standard deviation of coded data = = ‘\/%_(&61) =416

Standard deviation = 4.16 _ 416

0.01

8 a t=0.8(m+12)
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8 b Mean of the standardised marks = t = 52.8

t =0.8(m +12)
m = ﬁ—lZ
8

Mean of the original marks = 54

Standard deviation of the standardised marks = ,’%

,’7—3 =0.5106...
28

0.5106... _ 0.64

Standard deviation of the original marks =

9 Coded mean = 10.15

Mean of the daily mean pressure = 2(10.15 + 500) = 1020.3 hPa

Coded standard deviation = \/% = \/% =3.1432...

Standard deviation of the daily mean pressure = 2 x 3.1432... = 6.28 hPa

© Pearson Education Ltd 2017. Copying permitted for purchasing institution only. This material is not copyright free. 2



Statistics and Mechanics Year 1/AS SolutionBank

Measures of location and spread, Mixed Exercise 2

1 (8x65)+(12x72)=1384

1384 _
>0 69.2 marks

2 a 10,12,9,2,25,9.5

b coded mean = 4—65 =75

¢ mean="7.5%x 80+ 7=607
3 18x1000+720=£18720

4 a Group 4:

(1 x 24.5) + (3 % 34.5) + (6 x 44.5) + (6 x 54.5) + (11 x 64.5) + (10 x 74.5) + (8 x 84.5)

Mean = % — 63.39 marks

Group B:

(1 x 24.5) + (2 x 34.5) + (4 x 44.5) + (13 x 54.5) + (15 x 64.5) + (6 x 74.5) + (3 x 84.5)

Mean = % =60.18 marks

b The method used to teach group 4 is best as the mean mark is higher.
5 a Modal Class is 21—25 hours
b We need the 40th value. This is in the 21—25 class.

m—20.5 40-30
25.5-20.5 75-30

45m =504922.5=972.5

median = 21.6 hours
¢ mean = 20.6 hours
d 12x22.3=267.6 hours

Total hours for all 92 batteries 1s 267.6+1645=1912.6
Mean life for 92 batteries is 20.8 hours.

6 CF=515304250
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6 Data is continuous, so:

N

Q, :TO =12.5th value, so Q, is in class 21-40

Q,-20.5 12.5-5
405-20.5 15-5

Q-205 75
20 10

Q, =355

3%x50
Q;:

=37.5th value, so Q, is in class 61—80

Q,—60.5 37.5-30
80.5-60.5 42-30

Q,=73
IQR = 73-35.5 = 37.5

.30 . 100-
7 a 30th.100><100 30

P, =20.5

. 10 -
b 70th: 755x100=70

P, -30.5 70-60
40.5-30.5 84-60

P, =34.7
¢ 30% to 70% interpercentile =34.7-20.5=14.2

8 a Q: %TO = 20th value, so Q, is in class 40 —49

Q,-395 20-15
49.5-39.5 51-15

Q-395 5
10 36
Q, =40.9
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8 a Qi @ = 60th value, so Q, is in class 50 - 59

Q,—-49.5 6051
59.5-49.5 71-51

Q,=54

IQR = 54-40.9 = 13.1

183040 (3740\ _ _
b Variance = 20 ( 20 ) =102.4375=102

Standard deviation =+/102.4375 =10.1
9 CF=5154149 50

a Data is continuous, so:

Q;: % =12.5th value, so Q, is in class 95100

Q,-95 12.5-5
100-95  15-5

Q, =98.75
b Q;: 3x% =37.5th value, so Q, is in class 100-105

Q,-100 37.5-15
105-100  41-15

Q, =104.33

¢ IQR =104.33-98.75=5.58

15161125 (5075) _
d Standard deviation —\/ 50 ( 50 ) 4.47

10a Me =13.5(1 d.p)

i (2X12)+(14x14)+(16x4) _ 202
30 15

202

Standard deviation = & —
5 15

j =1.36 (3 s.f)
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10b 10th:19 x30=3

100
P,-11_ 3-0
13-11  12-0
P, =115
90th:%><30=27
P, 15 27-26
17-15 30-26
P, = 155

10% to 90% interpercentile range = 15.5 — 11.5=4°C

¢ 13.5+1.36=14.86
Using interpolation:

14.86—13 d-12
15-13 26-12

d=25.02
30-d=4.98

So 5 days

11a Coded mean = % =3419...

Coded standard deviation = 8(;# =1.61109...

b Mean=3.419... x2+3=984 kn
Standard deviation = 1.6119 x 2 =322 kn

_316_
12a Mean = 20 15.8

2
Standard deviation = % — (32&) =2.06

b It will decrease the mean wing span since 13 <15.8

¢ Coded mean = % =52
20

Mean=5.2x 10+ 5=57 cm
Coded standard deviation = | /% =03

Standard deviation = 0.3 x 10 =3
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Challenge

Total =3.1 x 20 =62
New total =62 —2.3+3.2=62.9

New mean = @ =3.145
20

c=14,6>=196

2 2
1.96— =¥ —(@j
20 20

Y x?=2314
New Y. x? =231.4—2.32+3.22=236.35

2
New standard deviation = 236.35 - 62.9 =1.39
20 20
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Representations of data 3A

1 IQR =68-46=22

46-15%x22=13
68+1.5x22=101

a

b

7 is an outlier as 7 < 13.

88 is not an outlier as 13 < 88 < 101.

105 is an outlier as 105 > 101.

Outliers are <400 — 180 = 220 or > 580 + 180 = 760. So there are no outliers.

Outliers are < 260 — 80 = 180 or > 340 + 80 = 420. So 170 g and 440 g are both outliers.
760 g

Mean = 6.1 kg
Standard deviation = /4.2
Mean — 2 x standard deviation =6.1 —2 x /4.2 =2.00 (to 3s.f.)

Mean + 2 x standard deviation = 6.1 + 2 x /4.2 =10.2 (to 3 s.f.)
So 11.5 kg is an outlier.

The smallest is 2.00 kg.
The largest is 10.2 kg.

Mean = g = % =10.2 (to 3 s.f.)
n

n n

B 1428_(gj2
9 (9

=7.36 (to 3s.f)

2 2
Standard deviation = XX _(ZXJ

Mean — 2 x standard deviation =—4.50 (to 3 s.f.)
Mean + 2 x standard deviation = 24.9 (to 3 s.f.)
30 is an outlier, as it is more than 2 standard deviations above the mean (30 > 24.9).

It could be the age of a parent at the party.

2x—30=92-30=62

Mean = % =7.75

> x*—30% = 1428 — 900 = 528

2
Standard deviation = %%—(%j =2.44 (to 3s.f.)
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Representations of data 3B
1

Marks in a test

0 51015202530354045505560657075 80
Mark

2 a Upper quartile is 47 marks
Lower quartile is 32 marks

b 38 marks
¢ IQR =47-32=15 marks
d Range =76-12 =64 marks
3 a Male turtles have a higher median mass.
Males have a bigger range (or IQR).

b It is more likely to be a female. Very few male turtles weigh as little as this, but roughly three-
quarters of the female turtles weigh even less.

¢ 5009 despite this data point being an outlier.

4 a Qu % = 6.25, so we pick the 7th term: 22

25+1

Q2: = 13, so we pick the 13th term: 26

Qs: %x 25 =18.75, so we pick the 19th term: 30

b IQR=30-22=8
Outliers are values less than 22 — 1.5 x 8 = 10 and values greater than 30 + 1.5 x 8 =42,
46 and 78 are both greater than 42, so 46 and 78 are both outliers.

Maximum daily gust in Camborne, September 1987

0 5 1015 20 25 30 35 40 45 50 55 60 65 70 75 80
Maximum daily gust (knots)
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Representations of data 3C
1 a Cumulative frequencies are: 7, 25, 59, 100, 115, 120

140
120
100
80
60
40
20 /

[} ToT
0.5 1 1.5 2 2.5

Mass, m (kg)

b 1.6 kg

c Q:1=1.43kg
Q3=1.75kg
IQR=1.75-1.43=0.32kg

Pgo — P1o=1.9 — 1.25 = 0.65 kg

Masses of Coulter pine cones

0 0.5 1.0 1.5 2.0 2.5

2 a Cumulative frequencies are:
3, 16, 30, 56, 66, 70

80 s
70 X
60
50 I
40
30
20
10

0

Cumulative frequency

5 6 7 8 9 10
Length, [ (cm)
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2 b Median=7.6 cm
Qi=7.1cm
Q3=8cm

ci 70-62=8
i 24

Length of earthworms

5 6 7 8 9 10
Length, [ (cm)

3 a Cumulative frequencies for men are: 2, 16, 33, 73, 80
Cumulative frequencies for women are: 3, 18, 39, 74, 80

90 H Key:
80 - =—Men
70 — Women

60
50
40
30
20 /
10
0+

4 5 6 7 8 9 10 11

Time, ¢ (mins)

T
—

Cumulative frequency

b Median for men is 8.2 mins
Median for women is 8 mins

Women have the lower median time.

¢ IQR formenis 8.9 —7.2=1.7 mins
IQR for women is 8.6 — 7.1 = 1.5 mins

Men have the greater spread of times.
d 24 men and 28 women

4 a Cumulative frequencies for males are: 1, 13, 33, 60, 67, 70
Cumulative frequencies for females are: 5, 22, 54, 66, 70, 70
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80 Key:
70 > — Male
60 — Female

50 |
40
30
20 i
10

028K
2 3 4 5 6

Mass, w (kg)

Cumulative frequency

b IQR for malesis 4.4 —3.6=0.8 kg
IQR for females is 4 — 3.4 =0.6 kg

Males have the greater spread of masses.

¢ There are approximately 12 underweight females, and 25 underweight males.

There are fewer female underweight cats.
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Representations of data 3D

1 a Class widths are all 5.

Frequency densities are: 0.8, 2.4, 4.6, 1.6, 0.6

Frequency density

O = DN W e

10 15 20 25 30 35
Mass, m (pounds)

2 a Time is a continuous variable.

b Frequency = frequency density x class width
=5x20=100

So there were 100 students who took between 40 and 60 seconds.

¢ 100 students took between 40 and 60 seconds (from part b)
6 x 10 = 60 students took between 60 and 70 seconds.
8.6 x 10 = 86 students took between 70 and 80 seconds.

So 100 + 60 + 86 = 246 students took 80 seconds or less.

d 246 students took 80 seconds of less (from part ¢)
14 x 5 =70 students took between 80 and 85 seconds.
12 x 5 = 60 students took between 85 and 90 seconds.
3 x 30 =90 students took between 90 and 120 seconds.

Total: 246 + 70 + 60 + 90 = 466
There are 466 students in total.

3 a Distance is a continuous variable.
b Frequency = frequency density X class width

Omto20m: 2 x20=40
20mto35m: 5x15=75
35mto45m: 10 x 10=100
45mto60m: 6 x 15=90
60mto65m: 1 x5=5
Total: 40 + 75+ 100 +90 +5=310

So 310 people entered the competition.
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3 ¢ Frequency = frequency density x class width
30mto35m: 5 x5=25
35mto40m: 10 x 5=150
Total: 25+ 50 =75
So 75 people threw between 30 and 40 metres.
d From part b:
45 m to 60 m: 90 people
60m to 65 m: 5 people
Total: 90 + 5 =95
So 95 people threw between 45 and 60 metres.

e From part b, 40 people threw between 0 and 20 metres.
20mto25m: 5 x5=25

Total: 40 + 25 = 65
So 65 people threw between 0 and 25 metres.

4 a The bar for 28 < m < 32 has an area of 10 x 10 = 100 squares.
If 100 squares represents 32 lambs then

00 32
Ve squares represents " lambs.

1.e. 25 squares represents 8 lambs.

b The class 24 < m <26 contains 5 x 20 = 100 squares.
As above, this represents 32 lambs.

¢ The class 20 < m < 24 contains 10 x 10 = 100 squares which represents 32 lambs.
The class 24 < m < 26 contains 5 x 20 = 100 squares which represents 32 lambs.
The class 26 < m < 28 contains 5 x 40 = 200 squares which represents 64 lambs.
The class 28 < m <32 contains 10 x 10 = 100 squares which represents 32 lambs.
The class 32 < m <34 contains 5 x 5 =25 squares which represents 8 lambs.

So in total we have 32 + 32 + 64 + 32 + & = 168 lambs.

d Class 25 < m <26 is approximately % of class 24 < m < 26 which equates to 16 lambs.
Class 26 < m < 28 represents 64 lambs.
Class 28 < m < 29 is approximately % of class 28 < m < 32 which equates to 8 lambs.

So in total we have 16 + 64 + 8 = 88 lambs.
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5 a i Use extra columns to help, using the frequency densities given in the histogram:

5 aii

Time, # (min) | Frequency | Class width | Frequency density
0<1<20 4 20 0.2

20 <30 10x1=10 |10 1

30<1<35 15 5 3

35<t<40 25 5 5

40 <t <50 10x0.7=7 |10 0.7

50 <70 20x03=6 |20 0.3

Frequency density
D = N W e WM

0 10 20 30 40 50 60 70 80

Time, £ (min)

b (%XIOJ—HS-{%XZSJZ% passengers.

6 a 12.5and 14.5 are the class boundaries, as we are dealing with continuous data.

b

i

The class boundaries for the 15-17 class are 14.5 and 17.5.
This width is 1.5 times the width of the 13-14 class, since 17.5-14.5=3=1.5x 2.
So the width of the classis 1.5 x4 =6 cm.

ii The frequency density for the 13—14 class is % =12.

The frequency density of this class is 6, which is 0.5 times the frequency density above: 12.
So the height of the class is 0.5 x 6 =3 cm.
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7 a Width is half of the 8 < # < 10 class, which is 0.5 cm.
Height is double the frequency density, so must be %x 2 =14 cm.

b Mean = é—? =645 10.4°C (to 3 s.f.) where x is taken as the midpoint of each class.
2 2 2
Standard deviation = L —[%] = \/1 13.89—(ﬁj =24 (to 2s.f)
xf \Xf 62

¢ Qiisthe % = 7.75" piece of data.

Q -8 _175= 4 using linear interpolation on the 8§ <¢ <10 class.
10-8 12-4
Q1=28.94°C

d Mean + standard deviation = 12.8°C

12.8-12  d-25
15-12 ~ 30-25

d=26.33 days
So 4.7 days
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Representations of data 3E

1 Median for motorway A = 76 mph
Median for motorway B = 72 mph

IQR for motorway A = 80 — 75 =5 mph
IQR for motorway B =75 — 65 = 10 mph

The median speed is greater on motorway A than on motorway B. The spread of speeds for
motorway B is greater than the spread of speeds for motorway A.

2 Mean for class 2B = X = % = 32.5 minutes
n
Mean for class 2F = X = % = 27.2 minutes (to 3 s.f.)
n

2 2
Standard deviation for class 2B = LX —(gj

n n
_ [22000 (650
20\ 20
=6.61 (to 3s.f)

2 2
Standard deviation for class 2F = 2X —(g)
n n

_ [19100 (598
22 |22

=11.4 (to 3s.f)

The mean time for Class 2B is higher than the mean time for Class 2F, showing that Class 2F are
generally faster at completing the puzzle. The standard deviation for Class 2F is bigger than for
Class 2B, showing that the times are more spread out.

3 Boys median = 163 cm
Girls median = 158 cm

Boys IQR =171 — 154.5=16.5 cm
Girls IQR =164.5 - 149.5=15cm

The median height for boys is higher than the median height for girls, showing that boys are
gnerally taller. Comparing interquartile ranges,,the spread of heights for boys is greater than the
spread of heights for girls.

4 a Leuchars: 89, 91, 94, 98, 100, 100, 100, 100, 100, 100, 100, 100, 100, 100, 100
Q1 = 4th value = 98
Median = 8th value = 100

Q3 = 12th value = 100
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4 a Camborne: 81, 90, 91, 92, 95, 96, 98, 98, 99, 99, 99, 100, 100, 100, 100
Q1 = 4th value =92
Median = 8th value = 98
Q3 = 12th value = 100

b The median for Leuchars is higher than for Camborne, showing that the humidity in Leuchars is
higher. Comparing interquartile ranges, the spread of humidity in Camborne is greater than the
spread of humidity in Leuchars.

Large data set

1 a Hurn 1987 mean = &

n
1103

167
=6.60 kn (to 3 s.f)

Hurn 2015 mean = g
n

1418

184
=7.71kn (to 3s.f)

b Hurn 1987 mode = 4 kn
Hurn 2015 mode = 7 kn

2 2
¢ Hurn 1987 standard deviation = 2X —(gj
n n

_ [8793 (1103Y’
167 | 167

=3.00 kn (to 3s.f)

2 2
Hurn 2015 standard deviation = 2X —(gj
n n

_ [12410 (1418Y
184 | 184

=2.84 kn (to 3s.f.)

2 The mean and modal windspeeds were higher in 2015 than in 1987. The spread of the speeds was
greater in 1987 than in 2015 due to a higher standard deviation.
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Representations of data, Mixed Exercise 3

1 a Qu: % = 7.75 so we pick the 8th value: 178

Qx: 31+1

= 16 so we pick the 16th value: 185

Qs: %x?al = 23.25 so we pick the 24th value: 196

b Qi—1.5Qs—Qi)=178 — 1.5(196 — 178) = 151
Qs+ 1.5(Qs — Q1) = 196 + 1.5(196 — 178) = 223

So 226 km is an outlier.

Distance travelled each day

DL D H VOO DO RNH O HO DR aHO
NSRS O Gl O S A L
Distance (km)
2 a 45 minutes

b 60 minutes

¢ This is an outlier that does not fit the pattern.

d The Irt club had the highest median, so overall they had the slowest runners.

The IQR ranges were about the same, with the Irt club slightly more spread out.

e With the exception of the outlier, the Esk Club runners were faster in every respect. Their
minimum, Q1, Q2, Q3 and maximum times were all lower than the corresponding times for the Irt
Club runners.

f Advantages, any one from:

It helps us to see the spread of the data easily.

The plot is clear and easy to understand.

It uses the range and the median values.

It is easy to compare the stratified data.

Disadvantages, any one from:

Original data is not clearly shown in the box plot.
Mean and mode cannot be identified using the box plot.

It can be easily misinterpreted.
If large outliers are present, the box plot is more likely to give an incorrect representation.
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3 a Cumulative frequencies are: 2, 9, 24, 55, 60

80
70
60
50
40
30
20
10

D ——
45 50 55 60 65 70 75 80

Length, x (cm)

Cumulative frequency

b Median = 66 cm

¢ IQR=69—-62.5=6.5cm

d Median = 65.5 cm
IQR =70 —-63.25=6.75
The median length of the honey badgers is slightly higher than the median length for the European
badgers, showing that honey badgers are only a little longer on average than European badgers.
Comparing interquartiles ranges, the spread of lengths of European badgers is slightly greater than

the spread of lengths of honey badgers.

e The cumulative frequency diagram shows us how the lengths of the badgers is spread and enables
us to estimate the median and quartiles, but tells us little about individual data points.

4 a The areas of the bars is proportional to the frequency represented.

2k(1+1.5+5.5+4.5)+4k(1) =58
29k =58s0 k=2

Number of girls who took longer than 56 seconds = 2((4.5 x2)+(1x 4)) =26 girls

b Number of girls who took between 52 and 55 seconds = 2((1 Sx2)+(3x2x 5.5)) =17 girls

5 1.5x5.7xk =2565,s0 k = 300

a width=1x1.5=1.5cm

frequency 1170 ’ 6em

height = — = =
kxwidth 300x1.5
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5 b width=5x1.5=7.5¢cm

height = _60 0.28cm
300%7.5
6 a
125
100
o 19
=
=
=5
=
£ 50
=
25
D =
14 15 16 17 18 19 20 21
Mass, m (kg)
b Mean = 21 _ 98885 _ 19.777 kg
n

2
Standard deviation =, | 2/ - = \/%—19.7772 =+/0.927 =0.963 (to 3 s.f)
n

¢ Median = 20.0+1§’—i5>< 0.2=20.123 (to 3 d.p.)

7 a % =22.286 (to 3 d.p.)

b Median is the % = 7.5th piece of data: 20

Q, is the % = 3.5th piece of data, so we choose the 4th: 13

Q, is the % =10.5th piece of data, so we choose the 11th: 31
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7 ¢ IQR=31-13=18s0 1.5xIQR =27

13-27=-14

31+27 =58

So there are no outliers.

Bags of potato crisps sold each day

0 5 10 15 20 25 30 35 40 45
Number of bags of potato crisps sold

8 a The maximum gust is a continuous variable and the data is given in a grouped frequency table.
b 10 < g<15bar:

Width = 2.5, class width = 5, so width = class width x 0.5
Area=2.5 x 1.8 = 4.5 cm?, frequency = 3, so area = frequency x 1.5

18 < g <20 bar:

Width = class width x 0.5 (from above) =2 %X 0.5 =1 cm
Area = frequency x 1.5 (from above) =9 x 1.5 = 13.5 cm?

Height = A'rea = 13.5cm
Widt
¢ Mean = Lfe_ 13345 23.4 kn (to 3 s.f))
> f 57
2 2 2
Standard deviation = 2 fx — & 3429925 —(1334'5) =732 (to 3 s.f))
X \Xf 57 57

d Using exact figures throughout:

lower boundary = mean — standard deviation = 16.1 (to 3 s.f.)
higher boundary = mean + standard deviation = 30.7 (to 3 s.f.)

lower boundary —-15  g-3
18—-15 12-3

= g=6.27 (to 3s.f)

30.72-30  h—50
50-30  57-50

h—g=44.0 (to 3 s.f.)
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Yx  356.1

9 a Mean for 1987= =— =—-—-=119°C(to1d.p.)
n 30
Mean for 2015 = =% = % ~12.1°C(to 1 d.p))
n

2 2 2
b Standard deviation for 1987 = \/Zx —(&) = \/44305'9 —(3532'1j =2.46 °C (to 3 s.f))
n n

The mean temperature was slightly higher in 2015 than in 1987. The standard deviation of
temperatures was higher in 1987 than in 2015, so the temperatures were more spread out.

¢ In all calculations, exact figures are used.
critical temperature = mean — 1.02 = 11.08 °C

Let a = the number of the day with this temperature.

critical temperature—10.1 a0

= soa=7.35
14.1-10.1 30-0

So there are 7 days where the temperature < 11.08 °C.
critical temperature = mean + 1.02 = 13.12 °C
Let b = the number of the day with this temperature.

critical temperature—10.1 -0
14.1-10.1 30-0

so b=22.65

So there are 22 days where the temperature < 13.12 °C.
30— (b—a)=14.7 (to 3 s.f.)
So there are 15 'abnormal' days.

Assumption: the temperatures are equally distributed throughout the range.
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Challenge
Length (mins) | Frequency | Area of bar | Class width | Bar height
70-89 4 4k 20 X
90-99 17 17k 10 x+3
100-109 20 20k 10
110-139 9 Ok 30
140-179 2 2k 40

Area of 70-89 bar = 20x = 4k, so x = %

Area of 90-99 bar = 10(x +3) =10x + 30 =17k

Using substitution

10x§ +30 = 17k, so 2k + 30 = 17k, i.e. k=2
=% _04
5

Area of 110-139 class=9k =9 x 2 =18 cm?

Height= — 2™ _18 _ 46 em
Class width 30
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Correlation 4A

1 a Positive correlation.
b The longer the treatment the greater the loss of weight.
2 a There is no correlation.

b The scatter graph does not support the statement that hotter cities have less rainfall.

3 a
A

30
E:
[=Ti]

X

=
£ 25
=
2 X
=2 20 KX
B
= < X

15 X

10 X £

15 20 25 30 35 40 45
Weight not touching (g)

b It shows positive correlation. Each student's tendency to guess lower or higher than the mean was
the same in both tests.

4 a

w

S 350

- B

300 %

== ’

B

S 250 5=

S;Z ’ - X

2 200 X

= X

|

150 L

0 5. 1@ 15 20
Time taken (s)

b There is weak negative correlation

¢ For example, there may be a third variable that influences both house value and internet
connection, such as the distance from built up areas.

5 a Q3+ 1.5(Qs—Qi)=4.85+1.5(4.85—0.1) =11.975

As 21.7>11.975, r is an outlier.
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5 b i The outlier is part of the distribution of the data.
It is unlikely to be an anomaly.

ii 21.7 is an outlier so may not be representative of the typical rainfall

12

104

s (hours)

X

8
6
& <
2
0

0O 2 4 6 8
r(mm)

d There is weak negative correlation

e There could be a causal relationship, as days with more rainfall will have more clouds and
therefore less sunshine.
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Correlation 4B
1 aandb

—
[~
=

100 T

o]
=

=x}
=

e
=

]
=

Production costs, p (£1000s)

0
0 20 40 60 80 100
Number of items, n (1000s)

¢ If the number of items produced is zero, the production costs will be approximately £21 000. If the
number of items produced increases by 1000, the production costs increase by approximately
£980.

d The prediction for 74 000 is within the range of the data (interpolation) so is more likely to be
reliable The prediction for 95 000 is outside the range of the data (extrapolation) so is less likely

to be reliable.
2 a
12
— 10
= x
S 8
3. "
g 6 >
g 4p X
=
- 2
0

0o 1 2 3 4 5 6
Cost of paint

b There are two key problems with Helen’s statement:

First, 10 coats of paint is very far outside our range of given data, and we cannot assume that this
linear relationship continues as we extrapolate, so using the regression line is not necessarily valid.

Second, even if we accept the extrapolation as valid, a gradient of 1.45 means that, for every extra
coat of paint, the protection will increase by 1.45 years. Therefore, if 10 coats of paint are applied,
the protection will be 14.5 years longer than if no paint were applied. Helen has, however,
forgotten to include the constant 2.93 years, which is the weather resistance if no paint were
applied. After 10 coats of paint the protection will last approximately 2.93 + 14.5 = 17.43 years.
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]
o

s
3]

[
o
X

Number of eggs, n

o w!

0O 25 50 75 100 125 150
Age, a (months)

The scatter diagram shows weak negative correlation, therefore the gradient in the regression
equation, given as 0.063, should be negative.

This is not a reasonable statement as there are unlikely to be any houses with no bedrooms, so she
is extrapolating outside of the range of data, where the linear relationship is unlikely to continue.

If the humidity increases by 1%, the decrease in visibility is approximately 106 m.

High humidity (> 95%) can give rise to misty and foggy conditions, which in turn will cause lower
visibility. Hence there is likely to be a causal relationship.

i The prediction for 100% is outside the range of the data (extrapolation) so is less likely to be
accurate.

il This particular regression equation should only be used to predict a value for v given h.
The data provided is only useful for analysing the first two weeks of September. Random values

throughout September should be used and analysis made of the whole month. The sample size
could also be increased across multiple months as data between May and October is available.
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Correlation, Mixed Exercise 4

1 The data shows that the number of serious road accidents in a week strongly correlates with the
number of fast food restaurants. However, it does not show whether the relationship is causal.
Both variables could correlate with a third variable, e.g. the number of roads coming into a town.

1

0.8

0.6 X
t i
0.4 »

n !

0.2

0
340 360 380 400 420

[ H
b There is strong positive correlation.
¢ As mean CO, concentration in the atmosphere increased, mean temperatures also increased.
3 a There is strong positive correlation.
b If the number of items increases by 1, the time taken increases by approximately 2.64 minutes.

4 The answer is likely to be unreliable as it involves extrapolation. 3500 is well outside the limits of the
data set used.

The economist used the regression line of y on x. Estimating energy consumption (x) from Gross
National Product (y) would need the regression line of x on y.

5 a 152+2x11.4=38
As 50 > 38, t =50 °C is an outlier.

b The outlier should be omitted, as it is very unlikely that the average temperature was 50 °C in a
climate where people need to buy gloves, and so this data point is likely an anomaly.

c If the temperature increases by approximately 1 °C, the number of pairs of gloves sold each month
decreases by 5.2.

6 a 44 cmis the length of the spring with no mass attached. If a mass of 1 g is attached, the spring will
increase in length by approximately 0.2 cm.

b i m=150 is outside the range of the data (extrapolation) so is less likely to be accurate.

ii This particular regression equation should only be used to predict a value of s given m. To
predict a value of m given s, you should use the regression equation of m on s.
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7 aandb

140

120
100 /

A4
E: Fa
= 80 /
<
2 60 ,/
= %
40157 X
20

-

0
0 10 20 30 40 50 60 70 80
X (% cocoa)

¢ Brand D is overpriced, since it’s price is much more than you would expect (the data point is far
above the regression line)..

d The regression equation should be used to predict a value for y given x, i.e. the price given the
percentage of cocoa solids. So the student’s method is a valid one.

Large data set

1l a

50

45 X
40 X

X

35

30

25

20
15

10 ;

Daily maximum gust (0100-2400) (kn)

0
0O 2 4 6 8 10 12 14 16 18
Daily mean windspeed (0100-2400) (kn)

b There is moderate positive correlation

¢ The relationship is causal, as the maximum gust is related to the mean windspeed. A higher mean
windspeed is likely to result in a higher maximum gust.

di g=497+215x05
= 6.045
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dii g=497+215x%x5
=15.72 kn

iii g=4.97 +2.15x 12
=30.77 kn

ivg=4.97+215x%x40
=90.97 kn

e Parts ii and iii are within the range of the data (interpolation), so are more likely to be accurate.
Parts i and iv are outside the range of the data (extrapolation), so are less likely to be accurate.

f Using the 'SLOPE' and 'INTERCEPT' function in a spreadsheet:
w=0.05+0.35¢g

w=0.05+0.35x 30
=10.55kn

2 a Using the 'SLOPE' and 'INTERCEPT" function in a spreadsheet:
s =14.6 — 1.7c (values taken to 2 d.p.)
The missing total sunshine data values are approximately:
2.7,7.8,6.1,11.2,2.7.7.8,11.2,14.6,9.5,6.1.2.7,4.4,7.8,2.7,4.4,4.4,1.0

b The relationship is likely to be causal: greater cloud cover is likely to result in less sunshine.
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Probability 5A

1
Coinl
H | T
(9V}
c H| HH | TH
.8
T HT | TT
P(same):3=l
4 2
2 a
Second roll
1|2|3|4 5\6
1l1 2 3 4 5 6
_l2l2 4 6 8 10 12
213! 3 6 9 12 15 18
L4l 4 8 12 16 20 24
T 5|5 10 15 20 25 30
6| 6 12 18 24 30 36
) 2 1
bi PX=24)= ==—
36 18

i PX<5)= > =2
36 9

Il P(X iseven) = 2r_3
36 4

33+21+2 56

3 a Pm>54)=
(m>54) 140 140

2
5

25+42+33 100 5
140 140 7

b P(48 <m<57)=

¢ Let B =the number of Bullmastiffs with mass less than 53 kg.
Using interpolation:

53-51 B-—(17+25)
54-51 42

SoB=70
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3 ¢ P(m<53) :%: 0.5, so half of the Bullmastiffs are estimated to have a mass less than 53 kg.

This probability is lower than the probability of 0.54 for Rottweilers, and so it is less likely.
The assumption made is that the frequency is uniformly distributed throughout the class.

14+15+32+27+26 114 _E
240 240 40

4 a P(female) =

4+14+20+15+24+32 109
240 240

b P(1<80)=

24+47 71

¢ P(maleand 75 < 1<85) = =——
240 240

d Using interpolation for males:

The number of male juvenile koalas is approximately 4 + ;2 — 78 x20=4+8=12.

The number of female juvenile koalas is approximately 14 + ;2 — 78 x15=14+6 = 20.

12420 _ 32 _2
240 240 15

So P(juvenile) =

The assumption is that the distribution of lengths of koalas between 70 and 75 cm is uniform.

(1x24)+(2x4) _ 32 _ 16

> a Pm>5)= 70 70 35

b Start with the probability that the cat has a mass greater than 6.5.

ix(2x4) 6 3

P(m>6.5) = =—=
70 70 35
SoP(M<65)=1-— = 22
35 35

The fact that we have ignored the case 6.5 is not a problem in this estimate. We are assuming that
the class is continuous when we interpolate, and that the probability of being exactly equal to any
individual value is negligible.
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Challenge
A
x | 2 7 5
- 4 | 8 | 28 | 20
X | 2x | 7X S5X

If x is even, all the products are even, so P(Y iseven) = 1

But P(Y > 20) = 1 is impossible, as the product of 2 and 4 is only 8, so x cannot be even.
If x is odd, there are four even values of Y: 8, 28, 20 and 2x.

But P(Y is even) = P(Y > 20), so there must also be four values where Y > 20.

Two of them are in the top row: 28 and 20, leaving two in the bottom row.

Given that exactly two of these three values are greater than or equal to 20:
2x<20and5x > 20,i.e.x<10and x > 4.

Hence 4 < x < 10 and x is odd so the possible values of x are 5, 7 and 9.
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Probability 5B

1 a

, 14

. 6
i P(FNG)=—
(FNG)=-¢
iii P(French but not German) = %

iv P(Neither French nor German) = 2i5

15 3

i P(All three) = —=—
125 25

il P(Beer but not cheesecake and not garlic bread) = 10 = 2

125 25

iii P(Garlic bread and beer but not cheesecake) = 10 _2

125 25

iv. P(None) _>4
125
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&
(BN

102

) . 89
b i P(Plays piano) =——
(Plays piano) >7E

64+9+29+1 103

il P(At least 2) = 275 75

20+15+35 14

iii P(Plays exactly one) = =_"
(Play y ) 275 55

iv P(Plays none) :&

275
4
E H
0.55
a PENH)=P(E)+P(H)-P(EUH)
=0.27+0.35-0.45
=0.17
b P(Blonde hair but not Blue eyes) =0.35-0.17 =0.18
¢ P(Neither)=1—-P(E UH)=1-0.45=0.55
5
H W]
0.3
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5 a P(HND)=P(H)+P(D)-P(H UD)
=0.6+0.4-0.7
=0.3

b P(Hiyaonly)=0.6-0.3=0.3
6 a PB)=x+0.1+0.2=0.45
So0x=0.45-03=0.15.
b y=1-(0.35+0.15+0.1+0.2+0.05)=1-0.85=0.15
7 P(M)=032+p
P(P)=p+q+0.07
As P(M) =P(P), 0.32 +p=p+q+0.07.
So, rearranging, q=0.32 — 0.07 = 0.25.
p=1-(032+0.25+0.07+0.13+0.1)=0.13
p=0.13,9=0.25
Challenge
P(B)=p+q+0.05
P(A)=0.15+p
AsP(B)=2P(A),p+q+0.05=2(0.15+p),orp+q+0.05=0.3+2p
So our first equation relatingpand qis: q=0.25+p
As P(not C) =0.83
0.15+p+q+ 0.2 =0.83, so our second equation results: p + q = 0.48
Using substitution to solve simultaneously:
p +(0.25 + p) = 0.48, so 2p = 0.23 and therefore p = 0.115
q=0.25+0.115 = 0.365
P(C)=1-P(notC)=1-0.83=0.17
Hencer +0.05=0.17,sor=0.12

p=0.115,9=0.365,r=0.12
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Probability 5C

1l a

A B

0.3

b P(AUB)=0.7
¢ P(A'~B')=03

2 P(Sumof4)=2=2=

P(Same number) =2 =1

P(Sum of 4) + P(Same number) =4 +1=1%
P(Sum of 4 or same number) =& =2

P(Sum of 4) + P(Same number) = P(Sum of 4 or same number),
so the events are not mutually exclusive.

Alternatively: A roll of 2 followed by another roll of 2 fits both conditions, so the intersection is
not empty, and the events are not mutually exclusive.

3 P(AandB)=P(A) xP(B)=0.5%x0.3=0.15
4  P(AandB) = P(A) x P(B)
P(B) =P(A and B) + P(A) =0.045 + 0.15=0.3
5 a The closed curves representing bricks and trains do not overlap and so they are mutually exclusive.

b P(BandF) = ! -1
3+1+4+6+2+5 21

P(B) x P(F) = 3+1 1+4+6_4 11 _ 4
21 21 21 21 441

As P(B and F) # P(B) x P(F), 'plays with bricks' and 'plays with action figures' are not independent
events.

6 a 04+x+03+0.05=1

x=0.25
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6 b P(AandB)=x=0.25

P(A) x P(B) = 0.65 x 0.55 = 0.3575

As P(A and B) # P(A) x P(B), the two events ‘like pasta’ and ‘like pizza’ are not independent.
7 a P(Sand T)=P(S)-P(Shutnot T) = 0.3 —0.18=0.12

P(S) x P(T) = 0.3 x 0.4 =0.12

AsP(Sand T) = P(S) x P(T), Sand T are independent events.

b i P(SandT)=0.12, as above.

il P(neitherSnorT)=1-P(SorT)=1-(P(SbutnotT) +P(T)) =1-(0.18 +0.4) =0.42
8  P(Wand X) = P(W) - P(W and not X) = 0.5 — 0.25 = 0.25

P(X) =1 - (P(W and not X) + P(neither W nor X)) =1 - (0.25 + 0.3) = 0.45

P(W) x P(X) = 0.5 x 0.45 = 0.225

As P(W and X) # P(W) x P(X), the two events W and X are not independent.
9 a P(AorR)=P(A) + P(R) = 0.6 because A and R are mutually exclusive.

0.2+0.25+x=0.6,s0x=0.15

y=1-(02+025+0.15+0.1)=0.3

(x,y) =(0.15,0.3)

b P(Rand F)=x=0.15

P(R) x P(F) = 0.4 x 0.45 = 0.18

As P(R and F) # P(R) x P(F), the two events R and F are not independent.
10 P(AandB)=p

P(A) x P(B) = (0.42 + p) x (p + 0.11)

=(p+0.42)(p+0.11)

As the events A and B are independent, P(A and B) = P(A) x P(B), so

(p+042)(p+0.11)=p

p? + 0.53p + 0.0462 = p

p? —0.47p + 0.0462 = 0, a quadratic in p, which we can solve with the quadratic formula
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10

_0.47+,/(-0.47)? - 4(1)(0.0462)
a 20)

_ 0.47+0.19

R

p=0.330r0.14
Whenp=0.14,q=1-(0.42+0.14 + 0.11) = 0.33
Whenp=0.33,q=1-(042+0.33+0.11)=0.14
(p, q) =(0.14, 0.33) or (0.33, 0.14)
Challenge
a SetP(A)=pandP(B)=q
As A and B are independent events, P(A and B) = P(A) x P(B) = pq
P(A and not B) = P(A) — P(A and B) = p — pg, and notice P(notB)=1-P(B)=1-q
Then P(A) x P(not B) =p(1 —q) =p-pq = P(A and not B)
As P(A and not B) = P(A) x P(not B), the events A and 'not B' are independent.
b Still using p and g as above,
P(not Aand not B) =1 — P(A or B)
P(A or B) =P(A) + P(B) — P(A and B)
Meaning P(not Aand not B) =1 —-P(A) —P(B)+P(AandB)=1-p—qg+pg=(1—p)(1—q)
Remember P(not A) =1 —pand P(notB) =1-q
So P(not A) x P(not B) = (1 — p)(1 — g) = P(not A and not B)

As P(not A and not B) = P(not A) x P(not B), the events 'not A" and 'not B' are independent.
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Probability 5D

1 a
Bead 1 Bead 2

¢ P(different parity) = P(odd then even) + P(even then odd) = gx ! +— 4 xé _ 405

2 9 8 72 9
3 a

Late
Walk

< Late
On time

On time

b P(late) = P(bus and late) + P(walk and late) = 0.4 X 0.2 + 0.6 x 0.3 =0.26

0.8 _~Par or under
Par or under

A

b1 0.2 ~~0ver par

0.4 __Par or under
0.3 X over par <
0.6 —~0Over par
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4 b The events are not independent.
¢ P(par or under on exactly one hole) = P(par or under then over par) + P(over par then par or under)

=0.7x02+03%x0.4=0.26

L=
)
[xs]
&
=9
tn
LA_;_.
B
= ®
n =5
w

Heads

)=
|
=3
5]
=3
7]

Tails
b P(HHH) = Lxixl = L
3733 27
¢ P(one H only) = P(HTT) + P(THT) + P(TTH) = -x2x 24 2xix 2422, L 4rd+d 4
333333333 21 9
d P(HHH or TTT) = sxixly 2,22 188 _ 1
333333 27 3
. . 111
So P(HHH or TTT in both trials) :§x§:§

6 5 30 5
6 a P(both yellow) = P(first Y) x P(second V)= —x— = — = —
( yellow) =P( 1) > B n 13 12 156 26

b P(third ¥) = %

¢ P(all different) = P(BRY) + P(BYR) + P(RYB) + P(RBY) + P(YBR) + P(YRB)

436+463+364+346+643+634

—X—X— F —X—X— F —X—X— F —X—X— + —X—X— + —X—X—

13 12 11 13 12 11 13 12 11 13 12 11 13 12 11 13 12 11

e[ 4x3x6 \_ 432 36
13x12x11) 1716 143
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Probability, Mixed Exercise 5

1 a P(RRBorRRG) = lxlxi + lxlxi
15 15 15 15 15 15

_ 392

3375

b P(RBG) + P(RGB) + P(BGR) + P(BRG) + P(GBR) + P(GRB)

_(7 3 5](7 5 3)(3 5 7)(3 7 5](5 3 7)(5 7 3)
= —X—X— [+] —X—X— |+ —X—X— |+| —X—X— [+| —X—X— |+ —X—X—
15 15 15) \15 15 15) \15 15 15) (15 15 15) \15 15 15) \15 15 15

) (7><3><5j 630 _ 14
= B6x = =
15° 3375 75

2 a P(HHH)=0.341 x 0.341 x 0.341 = 0.0397 (to 3 s.f)
b P(NNN) =0.659 x 0.659 x 0.659 = 0.286 (to 3 s.f.)
c P(atleastone H)=1—-P(NNN)=1-0.28619118 = 0.714 (to 3 s.f.)

8+13+19+30+26+32 _ 128 _ 64

250 250 125

3 a P(female) =

7+8+15+13+18+19 _ 80 _ 8
250 250 25

b P(s<35)=

15+18 _ 33

¢ P(male with score between 25 and 34) = —
250 250

d Using interpolation:
40-37

40-35

Number of students passing = x(25+30)+30+ 26+ 27+ 32

:(§x55j+30+26+27+32:148

148 74
P(paSS) = 2—50 = E

The assumption is that the marks between 35 and 40 are uniformly distributed.

0.5x50+0.5x30+2x2 _ 44 _ 22

4 a P(>3)=
1x6+0.5x50+0.5x30+2x2 50 25

(1x6) +(0.5x50) +0.5x(0.5x30) _ 38.5 _

b P(<3.75) =
50 50

0.77
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b i P(None)—f’s% 3

i P(Nomorethanone)—30+40+18+35 123 _ 41

150 150 50
6 a P(AandB)=P(A)+P(B)-P(AorBorbothy= =~ + = _1 =1
34 2 12
P(A and not B) = i 1.1
3 12 4
P(BandnotA):l—i 1
2 12 6
A B

1
7

b P(Aand B) = —

L

P(A) x P(B) = o

-l>||—\

1,

3
As P(A and B) = P(A) x P(B), A and B are independent events.

7 a Cricket and swimming do not overlap so are mutually exclusive.

b P(CandF)= 13
38

P(C) x P(F) = E 22 _ 462 231
38 38 1444 722

As P(C and F) # P(C) x P(F), the events 'likes cricket' and 'likes football' are not independent.
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J K

0.5

b P(JandK)=0.05
P@J) x P(K) =0.3 x 0.25 =0.075
As P(J and K) # P(J) x P(K), the events J and K are not independent.

9 a P(Phoneand MP3) =0.85+0.6—-(1-0.05) =0.5=50%

b

¢ P(onlyP)=0.35
d P(Pand M)=0.5
P(P) x P(M) =0.85 x 0.6 =0.51
As P(P and M) # P(P) x P(M), the events P and M are not independent.
10 x=1-(03+0.4+0.15)=0.15
P(Aand B) =x=0.15
P(A) x P(B) = 0.45 x 0.55 = 0.2475

As P(A and B) # P(A) x P(B), the events A and B are not independent.
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11a

11b i P(D,D,D

_4.2.1_
3) = 5%3%3

ii Where D means a diamond and D’ means no diamond,
P (exactly one diamond) = P(D, D', D) + P(D’, D, D) + P(D’, D', D)

(4.1 1\, (2.2 1)\, (1.1 1\_7
_(5X3X2)+(5X3X2)+(5X3X2) 30

11 ¢ P(at least two diamonds) = 1 — P(at most one diamond) = 1 — (P(none) + P(exactly one diamond))

0.04_-D
12a A <
0.96 =D’

0.34 0.07 _D

b i P(B and defective) = 0.5x0.03=0.015

it P(defective) = 0.16x0.04+0.5x0.03+0.34x0.07 = 0.0452
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Challenge

The probability that a wife is retired is 0.4.

Given that she is retired, the probability that her husband is also retired is 0.8.
Hence the probability that both are retired is 0.4 x 0.8 = 0.32.

The probability that a husband is retired is 0.7.

From this data you can deduce the following Venn diagram of the probabilities:

Retired /\ . Retired
husbands - . wives
038 | 032 | 008 |
\\ ‘~.-\ . . ) /,": ) /,,.
-

Let H = husband retired, H' = husband not retired, W = wife retired, W' = wife not retired.

The permutations where only one husband and only one wife is retired are:

Couple 1 | Probability | Couple 2 | Probability | Combined probability
HW 0.38 H' W 0.08 0.38 x 0.08
H' W 0.08 HW 0.38 0.08 x 0.38
HW 0.32 H' W’ 0.22 0.32 x 0.22
H W’ 0.22 HW 0.32 0.22 x 0.32

P(only one husband and only one wife is retired) = (0.38x0.08+0.32x0.22) x 2 = 0.2016
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Statistical distributions 6A

1 a This is not a discrete random variable, since height is a continuous quantity.
b This is a discrete random variable, since it is takes whole number values at random.

¢ This is not a discrete random variable, since the number of days in a given week is always 7; the
result is predetermined and so not random.

2 {0,1,2,3,4}

3 a(2,2),(273),32),(@3,73

b i
X 4 |5 |6
PX=x)| 1|11
4 |2 | 4
i -~
%,ifx=4,6
= )1 oeyo
P(X—x)—< 2,|fx 5
0, otherwise
-
1.1 1_
4 3+3+k+ 1
_1.(1,1.,1
k=1 (3+3+4)
111
=1 12
_1
12
5
X 112 |3 |4
P(X=x) | k | 2k | 3k | 4k
k+2k +3k+4k =1
10k =1
k=%
6 a
X 3 |4

P(X=x) | k |k |3k | 3k
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6 a Using the fact that the probabilities add up to 1:

k+k+3k+3k=1
8k =1
k 1

=%

b The probability distribution is:

X 1 2 3 4
P(X =x) | 0.125 | 0.125 | 0.375 | 0.375

P(X > 1) =0.125 + 0.375 + 0.375 = 0.875

7 a
X -2 |-1|0 |1
PX=x)|01(01 8| p |02
The probabilities add up to 1.
0.1+01+p+p4+02=1
2=1-04=06
=03
b
X -2 |-1|0 |1

P(X=x) | 0.1]0.1/0.3]03]0.2

C P(-1< X <2)=01+03+03=0.7

8 1—a+a+1+a:1
4 2

Nl

1
9 a PX=1)=—
(X=1) =

since each of the 50 individual outcomes is equally likely.

b P(X >28)=1-2 = 23
50 50
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9 ¢ P3<X<42)=P4<X<an=20_14
50 25
10a P1<X <3)=P(X =2)+P(X =3) = % %:%
1.1_3
b P(X <2)=P(X =0)+P(X =) =f+F=3
c P(X>3)=0
lla
s 1 2 3 4
PG=s) |2 12 2112 211121111 1
3 373 9 27 1373737373333 1
b PS>2)= 241
27 27 9
12a
X 0 1 2 3 4 5
P(X=x) | 0.6° = 0.4x06%x |0.42x06°x | 0.43x062x | 045 x06x |04°=
007776 | 5=0.2592 |10 =0.3456 | 10 =0.2304 |5 =0.0768 | 0.01024
b
y 0 1 2 3 4 5
P(Y=y) | 0.8°= 02x08%x |022x08°x |0.2°x0.82x |02°x08x |0.25=
0.32768 5=0.4096 |10=0.2048 | 10=0.0512 | 5=0.0064 |0.00032
C
z 1 2 3 4 5
PZ=2) | 0.4 04x06= |04x062= |04x06°= |04x06°+06°
0.24 0.144 0.0864 =0.1296
13a
X 2 3 4
PX=x) | 1 2 1
2 9 8
1 2 1_61
—_ =t — 4+ — = —
2 9 8 712

The sum of the probabilities is not 1.
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13b
X 2 3 4
PX=x) | k k I3
16
£+K+£:1
4 9 16
61k _
144
k:%:g
1 61
Challenge
X 1 2 |3 4 |5 |6 |7 |8
POX=x |1 [1 1 [1 |1 ]1 [1 |1
8 8 |8 8 |8 |8 |8 |8
y 2 3 6
P(Y=y |1 |1 L
2 6

P(X>Y)=P(X>2andY=2)+P(X>3andY =3)+P(X>6and Y = 6)

0| o

1
X = 4
2

| o
X

2_1_5
+ —X — = —
8 6 8

Wl
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Statistical distributions 6B
8Y (1Y (2Y
1 a P(X—2)_[2jx[§j x(gj
=0.273 (to 3 s.f))
8) (1Y [(2Y
b P(X_S)_[ij&j x(gj

= 0.0683 (to 3 5.f.)

¢ P(X<)=P(X=1)+P(X =0)
o33 +(3)
3)\3 3
56+3)
=| = —4—
3 3 3
(5%
\3) 73
=0.195 (to 3 s.f))

2 a P(T=)5= (?jx(é} x(éj =0.00670 (to 3 s.f))

b P(T=10)= B (2] (L =0.214 (to 3 s.f)
10)°\3 3

¢ PB<T<4)=P(T=3)+P(T=4)= (fj x @f x GT + @SJ x @T x Gj“

=0.00025367...4+0.00152206...
=0.00178 (to 3 s.f.)

3 a X ='number of defective bolts in a sample of 20’

X ~B(20,0.01)

n=20
p=0.01

Assume bolts are defective independently of one another.
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3 b X ='number of times wait or stop in 6 lights'

X ~B(6,0.52)
n==6
p=0.52

Assume the lights operate independently and the time lights are on/off is constant.

¢ X ='number of aces in Stephanie's next 30 serves'

X ~B(30,1)
8
n=30
-1
P=3

Assume serving an ace occurs independently and the probability of an ace is constant.
4 a X ='number of people in class of 14 who are Rh—'

X ~B(14,0.15) is a reasonable model if we assume that being Rh— is independent from pupil

to pupil - so no siblings.

b This is not binomial since the number of trials or tosses is not known and fixed. The probability of
a head at each toss is constant (p = 0.5) but there is no value for 7.

¢ Assuming, reasonably, that the colours of the cars are independent,

X ='"number of red cars out of 15'

X ~B(15,0.12)
5 a LetX ='number of balloons that do not burst'
P(X =0)=(0.95)"

=0.358 (10 3 s.f)

b Let Y ='number of balloons that do burst'
20 18 2
P(Y=2)= 5 (0.95)°(0.05)

=0.189 (to 3 s.f)
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6 a There are two possible outcomes of each trial: faulty or not faulty. There are a fixed number of
trials, 10, and fixed probability of success: 0.08. Assuming each member in the sample is
independent, a suitable model is X ~ B(10, 0.08).

b P(X=4)= (lﬂ (0.08)*(0.92)° = %(0.08)4(0.92)62 0.00522 (to 3 s.£)

7 a Assumptions are that there is a fixed sample size, that there are only two outcomes for the genetic
marker (present or not present), and that there is a fixed probability of people having the marker.

b X~ B(50, 0.04)
(50 o oyt _ 50! o or
PU=6)=| " |(0.04)°(0.96)" = ——7-(0.04)"(0.96)" =0.0108 (t03 s.£)

8 a The random variable can take two values, 6 or not 6. There are a fixed number of trials (15) and a
fixed probability of success (0.3). We are assuming that each roll of the dice is independent. A
suitable model is X ~ B(15, 0.3).

b X~B(15,0.3)
P(X=4)= 15 0.3)*(0.7)!'= 15! 0.3)*(0.7)"'=0.219 (to 3 s.f.
( ) 4 (0.3)°(0.7) m(-)(-) 219 (to 3 s.f)
¢ P(X<2)=P(X=0)+P(X=1)+PX=2)

= (0.7)" + (llsj(os)l(m)” + (125](0.3)2(0.7)“

15! 15!
= (0.7)° + ——(0.3)"(0.7)"* + ———(0.3)*(0.7)"
©0.7) 1!14!( ) (0.7) 2!13!( (0D

=0.127 (to 3 s.f))
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Statistical distributions 6C
1 X ~B(9,0.2)

a P(X <4)=0.9804 (tables)
b P(X <3)=P(X <2) =0.7382 (tables)
c P(X>2)=1-P(X <1)=1-0.4362=0.5638 (tables)
d P(X=1)=P(X <1)-P(X =0)=0.4362-0.1342 = 0.3020 (tables)
2 X ~B(20,0.35)
a P(X <£10)=0.9468 (tables)
b P(X >6)=1-P(X <6)=1-0.4166 = 0.5834 (tables)
¢ P(X=5))=P(X <5)-P(X <4)=0.2454-0.1182=0.1272 (tables)
d P2<X <7)=P(X <7)—(X <1)=0.6010—0.0021=0.5989 (tables)
3 a Using the binomial cumulative function on a calculator where x =19, n =40 and p = 0.47,
P(X <20) =P(X < 19) =0.5888
b Using the binomial cumulative function on a calculator where x = 16, n =40 and p = 0.47,
P(X>16)=1—-P(X < 16) = 0.7662
¢ Using the binomial cumulative function on a calculator where x = 10 and 15, n =40 and p = 0.47,
P(11 < X < 15) = P(X < 15) = P(X < 10) =0.1478 — 0.0036 = 0.1442
d Using the binomial cumulative function on a calculator where x = 10 and 16, n =40 and p = 0.47,
P(10 < X < 17) = P(X < 16) — P(X < 10) = 0.2338 — 0.0036 = 0.2302
4 a Using the binomial cumulative function on a calculator where x = 20, n = 37 and p = 0.65,
P(X>20)=1—P(X < 20) = 0.8882
b Using the binomial cumulative function on a calculator where x = 26, n = 37 and p = 0.65,
P(X < 26) = 0.7992
¢ Using the binomial cumulative function on a calculator where x = 19 and 14, n = 37 and p = 0.65,

P(15 < X < 20) = P(X < 19) - P(X < 14) = 0.06061 — 0.00068 = 0.05993
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4 d Using the binomial cumulative function on a calculator where x = 23 and 22, n = 37 and p = 0.65,
P(X=23)=P(X <23)—P(X <22)=0.4184 — 0.2926 = 0.1258

5 X ="number of heads'
X ~B(8,0.5) (coins are fair so p = 0.5)

a P(X =0)=(0.5)° =0.0039 (tables)
b P(X>2)=1-P(X <1) =1-0.0352=0.9648 (tables)
¢ P(X>=5)=1-P(X <4)=1-0.6367 =0.3633 (tables)
6 X ="number of plants with blue flowers on tray of 15'
a P(X=4)=P(X <4)-P(X <3) =0.6865—0.4613=0.2252 (tables)
b P(X <3)=0.4613(tables)
c P(B<X<6)=P(X <6)—P(X <2) =0.9434-0.2361=0.7073 (tables)
7 X ~B(50,0.40)
a P(X <£13)=0.0280
P(X <14) =0.0540 (tables)
- k=13
b P(X <27)=0.9840
= P(X >27)=0.0160 > 0.01
P(X <28)=0.9924
= P(X >28)=0.0076 <0.01
S r=28
8 X ~B(40,0.10)
a P(X =0)=0.0148<0.02
P(X <1)=0.0805> 0.02 (tables)

P(X <1) =0.0148 < 0.02

~k=1
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8 b P(X <£8)=0.9845 (tables)
= P(X >8)=0.0155>0.01

P(X <9) =0.9949

= P(X >9)=0.0051<0.01
r=9
C Pk<X<r)=P(X<r)-P(X<k-1)

=P(X <9)—P(X =0)
—0.9949-0.0148

=0.9801

9 a A suitable distribution is X ~ B (10, 0.30). Assumptions: There are two possible outcomes of each
trial listen or don’t listen. There is a fixed number of trials, 10, and fixed probability of success:
0.3. Each member in the sample is assumed to listen independently.

b P(X >5)=1-P(X <4)=1-0.8497 =0.1503 (tables)

¢ P(X <6)=0.989450 P(X >7)=1-0.9894=0.0106 > 0.01
P(X <7)=0.998450P(X >8)=1—0.9984 =0.0016 < 0.01 (tables)
Therefore s = 8 is the smallest such value.

10 X =number of defects in 50 components
X ~ B(50,0.05)
a P(X<2)=P(X <1)=0.2794 (tables)
b P(X >5)=1-P(X <5)=1-0.9622 =0.0378 (tables)
¢ Seek smallest d such that P(X >d) <0.05

P(X <4)=0.8964 s0 P(X >4)=0.1036 > 0.05
P(X <5)=0.9622 so P(X >5)=0.0378<0.05

~.d=5
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Statistical distributions, Mixed Exercise 6

1 a

X I |2 |3 |4 |5 |6
PX=x)| L |2|2|a]s]s

b P(2<X§5)=P(X=3)+P(X=4)+P(X=5)=i+i+i=£=i
21 21 21 21 7

2 a 01+02+03+r+0.1+0.1=1

r=1-0.8
=0.2

b P(-1<X <2)=P(=1)+P(0)+P(1)=0.2+0.3+0.2=0.7

X 112 |3 |4
PX=x) | 2|21

b PR<X<4)=P(X=3)+P(X=4)=L

4 a For a discrete uniform distribution, the probability of choosing each counter must be equal.

1
bi PX=5)=—
X=5=1

ii The prime numbers are 2, 3,5, 7, 11 and 13

) ) 6 3
P(Xis prime) = — = —
Xisp )16 2
iiiP(3SX<11)=§=l
16 2
5 a
y 1 2 3 4 5
PY=y) [L |2 |3 [4 |5
k k k k k
1,2,3.4.,5_,
kK k k k k
E=1,k=15
k
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5 b
y 1 2 3 4 5
Pr=y |1 12 |3 _1 145 1
15 |15 [15 5 |15 |15 3
¢ P(Y>3)=P(Y=4)+P(Y=5=—++>-2_3

15 15 15 5

P(T=9 | 81 108 | 54 12 1
256 | 256 | 256 | 256 | 256

b P(T'< 3)=P(T=0)+P(T=1)+P(T=2)=&
256
C
S 1 2 3 4 5
Ps=s) |1 |3 [9 [27 | 8L
4 16 64 | 256 | 256
d P(S>2)=P(S=3)+P(S=4)+P(S=5)=%
7 a P(X=20)= 30 (0.73)*(0.27)"°= ﬂ(o 73)%(0.27)'°=0.114 (to 3 s.f))
20) ' 20'10! ' ' "

b Using the binomial cumulative function on a calculator where x = 13, n =30 and p = 0.73,
P(X £ 13)=0.000580 (to 3 s.f.)

¢ Using the binomial cumulative function on a calculator where x = 11 and 25, » = 30 and p = 0.73,
P(11 <X < 25)=P(X < 25)—P(X < 11)=0.937302995 — 0.000033512 = 0.937 (to 3 s.f.)

8 a Sequenceiss HHHHHT
5
Probability: 2 ><l = 32 or 0.0439 (to 3 s.f))
3) 3 729

b Let X = ‘number of tails in the first 8 tosses’, then
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P(X =2)= GJGJ x(%) =0.273 (to 3 5.f))

9 X =number of patients waiting more than § hour

X ~B(12,0.3)
a P(X=0)=(0.7)"=0.01384...= 0.0138 (to 3 s.f.)
b P(X >2)=1-P(X <2)=1-0.2528=0.7472 =0.747 (to 3 d.p.)

10a i There are n independent trials.
ii » is a fixed number.
iii The outcome of each trial is a success or a failure.
iv The probability of success at each trial is constant.
v The outcome of any trial is independent of any other trial.

b X =number of successes

X ~B(10,0.05)

P(X 22)=1-P(X <1)=1-0.9139=0.0861 (to 3 s.f.)
¢ Y, ='number of successes in n houses'

Y ~B(n,0.05)
Looking for smallest » such that P(Y, >1) > 0.99 or, equivalently, P(Y, =0) < 0.01.
P(Y, =0)=0.95" <0.01

So n =90 using logarithms.
11 X ="number of correctly answered questions' and X ~ B(10,0.5)
a P(X =10)=(0.5)" =0.00097656...=0.000977 (to 3 s.f)
b P(X>8)=1-P(X <7)=1-0.9453=0.0547 (to 3 s.f. using tables)

12

x 1 12134 1|5
P(X=x) |p |p |Pp |P |2P|P

Tp=1=p=1+

a Sequence: 555555
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Probability: (£)’(2)=0.0531 (to 3 s.£.)
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12b Y ='number of 5s in 8 throws'
Y ~B(8,2

8) (2Y (5Y
P(Y=3)= [3}((7] x(7j =0.24285=0.243 (to 3 s.f.)

13 X ="number of green chairs in sample of 10’
a X ~B(10,0.15)
b P(X25)=1-P(X <4)=1-0.9901=0.0099 (tables)
¢ P(X=2)=P(X<2)-P(X <1)=0.8202-0.5443 =0.2759 (tables)
14 X ='number of yellow beads in sample of 20' and assume X ~ B(20,0.45)
a P(X<12)=P(X <11)=0.8692 (tables)
b P(X =12)=P(X <12)-P(X <11)=0.9420—-0.8692 = 0.0728 (tables)

15a P(X > 10)=1-P(X < 9)=1—0.1275 = 0.8725 (tables)
. 12 : .
b P(Y > 10in 7 out of 12 sets) = | " |(0.8725)"(0.1275)

=0.0103 (to 3 s.f)
¢ Let Y= ‘number of sets out of 12 that she hits the bullseye with at least 50% of her arrows’, then
Y ~B(12,0.8725)
Using the binomial cumulative function on a calculator where x =5, n = 12 and p = 0.8725,
P(Y<6)=P(Y £ 5)=0.0002407
Challenge
Y~ B(18, 0.25)

P(Y > 11)=1—-P(Y < 10)= 1 — 0.9988 = 0.0012 (tables)
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Hypothesis testing 7A

1 a A hypothesis is a statement made about the value of a population parameter. A hypothesis test uses
a sample or an experiment to determine whether or not to reject the hypothesis.

b The null hypothesis (Ho) is what we assume to be correct and the alternative hypothesis (Hq) tells
us about the parameter if our assumption is shown to be wrong.

¢ The test statistic is used to test the hypothesis. It could be the result of the experiment or statistics
from a sample.

2 a one-tailed test
b two-tailed test
c one-tailed test
3 a The test statistic is the number of sixes rolled in the 60 trials.
b Hy:p=4%
c H:p>g¢

4 a Shell is describing what her experiment wants to test rather than the test statistic. The test statistic
is the number of times she gets a head in 100 tosses.

b Hy:p=3%
c Hi:p=s3
5 a A suitable test statistic is the number of faulty articles found in a sample of 100.
b H,:p=01 H :p<01
c If the probability of that number being 8 or less is less than 5%, the null hypothesis is rejected.

6 a A suitable test statistic is the number of supporters found in a sample of 20.

b Ho:p=055 Hip<0.55

o

If the probability of that number being 7 is 2% or more, the null hypothesis is accepted.
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Hypothesis testing 7B

1 a The critical value is the first value to fall inside of the critical region.

b A critical region is a region of the probability distribution which, if the test statistic falls within it,
would cause you to reject the null hypothesis.

¢ The acceptance region is the area in which we accept the null hypothesis.
2 B (10, 0.2)

P(X >4)=1-P(X <3)
=1-0.8791
=0.1209 > 0.05

P(X 25)=1-P(X <4)
=1-0.9672
=0.0328 < 0.05

The critical value is x = 5 and the critical region is X > 5 since P(X >5)=0.0328 <0.05
3 B (20, 0.15)

P(X <1)=0.1756 > 0.05
P(X =0)=0.0388<0.05

The critical value is x = 0 and the critical region is X =0
4 a B(20,04)

P(X <4)=0.0510> 0.025
P(X <3)=0.0160 < 0.025

The critical value isx =3

P(X >13)=1-P(X <12)=1-0.9790 = 0.0210 < 0.025
P(X >12)=1-P(X <11)=1-0.9435=0.0565 > 0.025

The critical value is x =13
The critical region is X >13 and X <3

b The actual significance level is 0.021 + 0.016 = 0.037 = 3.7%
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C

B (20, 0.18)
B(X =0)=0.0189 <0.05
B(X <1)=0.1018 > 0.05

The critical value is x =0
The critical region is X =0

B (10, 0.22)
P(X <5)=0.952

P(X >5)=0.0478 > 0.005

The critical valueisx =5

The critical region is X > 5

The actual significance level is 0.0478 = 4.78%

The test statistic is the number of components in the sample that fail.

Ho:p=10.3
Hi: p<0.3

Assume Ho is true then X ~ B(20, 0.3)

P(X <£2)=0.0355 (closer to 0.05)
P(X <3)=0.1071

The critical region is X <2
0.0355 =3.55%
The test statistic is the number of seedlings that survive.

Ho: p=
Hi:p>

b

W= W=

Assume Ho is true then X ~ B(36, 1)

Using a calculator

P(X216)=1-P(X <15)=1-0.8906 =0.1094 > 0.1
P(X217)=1-P(X<16)=1-0.9416=0.0584 <0.1
The critical region is X >17

0.0584 = 5.84%
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9 a Ina given time, the number of customers choosing lasagne out of the total number.

Ho: p=0.2
Hi:p # 0.2

b Assume Ho is true then X ~ B(25, 0.2)

Consider the lower tail:

P(X £0)=0.0038
P(X <1)=0.0274 (closer to 0.025)

Consider the upper tail:

P(X>9)=1-P(X<8)=1-0.9532=0.0468
P(X>10)=1-P(X<9)=1-0.9827=0.0173 (closer to 0.025)

The critical regionis X <1 and X >10.
¢ The probability of incorrectly rejecting Ho is 0.0274 + 0.0173 = 0.0447 = 4.47%
Challenge
a Assume Ho is true then X ~ B(50, 0.7)
Consider the lower tail:

P(X <£29)=0.0478 (closer to 0.05)
P(X <£30)=0.0848

Consider the upper tail:

P(X>41)=1-P(X <40)=1-0.9598 = 0.0402 (closer to 0.05)
P(X>40)=1-P(X<39)=1-0.9211=0.0789

The critical regionis X <29 and X >41
b The probability of one observation falling within the critical region is 0.0478 + 0.0402 = 8.8%
The probability of two observations falling within the critical region is 0.088> = 0.007744 = 0.77%

The probability that Chloe has incorrectly rejected Ho is 0.77%
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Hypothesis testing 7C
1  Distribution, B(10, 0.25)

H,:p=025 H,:p>025

P(X >5)=1-P(X <4)
=1-0.9219
=0.0781>0.05

There is insufficient evidence to reject H, so there is no reason to doubt p =0.25
2 Distribution, B(10, 0.40)
H,:p=040 H,;:p<0.40

P(X <1)=0.0464 < 0.05

There is sufficient evidence to reject H, so p <0.04
3 Distribution, B(20, 0.30)

H,:p=0.30 H,:p>0.30

P(X >10)=1-P(X <9)
=1-0.9520
=0.0480 < 0.05

There is sufficient evidence to reject H, sop > 0.3
4 Distribution, B(20, 0.45)
H,:p=045 H,:p<045

P(X <3)=0.0049 < 0.01

There is sufficient evidence to reject H, so p <0.45
5 Distribution, B(20, 0.28)

H,:p=0.28 H,:p<0.28

p-value = P(X <2)=0.0526 > 0.05

There is insufficient evidence to reject H, so there is no reason to doubt p = 0.28
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6 Distribution, B(8, 0.32)
H,:p=0.32 H, :p<0.32
P(X>7)=1-P(X £6)

=1-0.9980
=0.002 < 0.05

There is sufficient evidence to reject H, so p <0.32

7  Distribution, B(12, 1)

P(X <1)=0.3813 > 0.05

There is insufficient evidence to reject H, so there is no evidence that the probability of a 6 on

this dice is less than +

8 a Distribution, B(n, 0.68)
Reasons: - Fixed number of trials.
- Outcomes of the trials are independent.
- There are two outcomes, success and failure.
- The probability of success is constant.

b Distribution, B(10, 0.68)

H,:p=0.68 H, :p<0.68
P(X <3)=0.0155<0.05

There is sufficient evidence to reject H, so p <0.68. The treatment is not as effective as claimed.

9 a Xis the number of seeds in the trial for which the germination method was successful.
p is the probability of success for each seed.

X ~B(20, p)
Ho: p=0.4 Hi:p>04

P(X >212)=1-P(X <11)=1 - 0.9435=0.0565>0.05
P(X >13)=1-P(X <12)=1-0.9790 = 0.021 <0.05

The critical region is X >13
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9 b

10a

14 lies within the critical region, so we can reject the null hypothesis. There is evidence that the
new technique has improved the number of plants that germinate.

The test statistic is the number of people who support the candidate.
Hop:p=035 H;:p>0.35
X ~B(50, 0.35)

P(X 223)=1-P(X £22)=1-0.9290 =0.071 > 0.05
P(X 224)=1-P(X £23)=1-0.9604 = 0.0396 < 0.05

The critical region is X >24

28 lies in the critical region, so we can reject the null hypothesis. There is evidence that the
candidate's level of popularity has increased.
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Hypothesis testing 7D

1

H,:p=05 H :p#05
If Ho is true X ~ B(30, 0.5)

Expected value would be 30 x 0.5 = 15.
The observed value, 10, is less than this so consider P(X <10)

P(X <10) =0.0494 > 0.025 (two-tailed)

There is insufficient evidence to reject Ho so there is no reason to doubt p = 0.5
Ho:p=10.3 Hi:p#0.3
If Ho is true X ~ B(25, 0.3)

Expected value would be 25 x 0.3 =7.5.
The observed value, 10, is more than this so consider P(X >10)

P(X >10) =0.1894...> 0.05 (two-tailed)

There is insufficient evidence to reject Ho so there is no reason to doubt p = 0.3

Ho:p=0.75 Hi:p#0.75
If Ho is true X ~ B(10, 0.75)

Expected value would be 10 x 0.75=7.5.
The observed value, 9, is more than this so consider P(X >9)

P(X >9) =0.2440... > 0.025 (two-tailed)

There is insufficient evidence to reject Ho so there is no reason to doubt p = 0.75

Ho:p=06  Hi:p#06
If Ho is true X ~ B(20, 0.6)

Expected value would be 20 X 0.6 =12
The observed value, 1, is less than this so consider P(X <1)

P(X <1)=0.00000034.. < 0.005 (two-tailed)

Reject Ho, There is evidence that p # 0.6.
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5  Hep=002 Hp:p#0.02
If Ho is true X ~ B(50, 0.02)

Expected value would be 50 x 0.02 =1
The observed value, 4, is more than this so consider P(X > 4)

P(X >4)=0.01775...>0.01 (two-tailed)

There is insufficient evidence to reject Ho so there is no reason to doubt p = 0.02

6 The probability that an unbiased coin lands on heads is 0.5
X is the number of times the coin being tested lands on heads
p 1s the probability that the coin being tested lands on heads.

H,:p=05 H:p#05
If Ho is true X ~ B(20, 0.5)

Expected value would be 20 x 0.5 =10
The observed value, 6, is less than this so consider P(X <6)

P(X <6)=0.0577 > 0.025 (two-tailed)

There is insufficient evidence to reject Ho so there is no reason to think that the coin is biased.
7 a H,: p=020 H, :p#0.20

If Ho is true X ~ B(20,0.20)

P(X <1)=0.0692
P(X <£0)=0.0115 (closer to 0.025)

critical value =0

P(X2>9)=1-P(X <8)=1-0.9900=0.0100
P(X=28)=1-P(X <7)=1-0.9679 =0.0321 (closer to 0.025)

Critical region X =0 and X > 8

b Actual significance level is 0.0115 + 0.0321 = 0.0436 = 4.36%

¢ X =8 is in the critical region. There is enough evidence to reject Ho. The hospital’s proportion of
complications differs from the national figure.
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8 a The probability that a glass bowl made using the original process is cracked is 0.1
X is the number of bowls in the sample using the new process that are cracked.
p 1s the probability that a bowl made using the new process is cracked.
H,:p=0.1 H :p=0.1
If Ho is true X ~ B(20, 0.1)

Expected value would be 20 x 0.1 =2
The observed value, 1, is less than this so consider P(X <1)

P(X <2)=0.3917...> 0.05 (two-tailed)

There is insufficient evidence to reject Ho so there is no reason to think that the
proportion of cracked bowls has changed.

b Double the calculated probability to find the p-value
p- value =0.3917...+ 0.3917... = 0.7835

9 The probability that a carrot grown in the original fertiliser is longer than 7 cm 1s 0.25
X is the number of carrots in the sample grown in the new fertiliser that are longer than 7 cm.
p 1s the probability that a carrot grown in the new fertiliser is longer than 7 cm.
H,: p=0.25 H, :p#0.25
If Ho is true X ~ B(30, 0.25)

Expected value would be 30 x 0.25=7.5
The observed value, 13, is more than this so consider P(X >13)

P(X >13)=0.02159...< 0.025 (two-tailed)

There is evidence to reject Ho. Therefore, there is reason to doubt p = 0.25.
So the probability of a carrot being longer than 7 cm has changed.

10  The probability that a standard blood test diagnoses the disease is 0.96
X is the number of patients correctly diagnosed in the sample using the new process.
p 1s the probability that a patient is correctly diagnosed using the new process.
H,: p=0.96 H,:p#0.96
If Ho is true X ~ B(75, 0.96)

Expected value would be 75 x 0.96 = 72
The observed value, 63, is less than this so consider P(X <63)

P(X < 63)=0.0000417... < 0.05 (two-tailed)

There is evidence to reject Ho. Therefore, there is reason to doubt p = 0.96.
So the new test does not have the same probability of success as the old test.
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Hypothesis testing, Mixed Exercise 7

1 X ~B(0,0.20)

H,:p=020 H,:p>020

P(X >3)=1-P(X <2)
=1-0.6778
=0.3222 > 0.05

There is insufficient evidence to reject H,

There is no evidence that the trains are late more often.
2 X ~B(5,0.5)

H,: p=0.50 H,:p>0.50

P(X >4)=1-P(X <3)
=1-0.8125
=0.1875> 0.05

There is insufficient evidence to reject H,

There is insufficient evidence that the company's claims are true.

3 a Fixed number; independent trials; two outcomes (pass or fail); p constant for each car.

b X ~B(5,0.30)
P(all pass) = 0.70° = 0.16807
¢ X ~B(10,0.30)

H,:p=030 H,:p<030
P(X <2)=0.3828>0.05

There is insufficient evidence to reject H.

There is no evidence that the garage fails fewer than the national average.
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4 a X~B(50,0.1)

H,:p=0.10 H :p#0.10

P(X <1)=0.0338 (closer to 0.025)
P(X =0)=0.0052
critical value = 1

P(X >9)=1-P(X <8)=1-0.9421=0.0579
P(X >10)=1-P(X <9)=1-0.9755 = 0.0245 (closer to 0.025)

critical value = 10

Critical region X <l and X >10

b Actual significance level = 0.0338 + 0.0245 = 0.0583 = 5.83%
¢ X ~B(20,0.1)
H,:p=0.1 H,:p>0.1
P(X >4)=1-P(X <3)
=1-0.8670
=0.133>0.1

p-value =0.133

Accept H,. There is no evidence that the proportion of defective articles has increased.

5 X ~B(20,0.5)
H,:p=050 H,:p=0.50

8 used Oriels powder.

P(X <£8)=0.2517 >0.025

There is insufficient evidence to reject H,,.

There is no evidence that the claim is wrong.
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6 X ~B(50,0.2)

a P(X <4)=0.0185 (closer to 0.025)
P(X <5)=0.0480

c =4

P(X >16)=1-P(X <15)=1-0.9692 = 0.0308 (closer to 0.025)
P(X >17)=1-P(X <16)=1-0.9856 = 0.0144

c,= 16
Critical region X <4 and X >16

b Actual significance level = 0.0185 + 0.0308 = 0.0493 = 4.93%

¢ This is not in the critical region. Therefore, there is insufficient evidence to reject Ho. There is no
evidence to suggest that the proportion of people buying that certain make of computer differs

from 0.2.

7 a i A hypothesis is a statement made about the value of a population parameter. A hypothesis test
uses a sample or an experiment to determine whether or not to reject the hypothesis.

ii The critical value is the first value to fall inside of the critical region.
iii The acceptance region is the region where we accept the null hypothesis.
b Ho:p=0.2 Hi:p#0.2
If Ho is true X ~ B(20, 0.2)
Let ¢1 and ¢ be the two critical values so P(X < ¢1) < 0.05 and P(X > ¢2) £0.05
For the lower tail:

P(X=0)=0.0115<0.05
P(X < 1)=0.0692 > 0.05

Soc1=0
For the upper tail:

P(X>7)=1-P(X < 6)=1-0.9133=0.0978 > 0.05
P(X > 8)=1-PX < 7)=1-0.9679 =0.0321 < 0.05

Soc,=8
So the critical region is X=0and X > 8

¢ Actual significance level = 0.0115 + 0.0321 = 0.0436 = 4.36%
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7 d As 7 does not lie in the critical region, Ho is not rejected. Therefore, the proportion of times that
Johan is late for school has not changed.

8  Xis the number of days with zero or a trace of rain.
X ~B(30,0.5)
Ho:p=0.5 Hi:p>0.5

P(X > 19)=1—-P(X < 18) =1 — 0.8998 = 0.1002 > 0.05
P(X > 20)=1—P(X < 19) =1 — 0.9506 = 0.0494 < 0.05

The critical region is X > 20

21 lies in the critical region, so we can reject the null hypothesis. There is evidence that the
likelihood of a rain-free day in 2015 has increased.

9 a Ho:p=035 Hi: p#0.35
If Ho is true X ~ B(30, 0.35)
Let ¢1 and ¢; be the two critical values so P(X < ¢1) < 0.025 and P(X > ¢2) < 0.025
For the lower tail:

P(X < 5)=0.0233 <0.025
P(X < 6) = 0.0586 > 0.025

Soci1=5
For the upper tail:

PX>16)=1—-PX <15)=1-0.9699 =0.0301, 0.0301 — 0.025 = 0.0051
PX>17)=1-PX <16)=1-0.9876 =0.0124, 0.025 — 0.0124 = 0.0126

Socx=16
So the critical region is X <5 and X > 16
b Actual significance test is 0.0233 + 0.0301 = 0.0534 = 5.34%
¢ X =4 lies in the critical region so there is enough evidence to reject Ho.

10a X~B(20,0.85)

20 16 4
b P(X=16)=|  |0850.15' =0.18
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10 ¢ X is the number of patients that recover
p is the probability that a patient recovers

H,:p=0.85 H,:p<0.85
If Ho is true X ~ B(30, 0.85)

Expected value would be 30 x 0.85=25.5
The observed value, 20, is less than this so consider P(X < 20)

p-value = P(X £20)=0.009657...<0.05 (one-tailed)

There is evidence to reject Ho. The percentage of patients who recover after treatment with the
new ointment is lower than 85%.

Large Data Set

1 a Xis the number of days with a recorded daily mean temperature greater than 15 °C.
X~ (10,0.163)
Ho: p=0.163 Hi: p>0.163

P(X > 4)=1-P(X < 3)=1-0.935=0.065 > 0.05
P(X > 5)=1-P(X < 4)=1-0.9959 =0.0141 < 0.05

The critical region is X > 5

b A random sample of temperatures, 15.6, 17.3, 12.5, 14.1, 11.9, 14.5, 13.0, 9.1, 14.1, 10.0, 9.3 has
2 days with a daily mean temperature greater than 15 °C.

¢ 2 does not lie in the critical region so Hy is not rejected. Therefore, there is no reason to suggest
that p # 0.163.

2 X is the number of days with daily mean temperature greater than 25 °C.
X~ (10,0.23)
Ho:p=023 Hi:p>0.23

P(X > 5)=1-P(X < 4)=1-0.9431 = 0.0569 > 0.05
P(X > 6)=1-PX < 5)=1-0.9870=0.0130 < 0.05

The critical region is X > 6

A random sample of temperatures 17.5, 18.9, 25.9, 27.7, 30.4, 26.6, 27.4, 27.0, 19.4 and 13.9 has 6
days with a mean temperature greater than 25 °C.

6 does lie in the critical region so Hy is rejected. Therefore, there is reason to suggest that p > 0.23.
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Review Exercise 1

1 a A census observes every member of a population.
A disadvantage of a census is it would be time-consuming to get opinions from all the employees.
OR It would be difficult/time-consuming to process the large amount of data from a census.

b Opportunity sampling.

¢ Itis notarandom sample. The sample only includes cleaners, there are no types of other
employees such as managers.
The first 50 cleaners to leave may be in the same group/shift so may share the same views.

d i Allocate a number from 1-550 to all employees.
For a sample of 50, you need every eleventh person since 550 = 50 = 11.
Select the first employee using a random number from 1 - 11, then select every eleventh person
from the list; e.g. if person 8 is then the sample is 8, 19, 30, 41...

i For this sample, you need 55—5><50 =5 managers and :?gngO = 45cleaners.

Label the managers 1-55 and the cleaners 1-495.
Use random numbers to select 5 managers and 45 cleaners.

2 a Opportunity sampling is using a sample that is available at the time the study is carried out.
It is unlikely to provide a representative sample of the weather in May.

b mean= =874

2.h 100+91+77+83+86 _ 437
n 5

¢ The daily maximum relative humidity is how saturated the air saturation is with water vapour.
Mist and fog occur only when the relative humidity is above 95%. Since 87.4% is less than this,
Joanna is correct. 'However 5 days is likely not to be a representative sample for the whole of
May.
3 a There are 120 observations, so the median is the 60.5th value. This lies in the class 20 < x < 30.

Using interpolation:

20 m 30
—e @ ®
29 60.5 72

m-20 60.5-29

30-20 72-29
m-20 315

10 43
m=27.3

The median distance is 27.3 miles.
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_ [141600 (3610
120\ 120

=~/1180-30.1°

=/275=16.6

The mean distance travelled is 30.1 miles, with a standard deviation of 16.6 miles.

4 Xx=10s+1
x-1
s=2_=
10
coded mean, xoZX 2947 31.6
n 30
actual mean, s = 316-1 _ 5 06 hours
coded standard deviation, o, = w =332
33.2

actual standard deviation, o =10 = 3.32 hours

5 a i 37 minutes
il Upper quartile / third quartile / 75th percentile

b The crosses represent outliers; i.e. observations that are very different from the others and need to
be treated with caution. These two children took a lot longer so probably walked.

¢ Defining an outlier as an observation that lies either 1.5 x interquartile range (IQR) above the
upper quartile (Qs) or 1.5 x IQR below the lower quartile (Q1):
IQR =20, Q1=30,Q3=50
30-1.5x20 = 0 therefore no outliers

50+1.5x 20 =80 therefore no outliers

10 20 30 40 50 60
Time (minutes)

d The median time for children from school A is less than that of children from school B.

The interquartile range is less for school A, although the overall range is greater and there are also
outliers (there are none for school B).
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5 d Children from school A generally took less time than those from school B.

Both plots have a positive skew, showing that there was more variation in the time taken by slower
children than in the time taken by the faster children.

75% of those from A took less than 37 minutes whereas only 50% of those from B completed in
this time.

50% of those from A took less than 30 minutes whereas only 25% of those from B completed in
this time.

6 a Missing frequencies:
18 <x<25:area =7x5=35
25<x<40:area =15x1=15
Missing frequency densities:
10<x<14:height=16 =-4=4
14 <x<18:height=24 =-4=6

Histogram of times

6 —

Frequency density

g [ 1
U T T T
0 5 10141820 25 30 40

Time, t (minutes)

[
»

b Sample size, n =100
The number who took longer than 20 minutes is given by the shaded area:
(25— 20) x5+ (40— 25)x1=40
40 —-100=0.4
The probability that a person chosen at random took more than 20 minutes to swim 500 m is 0.4

¢ Mid points are 7.5, 12, 16, 21.5, 32.5

> f =100
Y ft = (10x 7.5) + (16x12) + (24 x16) + (35x 21.5) + (L5x 32.5)
~1891
2ft 1891 o4
>f 100

The mean time taken is 18.9 minutes.

d X ft? = (10x7.5%) + (16 x12%) + (24 x16?) + (35x 21.5?) + (15x 32.5%) = 41033
Y (XY
o= - =
> Xf
41033 _(1891)2
100 100
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6 d o=+/410.33-357.59

=+/52.74

=7.26

The standard deviation of t is approximately 7.26 minutes (3 s.f.)

e median, Q, is the 1% =50.5th term

There are 50 values less than 18 minutes and 50 values greater than or equal to 18 minutes.
The median is therefore 18 minutes.

7 Area of 65 to 67 cm class = 26
Frequency density = 26 + 2 =13

Using this information:

Lelngth, Frequency C_Iass Freq uency
(cm) width density
60 to 65 10 5 2
65 to 67 26 2 13

67 36 1 36
68 to 70 24 2 12
70to 75 15 5 3
7510 80 10 5

The number of owls with wing length between 63 and 73 cm is given by the shaded area on the
graph.

Bhb

R

Frequency density

Length (cm)

3)— (2x2)+26+36+24+(3%x3)
10+26+36+24+15+10

99

T121

=0.82
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8 a 20th percentile: % x31=6.2
P,-13 6.2-1
16-13 8-1
P, —13= 5.2x3

P, =223+13= 15.23

80th percentile : 22-x31=24.8
Py—19 24.8-21
22-19  31-21
3.8x3
10
P,=1.14+19

=20.14

Po—19=

Pgo — P20 =20.14 — 15.23 =49 (2s.f))

b Cumulative frequencies are 1, 8, 21, 31

ta
[

a
5]

[y
o

ot
(53]

[y
(a2

Cumulative frequency

0
10 12 14 16 18 20 22
Temperature (°C)

C Pg—P2xp=19.8—-154=438
The 20% to 80% interpercentile range is slightly bigger using interpolation than using the diagram.
Interpolation is likely to be more accurate.

d Using the graph:

31 —5=26 days
OR Using interpolation:
15-13 d-1
16-13 8-1
g_ d-1
3 7
d= 2x7 +1
3
=5.67

31 —5.67=25.33, s0 25 days
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9 a

% 100 !

o, X

2 80 XK X

= X

= >

= 40

=

< 20

o 0 >
0 5 10 15

Time (x weeks)
b Points lie close to a straight line.
c For every extra week in storage, another 3.90 ml of chemical evaporates.
d The prediction for 19 weeks is likely to be reasonably reliable as it is close to the range
investigated.
The prediction for 35 weeks is likely to be unreliable, since the time is well outside range of x and

there is no evidence that model will continue to hold.

10a mean + 2 standard deviations = 15.3 + 2 x 10.2 = 35.7
45 > 35.7 so t = 45 is an outlier

b A temperature of 45 °C is very high so it is likely this value was recorded incorrectly. Therefore,
this outlier should be omitted from the data.

¢ In the regression equation, 2.81 represents the number of additional ice creams (in hundreds) sold
each month for each degree Celsius increase in average temperature.

d A temperature of 2 °C is outside the range of the data so a value calculated using the equation for
the regression line involves extrapolation and is likely to be inaccurate.

b P (second ball red) = P(blue then red) + P(red then red)

- 9.3.3.2

"1 12711

2746 1
132 4

The probablility the second ball is red is 0.25.
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11c P (balls are different colours) = P(blue then red) + P(red then blue)
_9,3,3,9
12 11 12 11
_27+27 _ 54

132 132

The probability the balls are different colours is 0.409.

12a P(AorB)=P(A)+P(B) - P(A and B)
0.65=0.32+0.11 —P(A and B)
P(Aand B)=0.65—-0.32-0.11=0.22
P(neither Anor B) =1-0.65=0.35

0.35

b P(A)=0.32+0.22=0.54
P(B)=0.33

¢ For independence P(A and B) = P(A) x P(B)
Here: P(A) x P(B) =0.54 x 0.33 =0.1782
0.1782 #0.22
So these events are not independent.

13a
0.03__ Faulty

0.85 Goodbuy :
0.97 ~Not faulty

0.06__ Faulty
0-15 ™ Amart <
Not faulty

0.94

b G = Goodbuy, A = Amart, NF = Not faulty
P(NF) = P(G and NF) + P(A and NF)
=(0.85%0.97) +(0.15x0.94)
=0.9655

14a Comics and Television are mutually exclusive preferences as the sets do not overlap.

b P(CandB)= E—OB4
38

P(C) x P(B) = x L 281 439
38719 722

0.34 #0.32 so these preferences are not independent.
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15a For four coin tosses there are 2 x 2 x 2 x 2 = 2* = 16 possible outcomes.
There is only way of achieving 0 or 4 heads (= 0 tails).
1 head or 3 heads (= 1 tail) may appear on the 1st, 2nd, 3rd or 4th toss; i.e. in one of 4 ways.

Therefore, if X is the number of heads in the outcome:

No. of heads, x

0
1
P(X = X) E

3] 4
411
16 | 16

R
|

1 4 n 4 1

—F—+—+—+—=1
16 16 16 16 16

10+n=1

n=6

The probability of an equal number of heads and tails is % = g =0.375

Alternative solution:
Let X be the random variable ‘the number of heads’.
X ~B(4,0.5)

4
P(X=2)= (2]0.52 x 0.5

|
=i0.52xo.52
2121

=0.375

b P(X =0o0r4)=P(X =0)+P(X =4)

1 1 1
=t —=—
16 16 8
=0.125
1
c P(HHT):—xEx—
=0.125

16a Let X be the random variable ‘the number of faulty bolts’.

X ~ B(20,0.3)

P(X =2) = (220}(0.3)2 (0.7)18
_ 20! 2 18
= m(o.s) (0.7)
=0.0278

b P(X >3)=1-P(X <3)
From calculator or tables, P(X <3)=0.1071
P(X >3)=1-0.1071

=0.8929
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16c Let Y be the random variable ‘number of bags containing more than 3 faulty bolts’.
Y ~ B(10,0.8929)

P(Y =6) = (169} x(0.8929)°(0.1071)*

10!
=@(0.8929)6(0.1071)4
=0.0140
17a
X 1 2 3 4 5 6
PX=X)| 3 % 3 % | % |
P(X=x) |0.0278 | 0.0833 | 0.1389 | 0.1944 | 0.25 | 0.3056

b P(2<X <5)=P(Y =3)+P(Y =4)+P(Y =5)
P(Y =3)+P(Y =4)+P(Y =5) =&

z
12

0.5833...

18a P(X=x)=0.2

b The spinner has 3 odd numbers and two even numbers so:
P(X =even) =0.4
P(X =o0dd) =0.6

y 1 2 3 4
P(Y=y) |0.6 |04x0.6=024 |0.4>°x0.6=0.096 |0.4°x0.6+0.4*=0.064

¢ P(Y>2)=P(Y=3)+P(Y=4)=0.096 + 0.064 = 0.16
19 For X ~ B(15, 0.32), using calculator or tables:

a P(X=7)=0.101 (3s.f)

b P(X<4)=0.448 (3s.f)

c P(X<8)=P(X<7)=0.929 (3s.f)

d P(X>6)=1-P(X<5)=1-0.6607 =0.339 (3s.f.)

20a Ho:p=0.3 Hi:p#0.3
Significance level 2.5%
If Ho is true X ~ B(40, 0.3)
Let c1 and cz be the two critical values.
P(X <c1) =0.0125 and P(X > c2) = 0.0125
For the lower tail:
Finding values of P(X) from tables or calculator, those either side of 0.0125 are:
P(X < 5)=10.0086
P(X <6)=0.0238
0.0125 —0.0086 = 0.0039 (X <5) and 0.0238 — 0.0125=0.0113 (X <6)
So ¢ =5 as this gives the value closest to 0.0125.
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20a In the same way, for the upper tail:
PX>19)=1-P(X<18)=1-0.9852=0.0148
PX>20)=1-P(X<19)=1-0.9937 =0.0063
0.0148 — 0.0125 =0.0023 (X >19) and
0.0125 = 0.0063 = 0.0062 (X > 20)
Soc2=19
P(X <5) and P(X > 19), so the critical region is 0 < X <5 and 19 <X <40

b The probability of incorrectly rejecting the null hypothesis is the same as the probability that X
falls within the critical region.
P(X<5)+P(X>19)=0.0086 +0.0148 = 0.0234

2la X <B(10,0.75) where X is the random variable ‘number of patients who recover when treated’.

b Using tables or calculator:
P(X=6)=0.146
OR
P(X =6)=P(X <6)-P(X <5)
=0.9219-0.7759
=0.146
OR, Calculating:

P(X =6)= (160}(0.75)6 (0.25)"

10!
=M><(o.75)6 (0.25)°

=0.146

¢ H,:p=0.75
H,:p<0.75
X ~B(20,0.75)
P(X <13)=1-0.7858
=0.2142

As the probability is greater than 5%, there is insufficient evidence to reject the null hypothesis
that 75% of patients will recover. Therefore the doctor’s belief that fewer patients than this will
recover.

d Using tables/calculator to find values either side of 1 —0.01 = 0.99:
P(X <£9)=1-0.9961=0.0039 < 0.01

i.e. if 9 patients recover, the null hypothesis is accepted.
P(X <10)=1-0.9861=0.0139 > 0.01

i.e. if 10 patients recover, the null hypothesis is rejected.
Therefore, no more than 9 patients should recover for the test to be significant at this level.

22a Ho: p =0.3i.e the fertiliser will have no effect.
Hi: p > 0.3 i.e. the fertiliser will increase the probability of the tomatoes having a dimeter > 4 cm.

b Significance level 5%
If Ho is true X ~ B(40, 0.3)
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22 b Let ¢ be the critical value.
PX>17)=1-P(X<16)=1-0.9367 =0.0633 > 0.05
PX>18)=1-P(X<17)=1-0.9680 =0.032 <0.05
Soc=18
P(X > 18), so the critical region is 18 <X <40

¢ Actual significance level = 0.032 = 3.2%

d The observed value of 18 lies in the critical region so it is reasonable to reject the null hypothesis
that the fertiliser has no effect. Dhiriti’s claim that the fertiliser works is supported.

Challenge

Z2+7

1 P(C)= —
©) =
_y+1
P(A) = ——

(A) =0

Z+7 _3 y+1
50 50
z+7=3y+3

z+4=3y 1)

P(not B) =0.76 = 38
50

y+z+18

50

So y+2z+18 _ 38

50 50
y+z+18=38
y=20-2 2
Use (2) to substitute for y in (1):
z+4=320-2)
z+4=60-3z
47 = 56
z=14
Substituting this value for z in (2):
y=20-14=6
Referring to the diagram:
X=50-(6+1+7+14+18)=4
X=4,y=6,z=14

P(not B) =

2 a Significance level 10%
If Ho is true X ~ B(30, 0.65)
Let c be the critical value.
P(X<15)=0.0652
P(X<16)=0.1263
0.1 —0.0652 =0.0348 (X < 15)
0.1263 — 0.1 =0.0263 (X < 16)
Soc=16
P(X < 16), so the critical regionis 0 < X <16

b P(X<16)=0.1263
P(X < 16 and X < 16) = 0.1263% = 0.0160
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Modelling in mechanics 8A
1 ai x=0givesh=0.36x0-0.003x (0)2=0

Height=0m
ii x =100 m gives h =0.36 x 100 — 0.003 x (100)? = 36 — 30

Height =6 m

O

x =200 m gives h =0.36 x 200 — 0.003 x (200)? = 72 — 120
Height =—48 m

The model is not valid for this distance as it predicts the ball would be 48 m below ground level:
the ball has already hit the ground at this point.

(@]

N
QD

90 m (as this is the height when t = 0)

b i t=3givesh=—5x(3)2+15x3+90=-45+45+90
Height above sea level =90 m

ii t=5givesh=—-5x(5)2+15%x5+90=-125+75+90
Height above sea level =40 m

t =20 gives h =—5 x (20)? + 15 x 20 + 90 = —2000 + 300 + 90 = —1610

o

Height = 1610 m below sea level

o

The prediction is incorrect because this height is below sea level, where the model is probably no
longer valid, because forces acting on the ball will be different.

3 a Whenh=4,

4 =2+ 1.1x— 0.1x? or rearranging, 0 = —0.1x? + 1.1x — 2, so using the quadratic formula,

L~ EJL ~4x(-0.)x(-2)
2x(-0.1)

-0.2

 —1.1+0.6403
0.2

So x =2.30 0r 8.70 (to 3s..)

The ball is 4 m above the ground after it has travelled both 2.30 m and 8.70 m horizontally.
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3 Db

When h = 3,

3=2+1.1x— 0.1x? or rearranging, 0 = —0.1x?+ 1.1x — 1, and dividing by -0.1,
0=x?—11x+10 = (x — 1)(x — 10)

So x =1 or 10, and the ball is at height 3 m after it has travelled both 1 m and 10 m horizontally.

At the shorter distance, the ball will be travelling upward (see diagram), so k = 10.

If x> 10 m the equation is no longer valid as the ball will have gone through (or past) the net, and
there would possibly be new forces acting on the ball.

Whent=1,d=13.2

So, substituting, d = kt? becomes 13.2 = k x 12 and therefore k = 13.2.
Our completed equation is d = 13.2t%. When t = 10,
d=13.2x10%=1320

The distance travelled is 1320 m.

Clearly, the model is valid for positive values of t only. We are also unsure of what happens after
t = 10, and we therefore can’t use this model past that point. The model is valid for 0 < ¢t < 10.

h > 0 means that 0.36x — 0.003x? = x (0.36 — 0.003x)> 0

We are assuming that x > 0 after the ball is struck, so we need the bracket to be non-negative:

0.36 > 0.003x
0.36

X< =
0.003 - 120

So the model is valid for 0 < x < 120.
When the stone enters the sea, h =0
0 =—5t% +15t + 90, or, dividing by -5, 0 = t? — 3t — 18 = (t — 6)(t + 3)

So, t=-3 or 6 and the stone hits the sea 6 seconds after it is thrown, since the model is valid only
for the time after the stone is thrown att = 0.

Therefore the model is valid for 0 < t < 6.
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Modelling in mechanics 8B

1 a Modelling the ball as a particle means we can ignore the rotational effect of any external forces
that are acting on it and the effects of air resistance, and assume all the mass acts at a single point.

b Assuming air resistance is negligible means we can ignore the frictional effects of the air on the
football.

2 a Modelling the puck as a particle means we can ignore the rotational effect of any external forces
that are acting on it and the effects of air resistance, and assume all the mass acts at a single point.

b Modelling the ice as smooth means we can ignore any friction between the puck and the ice.

3 Modelling an object as a particle means that the effect of air resistance is ignored but, for a
parachute, this force is significant.

4 a Modelling the fishing rod as a light rod means we can assume it has no mass or thickness and is
rigid and unbending.

b While the mass of the rod may be negligible in comparison with the reel or any fish it is designed
to catch (justifying the ‘light” assumption), and narrow compared to its length (allowing it to be
treated as a one-dimensional object) rigidity is not a desirable property of fishing rods, so it is not
appropriate to consider it as a rod.

5 a Model the golf ball as a particle, and ignore the effects of air resistance.

b Model the child and sledge as a single particle, consider the hill to be smooth, and ignore the
effects of air resistance.

¢ Model the objects as particles, the string as light and inextensible, and the pulley as smooth.

d Model the suitcase and handle as a single particle, consider the path to be smooth, and ignore
friction between the wheels and their holdings.
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Modelling in mechanics 8C

1 a 65kmht= % ms'=181ms? (to3sf)
X
b 15gcm2= —2000 o2 150 kgm?

1+(100x100)

302100 ) o1 _5x10% m s

¢ 30 cm per minute =

d 24gm3= 24 kgm=®=24x102kgm
1000

4.5x107% +1000

e 45x102%2gcm 3=
1+ (100x100x100)

kgm=2 =45 kgm™

-3
f 6.3x10°%kgcm?= _63x10" kg m™ =63 kg m2
1+(100x100)

2 a A:normal reaction, B: forward thrust, C: weight, D: friction
b A: buoyancy, B: forward thrust, C: weight, D: drag/water resistance
¢ A:normal reaction, B: friction, C: weight, D: tension

d A:normal reaction, B: weight, C: friction
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Modelling in mechanics 8D

1 a2lmst
b 500 m
c -1.8ms*
d 27ms?t
e —750 m

f 25ms™t
2 a speed |v|=+v12% +10% =244

The speed of the car is 15.6 m s * (to 3 s.f.)

b Let the acute angle made with i be 6, then

tan @ = % =0.8333 s0 #=39.8° (to 3s.f)

The direction of motion of the car is 39.8° from the i vector.
3 a [a|=v3+42 =425
The magnitude of the acceleration is 5 m s 2.

b Let the acute angle made with j be 6

180° — 6

tand = % =0.75s0 #=36.9° (to 3s.f.)

Angle required = 180° — 6 = 180° — 36.9° = 143.1°

The direction of the acceleration is 143° from the j vector.
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4 a AC=AB+BC

AC = + =
10| |-7| |3
BIMIH

|A—C|:\/32+152:\/23_4

The magnitude of the displacement is 15.3 m (to 3 s.f.)

b [AB|=+10%+3% =109

BC|=+/72+122 =193

AB +|§f|=\/10_9+\/@=24.3

The girl cycles 24.3 km (to 3 s.f.)

c Let the acute angle made with i be 6

AC =3i+ 15§
15j

tan @ = % =535060=78.7°(to 3s.f)

The direction of motion of the car is 78.7° from the i vector.
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Modelling in mechanics, Mixed Exercise 8
1 a x=2gives

h:%(24x2—3x(2)2)

1
=—(48-12)=3.6

When it is 2 m horizontally from where it is hit, the ball is at a vertical height of 3.6 m.
b When/h=2.1,

2.1= %(24x -3x’ ) or rearranging, 0 = 24x — 21 — 3x?, and dividing by -3,

0=x’-8+7=x-1Dx-7)
Sox=1or7.
The ball is at a height of 2.1m when it is at a horizontal distance of 1 m and again at 7 m.
¢ Model becomes valid when the ball is hit, i.e. x = 0.

The model remains valid while the ball is above the ground, i.e. 2 > 0
%(24x —3x2) >0 or factorising, 0.3x(8 —x) = 0

We know that x > 0 for our region, so we need the bracket to be non-negative, i.e. x < 8.
The model is valid for 0 < x < 8.

d The equation for this model produces a curve of the form shown:

ha

=Y

2 8
Since the curve is symmetrical, maximum height occurs when x = 4, at which point:

h:%(24x4—3x(4)2)

1
——(96-48)=4.8

The maximum height of the ball is 4.8 m.
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2 a x=2gives
h=10-0.58 x (2)>=17.68
When the horizontal distance from the end of the board is 2 m, the diver is at a height of 7.68 m.
b When the diver hits the water, 4 =0
0=10-0.58x"

0.58x*=10
10
x=,——=+17.24
0.58

The diver enters the water 4.15 m from the end of the board.

¢ By modelling the diver as a particle, we can ignore air resistance and the rotational effects of
external forces. The mass of the diver is assumed to be concentrated at a single point.

d The pool is only 4.5 m deep so the model could not be accurate for large values of x.
Also, the motion is likely to be different in the water than in the air.

3 a Model the man on skis as a particle. This allows one to ignore the rotational effect of any forces
that are acting on the man as well as any effects due to air resistance.

Consider the slope to be smooth: that there is no friction between the skis and the slope.

b Model the yo-yo as a particle. This allows one to ignore the rotation of the yo-yo and air
resistance. We assume that the mass of the yo-yo is concentrated at a point.

Consider the string to be light and inextensible. This allows one to ignore the weight of the string
and assume it does not stretch, thereby affecting the acceleration of attached objects.

Model the yo-yo as smooth, that is, assume there is no friction between the yo-yo and the string.

2.5x1000
— 1

s'=41.7ms! (to3s.f)
60

4 a 2.5 km per minute =

0.6

b 0.6kgem?= — >
1+(100x100)

kg m™ = 6000 kg m >

_ 1.2x10°x(100x100x100) kg

m~ =12x10° kgm™
1000

¢ 1.2x10°gcem™

5 a Model the ball as a particle.

Assume the floor is smooth.
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5 b i The velocity will be positive as the positive direction is defined as such.

ii In real life the acceleration would be negative, as the ball always slows down. However, if we
assume there is no friction, then the ball would move at constant velocity.

6 a Velocity is positive, displacement is positive
b Velocity is negative, displacement is positive

¢ Velocity is negative, displacement is negative

7 a Ja|=+0.05"+0.15" =~/0.025 = 0.158 (0 3 5.f)

The magnitude of the acceleration is 0.158 m s™2.

b Let the acute angle made with i be 4, then

tané’:g:3 so 0 =71.6° (to 3 s.f.)
0.05

—0.05i + 0.15j

0.15§ 180° - 0

4

—0.05i

Angle required = 180° — 6 = 180° — 71.6° = 108° (to 3 s.f.)

The direction of the acceleration is 108° from the i vector.

8 a |[v[=+3.5+25 =418.5 =430 (to 3 s.f)

The speed of the toy car is 4.30 m s~ .

b Let the acute angle made with j be 6, then

tan @ = 35 _ 1.4 so 0=54.5°(to 3 s.f.)

5

3.51

.
P>

~2.5

180° -6

Angle required = 180° — 6 = 180° — 54.5° = 126° (to 3 s.f.)

The direction of the acceleration is 126° from the j vector.
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9 a PR=PQO+0OR

ﬁé = + =
100| | 50 | [150
80 ) |-30) (50
|F7e.| = V1502 +50% =+/25000 = 158 (to 3 s.f))

The magnitude of the displacement is 158 m.

b |PO|=+100+80> =+/16400 =128 (to 3 s.f))
OR| =+/50% +30% =+/3400 =58.3 (to0 3 s.f))

PQ|+|OR| = /16400 ++/3400 =186 (to 3 s.£.)

The plane travels a total distance of 186 m.

¢ Let the acute angle made with j be 6

PR = 150i + 50j
50j

[
Ll

150i
tan¢9=%=3 s0 8=71.6° (to 3 s.f.)

The direction of motion of the car is 71.6° from the j vector.
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Constant acceleration 9A

1 a Adisplacement =40 km, time = 0.5 h and g—% =80

So the average velocity is 80 km h™2.
B displacement = 20 km, time = 0.5 h and % =40
So the average velocity is 40 km h™2.
C displacement = 0 km, time = 0.5 h and % =0
So the average velocity is 0 km h™2.
D displacement = 40 km, time = 1 h and 4TO =40
So the average velocity is 40 km h™2.
E displacement = —100 km, time = 1.5 h and % =—66.7 (to 3s.f)

So the average velocity is -66.7 km h™L,
b The average velocity for the whole journey is 0 km h™* as the overall displacement is 0 km.
c Total distance travelled = 200 km

Total time taken=4h

average speed = 2%0 =50kmh™

2 a For first section of the journey: average velocity = 60 km h™%, time taken = 2.5 h

displacement = 2.5 x 60 = 150 km
This is 6 squares on the vertical axis, so one square is % =25km

total displacement shows as 7.5 squares = 7.5 x 25 = 187.5 km

b Time for whole journey =3.75 h

average velocity = % =50kmh™?

3 a displacement =12 km, time=1h

average velocity = % =12kmh*

b Sarah passed her home at 12:45.

¢ For the penultimate stage: displacement =—12 + (-3) =—15 km, time = 1.5 h

average velocity = 1—1: =-10 kmh*

For the final stage: displacement = 3 km, time =1 h

average velocity = % =3 kmh?
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3 d Total distance travelled = 30 km
Total time taken =4 h

average speed = % =75 kmh?
4 a Reading from the graph:

maximum height = 2.5 m
time taken to reach this =0.75 s

b When it reaches the highest point, the velocity of the ball is 0 m s ™.

¢ 1 The velocity of the ball is positive (upwards) and decreases (the ball is decelerating) until it
reaches 0 at the highest point.

il The velocity of the ball is negative (downwards), and increases (the ball is accelerating) until it
hits the ground at the same speed at which it was launched.
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Constant acceleration 9B

1 a a=3=225

The athlete accelerates at a rate of 2.25 m s ™.
b s=1(a+b)h
:%(8+12)x9 =90

The displacement of the athlete after 12 s is 90 m.

2 a
p(ms')4
10
0 30 12 1(s)
b s=1(a+b)h

=1(30+42)x10 =360

The distance from A4 to B is 360 m.

The acceleration of the cyclist is 0.4 ms ™.
b a=-%=-0.533(to 3 s.f)
The deceleration of the cyclist is 0.533 ms™.
¢ s=1(a+b)h
=1(40+75)x8 =460

After 75 s, the distance from the starting point of the cyclist is 460 m.

4 a

v(ms1)4

30|-----

>
>

04—15—»1 T > 5> £[S]
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4 b s=1(a+b)h

2400 =L (T +(15+T +25))x30
= 15(2T +40)
2T +40 = 20 160

16040
2

T 60

The time taken to travel from Sto Fis (15 + 7+ 25)=100s.
5 a The velocity after 20 s is given by

vims?) 4

12f------

0 |20« T

velocity = acceleration x time = 0.6 x20 =12
b s=3(a+b)h

4200 =L (T +(20+T +40))x12
= 6(2T +60)

2T+60=$=700

70060

T =320

¢ While at constant velocity: v=12ms™, t=320s

distance travelled = 12 X 320 = 3840 m

v(ms')4

10}----------

Of«—15—>= 4T »<—T—> ()
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6 b s=l(a+b)h

480 =L(4T +(15+4T +T))10
=5x(15+97)

9T+15=?=96

- 96-15
9

T 9

Total time travelling=15+5T=15+ (5 X 9) =60
The particle travels for a total of 60 s.
7 a Area = trapezium + rectangle + triangle

100 =L (u+10)x3+7x10+1x2x10

=3(wu+10)+70+10
2 (u+10)=100-70-10=20
u=20x2-10

=10

3

10-2
3
The acceleration of the particle is 2.22 m s ™.

b a=

=2=222 (to3s.f)

8 a For M, velocity = acceleration x time = 3x8 =24

vims') A
C
30 """"""""77_;.
i cne | i
! ! B !
i I M
0 8 20 T t(s)

b Let C overtake M at time T seconds.

The distance travelled by M is given by

s:%(8><24)+24x(T—8)
=24(T —4)
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8 b The distance travelled by C is given by

s=3(a+b)h=3(T'-20+T)x30
—15 (2T - 20)

At the point of overtaking the distances are equal.

24(T —4) =15(2T -20)
24T =96 =30T —300

6T =204
T =24-34
s =24(T —4)

=24(34-4)=1720
The distance of the pedestrian from the road junction is 720 m.
Challenge
a The object changed direction after 6 s, as this is when the velocity changed from positive to negative.
b While travelling at positive velocity:

s, =1(1+6)x3=1x21=10.5
While travelling at negative velocity:
s, =1(4+2)x2=1x12=6
The total distance travelled by the object =s, + s» =10.5+6=16.5m
¢ i Using the value calculated in b, after 6 s the displacement of the object is s, = 10.5 m.

ii In the first 6 seconds, displacement is positive.
In the last 4 seconds, displacement is negative.

Hence, using the values calculated in b, total displacement = s, + (—sx) = 10.5 + (—6) = 4.5 m.

speed |,
(ms™)
-

2k /-

y

L.

3 6 8 10 {(s)

ok----

0
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Constant acceleration 9C

1

4 a

b

a=3,u=2,t=6,v="

v=u-+at
=2+3x6=2+18=20

The velocity of the particle at time t=6sis 20 ms ™.
u=10,v=0, t=16, a="?
v=u+at

0=10+ax16
a=—12 =-0.625
The deceleration of the car is 0.625 ms .

s=360, t=15v=28 u="

u+v
S = t
( 2 j

360 = “+28 15
L _360x2
15
=20

1

The velocity of the car at the first sign postis 20 ms .

a=05u=3t=12,v="
v=u-+at
=3+0.5%x12=3+6=9

The velocity of the cyclist at Bis 9 ms .

u=3v=9,t=12,5s="?
u+v

s = t
( 2 j

:(%)x12:6x12:72

The distance from 4 to B is 72 m.
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5 a

b

s=24,t=6,v=5u="
u+v
S = t
)
24:(u+5j><6
2

u=24><2 _5-3
6

The velocity of the particle at 4 is 3 ms™.
u=3,v=51t=6,a="?

v=u-+at
5=3+6a

a =E=l=0.333 (to 3 s.f)
6 3

The acceleration of the particle is 0.333 m s 2.

a=-12,t=6,v=2,u="

v=u-+at
2=u—-12x6=u-72
u=2+72=92

The speed of the particle at 4 is 9.2 ms ™',

u=92,v=2,t=6,s="?

s=(u+vjt:(9'22+2jx6:11.2><3:33.6

2

The distance from 4 to B is 33.6 m.

72 %1000
3600

72kmh'=72x1000 mh™' = ms”' =20 ms™

u=20,a=-06,t=25v="?

v=u+at=20-0.6x25=20-15=5ms"

L, 5%3600
1000

5ms kmh' =18 kmh™

The speed of the train as it passes the second signal is 18 km h™!

u=20,v=5,t=25s="7
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s =(”;VJt=(202+5sz5=12.5x25=312.5

The distance between the signals is 312.5 m.
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8 a a=—4u=32,v=0,t="?

v=u-+at

0=32-4¢

=32 g
4

The time taken for the particle to move from 4 to B is 8§ s.

b u=32,v=0,t=8,5s="

s =(”+Vj t=(32+0jx8=16x8=128
2 2

The time between 4 and B is 128 m.
9 a u=16,t=40,v=0,a="

v=u-+at
0=16+40a
_16_

a= =-04
40

The deceleration between A and B is 0.4 ms 2.

b u=16,t=40,v=0, s=?

s =(“;Vj t=[162+0jx40=8x40=320

The distance from the bottom of the hill to the point where the skier comes to rest is 320 m.

10a u=2,v=7,t=20,a="

v =u+at

7 =2+20a

a =i=0.25
20

The acceleration of the particle is 0.25 m s 2.

b FrothoC,u:7, v=1l, a=0.25, t="?

v=u-+at

11=7+0.25¢

i =17
0.25
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10b The time taken for the particle to move from B to Cis 16 s.
¢ The time taken to move from 4 to C is (20 + 16)=36s

FromAtoC, u=2, v=11, t =36, s="?

s :(u;vjt=(2;11jx36:6.5x36:234

The distance between 4 and C is 234 m.

11a FromAtoB, a=15 u=1,t=12, v="?

v=u+at=1+1.5x12=1+18=19

The velocity of the particle at Bis 19 ms ™.

b FrothoC’ u=19, v=43, t=10, a="?

v=u-+at
43=19+10a
43-19
a= =
10

24

The acceleration from Bto Cis 2.4 ms 2.

¢ The distance fromAto B, u=1, v=19, t=12, s=?

s=(“+ij=(1+219j><12=10x12=120

2

The distance from B to C, u =19, v=43,¢t =10, s =?

s =(“§ij=(19;43jx10=31x10=310

The distance from 4 to Cis (120 + 310) =430 m.

12a u=0,v=5,¢t=20,a=x

Vv =u+at
5 =0+20x
x=5=025

b While accelerating, u =0, v=5, t=20, s="?

s =(u;—vjt=(O;5jx20=2.5x20=50
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12b While decelerating, u =5, v=0, a=—-4,x=-0.125, t="?

v =u+at

0 =5-0.125¢
_ 5 _

t =015~ %0

Now, u=5, v=0, t=40, s=?

s =(“;er=(5;0jx40=25x4o=1oo

The total distance travelled is the distance travelled while accelerating added to the distance
travelled while decelerating = (50 + 100) = 150 m.

13a FromAtoB

v=u-+at
30=20+at,
at, =10 1)

From B to C

v=u-+at
45=30+at,
at, =15 (2)

Dividing (1) by (2),

o _10
at, 15

g

2 :
=— as required.
t2

b From the result in part a

=31,
L+t =t +3t, =321, =50
t, =3x50=20

FromAto B, u=20, v=30, t =20, s=?

s=(u;th=(2O;3ij20:25x20=500

The distance from A4 to B is 500 m.
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Challenge
a Distance s is the same for both particles: AB.

For the first particle: u = 3, v =5, time taken is # seconds

s—(u+vjt—(3+5jt—4t
L2 ) L2 ) D

For the second particle: u =4, v = 8, time taken is (¢ — 1) seconds, because the particle starts 1 second
later than the first and arrives at the same time)

S=(u-2|-vJ(t_l)z(#j(t—l):6(t—l)=6t—6 2)

4t=6t-6 (1) and (2)

t=3

The time for the first particle to get from 4 to B is 3 s.
b Substituting this value of ¢ into equation (1):

s=4t=4x3=12

The distance between 4 and B is 12 m.

[Check by substituting into equation (2): s =6t —6=6 x3 — 6= 12]
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Constant acceleration 9D

1 a=25 u=3, s=8, v="?

V=u?+2as=3*+2x2.5x8=9+40=49

v=1/49=7

The velocity of the particle as it passes through B is 7ms™" .
2 u=8,t=6, s=60, a="?

s=ut+Lat’
60:8><6+%><a><62 =48+18a
60-48 2
a = = —_—
18 3

The acceleration of the car is 0.667ms™ (to 3 s.f.)
3 u=12, v=0, s=36, a="?

vi=u’+2as
0> =12*+2xax36=144+72a

—_ 144 _ _
a =—3=-2

The deceleration is 2 ms™.

54 %1000
3600

4 u=15 v=20, s=500, a=? 54kmh' = ms' =15ms™’

72%x1000
3600

72kmh™ = ms” =20ms™

vi=u’+2as
20° =15 +2xax500
400 = 225+1000a
= 400225
1000

=0.175

The acceleration of the train is 0.175ms™.
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5 a

s=48 u=4, v=16, a="?
vi=u®+2as
16> =4> + 2xax48

256 =16+96a
g 256-16 95
96

The acceleration of the particle is 2.5ms™.

u=4, v=16, a=2.5, t="?

v=u-+at
16=4+2.5¢t
=107 45
2.5

The time taken to move from A4 to B is 4.8 s.
a=3,5s=38,t=4,u="?

s =ut+tat’
38=du+1ix3x4’> =4u+24
38-24
u = =
4

3.5

The initial velocity of the particle is 3.5ms™".
a=3,t=4,u=35v="
v=u+at=3.5+3x4=15.5

The final velocity of the particle is 15.5ms™".

u=18, v=0, a=-3, s=7?

v =u’+2as
0’ =18 +2x(-3)x5=324—6s

s=321="54

The distance travelled as the car decelerates is 54 m.
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7b u=18, v=0, a=-3, t="?

v=u+at
0=18-3¢
t=4%=6

The time taken for the car to decelerate is 6 s.
8 a u=12, v=0, a=-0.8, s=?
vi=u’+2as

0% =122 +2x(-0.8)xs =144 —1.65

s=1=90
The distance moved by the stone is 90 m.

b Half the distance in a is 45 m.

u=12, a=-0.8, s=45, v="?

v =u®+2as
=12> +2x(-0.8)x45=144—-72=72
v =+/72 =8.49 (to 3 s.f)

The speed of the stone is 8.49ms™".
9 a a=25u=8,5=40,tr="?

s=ut+Lat’
40 =8¢ +1.25¢°
0=1.25¢* +8¢— 40
_ —®)E(8) ~4x(1.25)x(-40)
2x(1.25)

,_—8+4264
2.5

=3.30 (to 3 s.f)

The time taken for the particle to move from O to A4 is 3.30 s.
b a=25 u=8, s=40, v="?

vi=u®+2as
=82 +2x2.5x40=264
v =+/264 =16.2 (to 3 s.f)

The speed of the particle at 4 is 16.2ms™".
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10a

11a

12a

a=-2, s=32, u=12, t="?

s=ut+Lat’
32=12t-¢
£ —12t+32=(t—4)(t-8)=0

Sot=4ort=28.
When ¢t =4,

v=u+at=12-2x4=4

The velocity is 4ms™" in the direction AB.
When ¢ =8,

v=u+at=12-2x8=-4

The velocity is 4ms™" in the direction BA.
a=-5 u=12, s=8, t="?

s =ut++at’
8=12¢t-2.5¢

2.5t 12t +8=0

52 =24t +16=(5t—4)(t—4)=0

Sot=0.8o0rt=4.
a=-5 u=12, s=-8, v="?
vi=u’+2as

=127 +2x(-5)x(-8)

=144 +80=224
v=+224 =-15.0 (to 3 s.f.)

The velocity at x =—8 is —15.0ms™".
a=-4, u=14, s=22.5, t=?

s=ut+Ltar’
22.5=14t-2¢
2 =14t +22.5=0
4> —28t+45=(2t-5)(2t-9)=0

The difference between the times is (4.5-2.5) s =2s.
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12b The maximum distance is reached when P reverses direction.

13a

a=—-4 u=14, v=0, t=?

v=u-+at
0=14-4t=¢t=1%=35

Find the displacement when 7 =3.5.

s=ut+%at2

=14x3.5-2x3.5* =245

Between ¢ = 2.5 and ¢ = 4.5 the particle moves back and forward.

Hence total distance travelled =2x (24.5—-22.5) m =4 m.

FromBto C, u=14, v=20, s =300, a="?

vi=u’+2as
20° =14 +2xax300
20% —14*

a="—""=034
600

The acceleration of the car is 0.34 ms™.
FromAto C, v=20, s=400, a =034, u="?

v =u’ +2as
20 =’ +2x0.34%x400 =u> +272
u® =400-272=128

u =+/128 =482

Assuming the car is not in reverse at 4, u = +82

v=u-+at
20 =82 +0.34¢
t :M: 25.5 (to 3 s.f))
0.34

The time taken for the car to travel from 4 to C is 25.5 s.
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14a ForP, a=2, u=4

S =ut+%at2

=4t +1x2 =4t +1
The displacement of P is (4¢+¢*) m.
For O, a=3.6, u=3
O has been moving for (¢ —1) seconds since passing through 4, so

s=u(t-1)+La(t-1)
=3(t-1)+1.8(t-1)>=1.8-0.6t—1.2

The displacement of Q is (1.8¢> —0.6¢—1.2) m.

b P and Q meet when sp = 59, so, from a:

4t +1* =18 -0.6—1.2
0.8:2-4.6—1.2=0

Divide throughout by 0.2:

4> -23t-6 =0
(t—6)(4t+1) =0
Rejecting a negative solution for time, ¢ = 6.

¢ Substitute ¢ = 6 into the equation for one of the displacements (here P):

s=4t+1* =4x6+6> =60

The distance of 4 from the point where the particles meet is 60 m.

© Pearson Education Ltd 2019. Copying permitted for purchasing institution only. This material is not copyright free. 6



Statistics and Mechanics Year 1/AS SolutionBank

V.;U?

a Let the velocity as the competitor passes point O be vo
For PO,s=24,t=1,v=vg

S :vt—%al‘2
24=v, x1-1(ax1?) =v,—3a
Vo = 2.4+0.5a

ForOR,s=11.5,t=1.5u=vo

K :ut+%at2

11.5=v,x1.5+ax1.5% =1.5v, +1.125a

Substituting for vo:

11.5=1.5(2.4+0.5a) +1.125a
=3.6+0.75a+1.125a
11.5-3.6=(0.75 + 1.125)a
115-36 79

a= = =4.21(to 3 s.f)
0.75+1.125 1.875

The acceleration is 4.21 km h™2.

4.21x1000

421 kmh?= —"—"—m
36003600

s7=325x10" ms™ (to3s.f)

So her acceleration is 3.25 x 10* m s™.
b For PO,s=24,t=1,a=4.21,u="7?, using exact figures

s=ut+Lat’
7.9

1.875
u=0.293 (to 3 s.f)

24=uxl+1ix x 12

0.293x1000
3600

0.293kmh™ = ms =0.0815ms™" (to3s.f)
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Constant acceleration 9E

1 a Take downwards as the positive direction.
s=28u=0,a=98,t="7

s=ut+tar’
28 =0x7+4x9.8x1* =4.9¢

t= ‘/ﬁ =2.4 (to 2 s.f)
4.9

The time taken for the diver to hit the water is 2.4 s.

b v =u?+2as
V=0+2x98x28=548.8
v=/548.8 =32.4 (to 3 s.f)

When the diver hits the water, he is travelling at 32.4 m s,
2 Take upwards as the positive direction.

u=20, a=-98, s=0, t="?

s=ut+Lat’

0=20t-4.9¢> =1(20—-4.9¢), t#0
t=25=41(to2s.f)

The time of flight of the particle is 4.1 s.

3 Take downwards as the positive direction.

u=18, a=98, t=1.6, s=?

s=ut+iat’=18x1.6+4.9x1.6> =41 (to 2 s.f)

The height of the tower is 41 m.

4 a Take upwards as the positive direction.

u=24, a=-98, v=0, s="?

v =u’+2as
0° =24 -2x9.8xs
24
s =
2x9.8

=29 (to 2 s.f)

The greatest height reached by the pebble above the point of projection is 29 m.
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4 b u=24, a=-98, v=0, t="?

v=u-+at
0=24-9.8¢
t=3%=24(to2s.f)

The time taken to reach the greatest height is 2.4 s.

5 a Take upwards as the positive direction.
u=18, a=-9.8, s=15, v="?
v =u’+2as=18"-2x9.8x15=30
v=+/30=%£5.5(to 2 s.f)
The speed of the ball when it is 15 m above its point of projection is 5.5 m s".
b u=18, a=-98, s=-4, v="?

Vv =u® +2as =187 +2x(—9.8) x (—4) = 324 + 78.4 = 402.4
v =—402.2 =20 (to 2 s.f)

The speed with which the ball hits the ground is 20 m s .

6 a Take downwards as the positive direction.
s=80, u=4, a=9.8, v="7?
Vv =u’ +2as

=47 +2x9.8x80=1584
v=+/1584 =40 (to 2 s.f.)

The speed with which P hits the ground is 40 ms™" .

b u=4,a=98, v=+1584, t="?

v=u-+at

V1584 =449.8¢
V1584 -4

t=—————=3.7(to2s.f.
9.8 ( )

The time P takes to reach the ground is 3.7 s.
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7 a Take upwards as the positive direction.
v==10, a=-9.8, t=5 u="?
v=u+at

-10=u-9.8x5
u=98x5-10=39

The speed of projection of P is 39 ms™ .
b u=39, v=0, a=-98, s=?

v =u’+2as

0 =39 -2x9.8xs
1521

S:
2%x9.8

=78 (to 2 s.f.)

The greatest height above X attained by P during its motion is 78 m.

8 Take upwards as the positive direction.

u=21,t=45, a=-98, s=7?

s=ut+tat’ =21x4.5-4.9x4.5 =-4.7 (to 2 s.f)

The height above the ground from which the ball was thrown is 4.7 m.
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9 Take upwards as the positive direction.

Find time when stone is instantaneously stationery:
v=0, u=16, a=-9.8, t="?

v=u-+at
0=16-9.8¢
16

t=—=16.326...=1.6s (to 1 d.p.
93 ( p.)

So the stone is instantaneously stationary at 1.6 s

Find time of flight:
s=-3, u=16, a=-9.8, t="?
s=ut++at®

—3=16t—4.9¢

4.9t> —16t -3 =0, so using the quadratic formula,

. ~(~16) ++/(~16)* —4x(4.9)x (-3)
2% (4.9)

t=3.4431...=3.4 (to 1 d.p.) as we may discount the negative answer.

So the time of flight of the stone is 3.4 s.

Find speed when stone hits the ground:
v=? u=16, a=-9.8, t=3.4431...

v=u-+at
v=16-9.8x3.4431...
v==17.74..=-17.7ms™" (to 1 d.p.)

So speed when stone hits the ground is 17.7 ms™!

Sketch speed-time graph

speed
{m S—I}Jh

17.74
16+
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10

11a

Take upwards as the positive direction.

u=245 a=-98, s=21, t="?

S:uz‘+%at2

21=24.5t-4.9¢
4.9t -24.5t+21=0

Using the quadratic formula,

{245 J(=24.5)7 —4x(4.9)x (21)
- 2% (4.9)

=1.1or3.9

The difference between these times is
(3.9-1.1)s=2.8s

The total time for which the particle is 21 m or more above its point of projection is 2.8 s.

Take upwards as the positive direction.
v=1u, a=-98, t=2, u="?
v=u-+at

Tu=u—-9.8x2
2u=19.6=>u=2x19.6=29.4

u=29 (to2s.f)

u=294, s=0, a=-98, t="?

s=ut+Lat’
0=29.4t—4.9t" =1(29.4—4.91), t #0

— 294 _
f—w—6

The time from the instant that the particle leaves O to the instant that it returns to O is 6 s.
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12 For 4, take downwards as the positive direction, s, =ut +1at’ =5t +4.9¢

For B, take upwards as the positive direction, s, = ut +Lat’ =18t —4.9¢’
s, +s, =46

(5t +4.97)+ (181 —4.9¢7) = 46

23t=46=>1¢t=2

Substitute ¢ =2 into s, = 5¢ +4.9¢*

5, =5%x2+4.9x2>=29.6 =30 (to 2 s.f.)

The distance of the point where 4 and B collide from the point where 4 was thrown is 30 m.
13a Find the speed, u, say, immediately before the ball strikes the floor.

u=0, a=9.8, s=10, v=u,
Vv =u’ +2as
ul =0°+2x9.8x10=196

u, =196 =14

The speed of the first rebound, u, say, is given by

u, =3u, =2x14=10.5
Find the maximum height, /, say, reached after the first rebound.

u=105, v=0, a=-938, s=h

v =u’+2as
0°=10.5" —2x9.8x A,
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_ 1057

13a § 2 =5.6 (to 2 s.f)

x9.

The greatest height above the floor reached by the ball the first time it rebounds is 5.6 m.

b Immediately before the ball strikes the floor for the second time, its speed is again u> = 10.5 by
symmetry. The speed of the second rebound, u, say, is given by

u, =3u, =3x10.5=7.875

Find the maximum height, 4, say, reached after the second rebound.
u=7875 v=0, a=-98, s=h,

Vi =u’+2as

0> =7.875"—2x9.8xh,
2
p = 1875

27 2%x98

=3.2 (to 2 s.f)

The greatest height above the floor reached by the ball the second time it rebounds is 3.2 m.
Challenge
1 a Take upwards as the positive direction.

For P, s =ut+1at’ gives s, =12t —4.9¢°

For O, s =ut+Lat’
O has been moving for 1 less second than P, so
5o =20(t—1)—4.9( - 1)’

At the point of collision s, = s,

126 — 4.9 = 20(t — 1) - 4.9( — 1)’
=20£-20-4.9 +9.8t— 4.9

249=17.8t =t =22 =14 (to 2 s.f.)

17.8

The time between the instant when P is projected and the instant when P and Q collide is 1.4 s.
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Challenge
1 b Substitute 7 intos, =12¢—4.9¢* from part a

5, =12t—4.9 ~12x1.4-4.9x1.4> =7.2 (to 2 s.f.)

The distance of the point where P and Q collide from O is 7.2 m.
2 Take downwards as positive.

For Iststone: u=0,t=t,a=9.8,s=h

s=ut+Lar’

h=0xt,+1x9.8xt’> =491

For2nd stone: u=25,t=t1, —2,a=9.8,s=h

s=ut+tar’

h=25(1,-2)+1(9.8x(1, —2)%)
=25t —50+4.9x (17 —4t, +4))
=251 —50+4.91> —19.61, +19.6
=4.91% +5.41 -30.4

Substituting for /# from information for first stone:

491> =497 +5.4t, 304

30.4="5.4t,
i =324 5 629
5.4

Putting this value into equation for first stone:
h=4.9x5.629" =4.9x31.69 =155 (to 3 s.f)

The height of the building is 155 m.
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Constant acceleration, Mixed Exercise 9

1 a

45kmh™ = M s
3600
=12.5ms™’

3min=180s
v(ms1)4

12:5 |

ol 20 180 1(s)

s=+(a+b)h

=1(160+180)x12.5=2125

The distance from 4 to B is 2125 m.

il {m S_I] A

15

T
o

(@ 32 32+T t(s)

s=+(a+b)h

570 =1(32+32+T)x15
15(T +64) =570
570x2

T+64 = 76
T=76-64=12
At t=32, s=32x15=480

At t =44, s =480+ area of the triangle
=480+1x12x15=570
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2 ¢
s(m) A
(1 e .
480 (=== e : i
: :
1 ]
0 32 44 t(s)

3 a i Gradient of line = v—u

Rearranging: v = u + at

ii Shaded area is a trapezium

u+v
area = t
( 2 j
u+v
S = t
( 2 j

b i Rearrange v=u + at

v—u
=

a

) . +
Substitute into s = [ “ 5 v )t

2as =v* —u?
V2 =u?+2as

. ) . u+v
ii Substitute v = u + at into sz( 5 jt

u-+u-+at
§=| —— |t
(5]
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3 b iii Substitute u=v—atinto s =ut+Lat’
s=(-at)t+Lat’

s=vt—Lat’
4 s=2(a+b)h

152 =1(15+23)u =19

152
u= T =8
5 40kmh™ _ 40x1000 ms :@ms‘1
3600 9
24kmh™ =Mms‘1 _20 ms”'
3600 3

_ 100 _ 20 _ _
u=-, v==, s=240, a="?

2 =u’ +2as

(TO) Z(TO) +2xax240

20 100
()( ) ~0.165 (to 2 s.f)
2% 240

The deceleration of the car is 0.165 m s
6 a a=-25 u=20,t=12, s=?

s =ut+tat’
:2O><l2—%><2.5><122
=240-180=60

04 =60m
b The particle will turn round when v =0
a=-2.5 u=20, v=0, s=? ::
v =u’+2as 0 A
0> =20" —55 =5 =80 } :

L

Y

The total distance P travels is (80+20) m =100 m
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7 u=6, v=25 a=9.8, t=?

v=u+at
25=6+9.8¢
25-6

t=—— =19 (to 2 s.f.
9.8 ( )

The ball takes 1.9 s to move from the top of the tower to the ground.
8 Take downwards as the positive direction.
a u=0, s=82, a=98, t=?

s=ut+Lar’

82=0+4.9¢

t= JE =4.1(to 2 s.f)
4.9

The time taken for the ball to reach the sea is 4.1s.
b u=0,5=82,a=98v="?

vi=u’+2as
=0+2x9.8x82=1607.2
v=+/1607.2 =40 (to 2 s.f.)

The speed at which the ball hits the sea is 40 m s~
¢ Air resistance/wind/turbulence
9 a distance = area of triangle + area of rectangle + area of trapezium

451 =1x8x2u+12x2u+1x(u+2u)x6
=8u+24u+% =41u

u=21=11
b The particle is moving with speed less than ums™" for the first 4 s

s=1x4x11=22

The distance moved with speed less than u ms™ is 22 m.
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10a FromOtoP, u=18, t=12, v=24, a="?
u=18, t=12, v=24, a="?
v=u-+at
24=18+12a

S 24-18 1
12 2

a

FromOto O, u=18, t=20, a=4, v="

v=u+at
=18+1x20=28

The speed of the train at Q is 28 ms™.

b From P to QO

u=24, v=28, t=8, s=7?

s=(u+th=(24+28jx8=208
2 2

The distance from P to Q is 208 m.

11a s=104, r=8, v=18, u="?

u+v
S = t
( 2 j

m4=(“;mjx8=w+4&x4=4u+72

104 -172
u: =
4

8

The speed of the particle at X is 8ms™'

b s=104, t=8, v=18, a="?

s=vt—Ltat’
104:18><8—%a><82 =144-32a
a :M:L%
32

The acceleration of the particle is 1.25ms ™.
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11¢ FromXtoZ u=8, v=24, a=1.25, s =7

vi=u?+2as
24> =8> +2x1.25xs

2 2
s = 24 -8 =204.8

XZ =204.8m
12 a Take upwards as the positive direction.

u=21, s=-32, a=-9.8, v="?
vi=u’+2as

=21% +2x(~9.8)x (~32) = 441+ 627.2 = 1068.2
vy =1068.2 = £33 (to 2 s.f))

The velocity with which the pebble strikes the ground is —33 ms™".
The speed is 33 ms ™.

b 40 m above the ground is 8 m above the point of projection.

u=21, s=8, a=-98, t="?
s=ut+Lat’

8 =21t—4.9¢

0=4.9t-21¢+8 , so using the quadratic formula,

t_21iJ2f—4x49x8_211JmM2
9.8

=3.86,0.423 (to 3 s.f)

The pebble is above 40 m between these times: 3.863... —0.423...=3.4 (to 2 s.f)
The pebble is more than 40 m above the ground for 3.4 s.
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12 ¢ Take upwards as the positive direction.

13a

u=21,a=-9.8
21-v
9.8

v=u+at=21-98t=1t=

From part a, the pebble hits the ground when v =—33.

. 21-v _ 21-(=33) =ﬁ=5_5 (to 2 s.f)
9.8 9.8 9.8

This is shown on the graph at point (5.5,-33)

The graph crosses the #-axis when v = 0.
22y 212021 5 oas)
9.8 9.8 98

So the graph passes through point (2.1, 0)

v(ms') A

u=12, v=32, s=1100, t=?
u+v

s = t
)

1100 = 2432, _ 20/ =, = 1100 _ 5
2 22

The time taken by the car to move from 4 to C is 50 s.
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13 b Find a first.

FromAto C, u=12, v=32, t =50, a="?

v=u+at
32=12+ax50
a=2"12_ 44
50

FromAtoB, u=12, s=550, a=04, v="?

vi=u’+2as
=12°+2x0.4x550 =584 = v =242 (to 3 5.f))

The car passes B with speed 24.2 ms™.

14  Take upwards as the positive direction.

At the top:

u=30,v=0,a=-98, t="?

v=u-+at

0=3O—9.8t:>t=3—0
9.8

The ball spends 2.4 seconds above /4, thus (by symmetry) 1.2 seconds rising between 4 and the top.

So it passes 4 1.2 seconds earlier, at ¢ = %—1.2 =1.86 (to 3 s.f.)

Ath, u=30, a=-9.8, t~1.86,s =?

s=ut+%at2

=30><1.86+%(—9.8)><1.862 =39 (to 2 s.f)
15a u=20, a=4, s=78, v="?

vi=u®+2as
=20>+2x4x78=1024

v=4/1024 =32

The speed of B when it has travelled 78 mis 32 ms™'.
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15b Find time for B to reach the point 78 m from O.

v=32, u=20, a=4, t="?

v=u-+at

32-20

32=20+4t=>1t= 3

For 4, distance = speed x time
s=30x3=90

The distance from O of 4 when B is 78 m from O is 90 m.

¢ At time ¢ seconds, for 4, s =30¢
forB, s= ut+%at2 =20t +2¢
On overtaking the distances are the same.

20t +2t* =30t
£ =5t=t(t-5)=0

t=5 (att =0, 4 overtakes B)

B overtakes 4 5 s after passing O.

16 a To find time decelerating:

u=34, v=22, a=-3, t="

v =u+at
20343 =222 4
v(ms!)A

34

22

t?s}
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16 b distance = rectangle + trapezium

s =34x2+1(22+34)x4
=68+112=180

Distance required is 180 m.

17 a

v(ms')4

30.azmmny

0t ——T———1——>300 19

b Acceleration is the gradient of a line.

For the first part of the journey, 3x = 30 =t = 30 = 10
t 3x x

For the last part of the journey, — x = _30 =t = 30
X

2

t,+T+t, =300

L4+T+20=300=4+T =300, as required

¢ s=1(a+b)h
6000 =1 (7 +300)x30 =157 +4500
T 60001—54500 ~100

Substitute into the result in part b:

4100 =300 = % =200

_ 40 _
X=55=0.2

d From part ¢, 7= 100

At constant velocity, distance = velocity x time =30x100=3000 (m)

The distance travelled at a constant speed is 3 km.
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17e¢ Fromparth, t, =12 =12=50
Total distance travelled = 6 km (given) so halfway = 3 km = 3000 m
While accelerating, distance travelled is (+x50x30) m =750 m.

At constant velocity, the train must travel a further 2250 m.

distance _ 2250
velocity 30

At constant velocity, time = s=75s

Time for train to reach halfway is (50+75)s =125s
Challenge

Find the time taken by the first ball to reach 25 m below its point of projection (25 m above the ground).
Take upwards as the positive direction.

u=10, s=-25 a=-98, t="?

s =ut+%at2

—25=10t—4.9¢
0=4.92-10t 25
t:mi\/102+4><4.9><25

9.8
=3.5(to 2s.f)

As we discard the negative solution. Find the time taken by the second ball to reach 25 m below its point of
projection. Take downwards as the positive direction.

u=0, s=25 a=98, t="?
s=ut+Lat’
25=4.9¢

t=23(to2s.f)

Combining the two results:

T =3.4989...—2.2587...=1.2 (to 2 s.f. using exact figures)
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Forces and motion 10A

1 R is the normal reaction of the table on the box. R
W is the weight of the box. A
1
\
w
2 T is the tension in each of the ropes. T E
W is the weight of the bar. T T
l l |
Mf
3 W is the weight of the apple.
&
4 R is the normal reaction of the road on the car. .
W is the weight of the car. T
F is the sum of the frictional forces on the car. a
P is the forward force produced by the car’s engine. F4 ¢ E
w

5 W is the weight of the rescuer.
T is the tension in the rope.

w

6 Although its speed is constant, the satellite is continuously changing direction. This means the
velocity changes. Therefore, there must be a resultant force acting on the satellite.

7 5N
8 Since each particle is stationary, the overall force in each case is zero.
a Considering vertical forces:

P-10=0
P=10N
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8 b Considering horizontal forces only:
P-30=0
P=30N

¢ Considering horizontal forces only:
P+15P-50=0
25P=50
P=20N

9 a Since the platform is moving at constant velocity, the total vertical force is zero.
T+ T=400
=200
The tension in each rope is 200 N.

b If the tension in each rope is reduced by 50 N, there is a resultant downward force on the platform.
It will therefore accelerate downward.

10  Since the particle is at rest, both horizontal and vertical forces must be balanced.
Considering horizontal forces only:
p—50=0
p=150
Considering vertical forces only:
5¢—(q+10)-3p=0
4qg-10-(3x50)=0
4qg =160
q =40
The values of p and ¢ are 50 and 40 respectively.

11 Since the particle is moving with constant velocity, both horizontal and vertical forces must be
balanced.
Considering horizontal forces only:
2P+ Q=25
Q=25-2pP
Considering vertical forces only:
3P-20=20
Substituting for QO:
3P-2x(25-2P)=20
3P-50+4P=20
7P=20+50="70
P=10N
Using this value of P in the horizontal equation:
2x10)+0=25
0=25-20=5
0=5N
Pis 10N and Qis 5N.

12a i Overall horizontal force = 100 — 100 =0
Overall vertical force =40 —20 =20

The resultant force is 20 N upward.

ii The particle accelerates vertically upward.
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12b i Overall horizontal force =25 -5 =20
Overall vertical force =10—-10=0
The resultant force is 20 N to the right.

ii The particle accelerates to the right.

13a R is the normal reaction of the road on the car.
W is the weight of the car.
The forward thrust of the car’s engine acts to the right in the
diagram.
The car is travelling to the right (positive direction).
The frictional forces on the car are acting to the left.

1600N 10000N

b Considering horizontal forces only:
Resultant force = 10 000 — 1600
There is no overall vertical force: R and /¥ must be balanced, otherwise the car would lift off the
road or sink into it.
The resultant force is 8400 N in the direction of travel.
R
14 a R is the normal reaction of the road on the car.
W is the weight of the car.
P is the driving force produced by the car’s engine. F Por 8F
F is the resistance to the car's motion. or

b The magnitude of the driving force is eight times the R
magnitude of the resistance force, so

The resultant force is the difference between the forward
force P and the resistance force F,, so

8F — F="TF=4200

F=@=6OO

The magnitude of the resistance force is 600 N.
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Forces and motion 10B

1 a (-i+3))+@i-))=@i+2)
The resultant force is (3i + 2j) N.

5 -3 2
b + =
HEMEW
(2
The resultant force is [ 3) N.

c (i+]))+ (5i—3))+(2i—j)=(4i—3j)
The resultant force is (4i — 3j) N.

-1 6 -2 3
d + |+ =
(el
(3
The resultant force is [ 3} N.

2 a R+F+FK=0
= i+7))+(-3i+))+F =0
=F=—2i+7j)—(-3i+])
=-2i—-7]j+3i—]
=i-8j

b F+F,+F =0
= @Bi-4j)+(2i+3j))+F, =0
= F,=—(3i—-4j)-(2i+3j)
=-3i+4j-2i-3j
=-51+]

3 Since object is in equilibrium:

SRR EMEH
a5
o)

a=3andb=4

4 a (3i+4j)

ARﬁq

3i
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4 ai J3+42=J25

The resultant force is 5 N.

il tan@ = g
The force makes an angle of 53.1° with i.
b (5i—j)
Si
g
R

i 524112 =26

The resultant force is \/% N.
il tan@= 1
5
The force makes an angle of 11.3° with i.

c (<2i +3j)

3i

=2i

i 22432 =13

The resultant force is 13 N.

ii tan@= 5
6 =56.3° This is the angle made with the negative i vector

Angle made with the positive i vector = 180 — 8
The force makes an angle of 123.7° with i.

—i

i J2+12=\2

The resultant force is \/5 N.
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4dii tang=1
1

6 = 45°. This is the angle made with the negative i vector.
The obtuse angle made with the positive i vector = 180 — 6
The force makes an angle of 135° with i.

5ai (Ri+))+Gi+2)H+i—4)=Qi—))
The resultant vector is (2i —j) N.

i 22412 =5

The magnitude of the resultant vector is J5 N.

2i

i tano ==
2
6 =—26.6° This is the angle made from east, with anticlockwise defined as positive.

The bearing is the angle made from north, with clockwise defined as positive =90 — 4
The force acts at a bearing of 116.6°.

b i (“2i+])+(2i—3j)+ (3i+6))=(3i+4))
The resultant vector is (3i + 4j) N

i 3 +42 =25

The resultant force is 5 N.

4
3i

i tano =2
3
6 =53.1° This is the angle made from east, with anticlockwise defined as positive.

The bearing is the angle made from north, with clockwise defined as positive =90 — 6
The force acts at a bearing of 036.9°.

6 Since the object is in equilibrium:
(@i —bj) + (bi +aj)+(—4i-2j)=0
Considering i components:
a+b-4=0
sob=4-a @
Considering j components:
-b+a-2=0
Substituting b = 4 — a from (1):
-(4-a)+a-2=0
2a=2+4=6
a=3 2
6 Substituting (2) into (1):
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b=4-3=1
The values of a and b are 3 and 1, respectively.

7 Since the object is in equilibrium:
(2ai + 2bj) + (—5bi + 3aj) + (—-11i—7j) =0

Considering i components:

2a—5b—-11=0 (1)
Considering j components:

2b+3a-7=0 (2)
equation (1) x3 - 6a—15b—33=0 (3)
equation (2) x2 —-6a+4b —14=0 4)

Subtracting (4) from (3):
—15b—-33-4b—(-14)=0

-19b =33 -14

b=-1

Substituting this value into equation (1):
2a—5(-1)-11=0

2a=11-5=6

The values of a and b are 3 and —1, respectively.

8 a R+F+FK =0
= 3i+7))+({—-))+(pi+q))=0
(-3+1+p)i+(7-1+q)j=0
p=2 q=-6

b R=F+F,
=(Bi+7))+(1-])
=-2i+6]

RI=\(27+6"
N

=6.32 N

tan0:g

6 =18°

9 a F2=(ai+2aj)
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10a

g 2aj

ai

tan9=§=2
a

F2 makes an angle of 63.4° with i.
R =F1+ F2=(3i —2j) + (ai + 2aj)
vector=3+a j vector =—2 + 2a

In the vector (13i + 10j):
i vector =13 j vector = 10

Let 61 = the angle of vector R and #» = the angle of vector (13i + 10j)

Since the vectors are parallel, 81 = 62 so tan 61 = tan 0,:

tan 6, = j vector _ -2+2a fan 6, = j vector _ Q
I vector 3+a i vector 13
—-2+2a 10
3+a 13
(—2+2a)x13=(3+a)x10
16a =56
a=35

Since the particle P is in equilibrium:

Fi+F2+F3=0
-7 4 a 0
+ + =
-4 2 b 0
a 7 -4
= +
b 4 -2
a_3
b (2
The valuesarea=3,b=2
R=F+Fs
4 3 7
R: —+ =
o ()
R
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10b i |R|=+7?+4* =65
The magnitude of R is \/@ N.
i tané?:i
y

0=29.7...°
R acts at 30° above the horizontal (to 2 s.f.)

Challenge

Redrawing the diagram as a closed triangle:

10i

tan 60 = =
10

a=10tan60 =10x+/3

(1) [ 10
_[aj_(loﬁJ
R|=[10° +(10V3)" = 100+ 300 = /200

The value of ais 17.3 (to 3 s.f.), and the magnitude of the resultant force is 20 N.
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Forces and motion 10C

1

F=ma
120 = 400a
a=0.3

The acceleration is 0.3ms™

W =mg
=4x9.8
=39.2

The weight of the particle is 39.2N

F =ma
30=1.2m

m=25

The mass of the object is 25kg

On Earth: W=735N,g=9.8ms?2 m="?

W =mg
735=mx9.8
m=735+9.8 =75kg

On the moon: W=120N,g=?, m=75
W =mg

120=75x%g

g=120+75=1.6

On the Moon, the acceleration due to gravity is 1.6 m s 2.

Always resolve in the direction of acceleration.

R(T), P-2g=2x3
P=256

The magnitude of P is 25.6 N
R(Y), 4g+10-P=4x2

49.2-P=8
P=41.2

The magnitude of P is 41.2N
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6 a RN), mg-10=mx5
9.8m-10=5m
m=2.1 (2s.f))

The mass of the body is 2.1kg

b R(T), 20-mg=mx2
20-9.8m=2m
m=17 (2s.f)

The mass of the body is 1.7 kg

7 a R({), 2g-8=2a
58=a

The acceleration of the body is 5.8ms™

b R(T), 100-8g=8a
2.7=a
The acceleration of the body is 2.7ms™

8 W and R can be ignored, as they act at right angles to the motion.

2ms™?
—

R

T

F4— 3kg ——> 10N

l

u/

Resultant force = ma
m=3kg,a=2ms?
R(—),10-F=3%x2=6
F=10-6

The force due to friction is 4 N.

9 a u=0,v=3 s=5 a="?
V2 =u’ +2as
3? =0%+2ax5
9=10a
a=0.9

The acceleration of the lift is 0.9ms™
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9 b

800 kg 9

|

800 g

R(Y), 800g-T =800x0.9
7840—T =720
T =7120

The tension in the cable is 7120 N.

800 kg

|

800 g

0.9

—

R(T), T-800g=800x0.9
T —7840 =720
T =8560

The tension in the cable is 8560 N.

10a u=0,v=1lt=2 a="?
v=u+at

1=0+ax?2
a=05

The acceleration of the trolley is 0.5ms™

0.5

—

20 S0kg i

R(—), T-20=50x05
T =45

The tension in the rope is 45N.
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1la
—== g

400 kg 200

R(—), —200=400a
a=-05

u=16, v=0, a=-05, t="?
v=u+at ()
0=16-0.5t

0.5t =16
t=32

It takes 325 for the van to stop.

b u=16, v=0, a=-0.5, s=?
vi=u’+2as (—)
0% =16° + 2(-0.5)s
0=256-5s
s =256

The van travels 256 m before it stops.
¢ Air resistance is unlikely to be of constant magnitude. (It is usually a function of speed.)
Challenge

a 3

l
(3

0.4 g

—_—

R(T), -3-04g=04a
a=-17.3
u=10, v=0, a=-17.3, s="?
vZ=u’+2as (T)
0=10%+2(-17.3)s

0=100-34.6s
$=289...=2.9 (2s.f)

The stone rises to a height of 2.9 m above the bottom of the pond.
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04g

RH), 0.4g-3=0.4a
0.92=0.4a
a=23

u=0, s=3% a=23 v="?
vi=u?+2as (V)
V=07 +2x2.3x%

v=3646.=36 (2sf)

The stone hits the bottom of the pond with speed 3.6 ms™

¢ u=10, v=0, a=-173, t="?
v=u+at (1
0=10-17.3t,
t, =2 =0.57803...
u=0, a=23 s=1%, t="?
s=ut+iat® ()

100 __ 1 2
m—0+5><2.3t2

(S _2x100 _ 2.51319
2.3x34.6
t, =1.585

t, +t, =0.57803+1.585=2.16

The total time is 2.16s (3 s.f.)
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Forces and motion 10D

1l aF=(G+4),m=2a="
F=ma
(i+4j)=2a
4 (i+4j)
2
The acceleration of the particle is (0.5i + 2j) m s™2.

0.51

la]=v/0.5° + 2> =+/4.25

The magnitude of the acceleration is 2.06 m s 2.
Using Z angles (see diagram), bearing = 6

tan6’:E
2
0=14°

The bearing of the acceleration is 014°.

2 F=(4i+3]), a= (20i + 15j), m=?

F=ma
(4i + 3j) = m x (20i + 15j)
_ (@i+3) 1
(20i +15j) 5

The mass of the particle is 0.2 kg.

3 aa={1—-3),m=3,F="?
F=ma
=3 x (7i — 3))
= (21i — 9j)

|F|=v21* +9” =522

The force has a magnitude of 22.8 N (3 s.f.)

tanezi
21
0=23.19...°

But bearing = 90° + 6 (see diagram)
The force acts at a bearing of 113° (to the nearest degree).
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Fi=(i+7j),F=(3i+]}),m=0.25
F=F+F,=ma
(2i+ 7))+ (31 +j) =0.25a

(—i + 8j) = 0.25a
a- 1181
0.25

The acceleration is (—4i + 32j) m s 2,

F1=(31—4j),F=(2i+3j)),m=6
F=F+F,=ma
(3i—4j) + (2i + 3)) =6a
(51 —j) =6a
N CI))
6

The acceleration is (gl —%j] ms2.

F1 = (—40i — 20j), F2 = (25i + 10j), m= 15
F=Fi+F,=ma
(—40i — 20j) + (251 + 10j) = 15a
(—151—10j) = 15a
4o (-15i-10j)

15

The acceleration is (—i —%jj ms2.

Fi=4j,Fo=(-2i+5)),m=15
F=F+F,=ma
4j + (-2i +5)) =1.5a

(-2i +9j) = 1.5a
,_ (2i+9))
15

The acceleration is (—%i + 6jj ms2.

Resultant force, F=F1+ Fo+ F3

LSS

F=ma
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5 a Ja|=+0.5"+0.75" =/0.8125

tan g = 22
0.5

0 =56°
But bearing = 90° + 6 (see diagram)
The acceleration has a magnitude of 0.901 m s™2 and acts at a bearing of 146°.

b s=20,u=0,a=0.901
s=ut+iat’
20 = (0xt) +(4x0.901xt*)
, 20x2
t j—

©0.901
The particle takes 6.66 s to travel 20 m.

=44.39

6 R =(2i + 3j) + (pi + qj)
Since R is parallel to (—i + 4j),
R = (—ki + 4kj) where Kk is a constant
(2i +3j) + (pi + qj) = (ki + 4kj)

Collecting i terms: 2 + p=—k
sO k=—2-p

Collecting j terms: 3 + g = 4k
Substituting for k: 3+ q=4(-2 —p)
so3+q=-8—4p

4p +q+11=0

7 a 6=90°—45° (see diagram)
tan 45° = b
6

b=6xtan45°=6x1
The value of b is 6.

b |R|=62+62 =72

The magnitude of R is 62 N (8.49 N to 3.s.1)

c F=6J2, m=4,a="
F=ma

6v2 = 4a
32

The magnitude of the acceleration of the particle is — ms?2(2.12ms?to3s.f)
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7 dt=5u=0az=32 s=9
2
s=ut+—at’
s=(0x5)+ l><3\/§><52
2 2
S_T5V2
4

In the first 5 s the particle travels 75;5 m (26.5 mto 3s.f.).

8 a Since particle is in equilibrium, Ft + F2+ F3 =0

(3i+7)) + (i—j)+ (pi+0j)=0
Collectingiterms: -3 +1+p=0
Collecting j terms: 7—-1+q=0

The value of p is 2, and the value of q is —6.

b When F; is removed, resultant force, F = F1 + F3
F=(-3i+7j) + (2i — 6)) = (-i +])
The magnitude of this force is V12 +12 =~/2
s=12,t=10,u=0,a="?

1 .
s=ut+—at
2

12=(0x20)+(%xa><102J

12 =50a
12 6

a=—=—
50 25

6
F:\/E! a=—
25

F=ma

6
V2 =mx—
25

The mass of the particle is 25(;/5 kg.

9 Resultant force, F=F1+ Fo+ F3

F = (5i +6j) + (2i —2j) + (=i —4j) = 6i

Since this has only a single component, the magnitude of the force is 6 N.
a=7

F=ma

6=mx7

m=6+7

The mass of the particle is 0.86 kg.
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e 3]

1
Since R is parallel to [ 2}

k
R =( ZkJ where Kk is a constant

)

Collecting i terms: 2 + p =k
Collecting j terms: 5 + g = -2k
Substituting fork: 5+ q=-2 (2 +p)
so5+q=-4-2p

2p +q+9=0

bp=1

From a above, k=2 +p
sok=2+1=3

e

IR|= /3 +(-6)? =/45
a=15\5, F = \/45

F=ma

J45 = mx155
45 _ox5_ 35 _1_
155 155 155 5

The mass of the particle is 0.2 kg.

0.2

© Pearson Education Ltd 2017. Copying permitted for purchasing institution only. This material is not copyright free. 5



Statistics and Mechanics Year 1/AS SolutionBank

Challenge

Resultant force, R=F1 + F2
R = —4i + (ki +2kj)

R 2kj
(k=4
F=ma
m=0.5, a=8/17

So magnitude of the resultant force = 0.5x8v17 = 417
IR = (k —4) + (2k)*

(4V17) =16x17 =k? -8k +16 + 4Kk?

272 =5k? -8k +16

5k? —8k — 256 = 0
K= —b++/b? —4ac
2a
. 8+ /8% —4x5x (~256) _ 825184 8472
2x5 10 10
k=—-6.40r8

Since k is given as a positive constant, the value of k is 8.
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Forces and motion 10E
1

—== 04
Q
T P

2kg - - 8 kg F

a R(—>), F=(2+8)x0.4
=4

Hence F is 4 N.

b For O:

R(—), T=2x0.4
=0.8
The tension in the string is 0.8 N.

¢ Treating the string as inextensible (i.e. it does not stretch) allows us to assume that the acceleration
of both masses is the same. Treating the string as light (i.e. having no/negligible mass) allows us to
assume that the tension is the same throughout the length of the string and that its mass does not
need to be considered when treating the system as a whole.

2
a=2ms>
—
P Y
O T T 60N
20kg —» < mkg
F=ma
a For the whole system: F=60,m=20+m=10,a=2
60 = (20 + m) x 2
20+m=60+2
m=30-20
The mass of Q is 10 kg.
b ForP: F=T,m=20,a=2
T=20x2
The tension in the string is 40 N.
3 F=ma
a
—>
P Y
T T 30N
Tkg > < 8kg
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3 a Forthe whole system: F=30,m=8+7=15,a="?
30=15a
The acceleration of the system is 2 m s 2.

b ForP: F=T,m=7,a=2

T=7x%x2
The tension in the string is 14 N.

4

1700kg

a=1.8ms™

110kg

190kg

a Considering the system as a whole: total mass, m = 1700 + 110 + 190 = 2000 kg
Taking down as positive:
F=ma=mg—-T
2000 x 1.8 =(2000 x9.8) — T
T=19600 — 3600
The tension in the cable is 16 000 N.

b i Force exerted on box A by box B is a normal reaction force, R1 which acts upwards.
For box A4, taking down as positive:
110 x 1.8 =110g — R:
Ri=110(g —1.8)
Ri=110x8
Box B exerts an upwards force of 880 N on box 4.

ii Let downward force exerted on lift by box B be S.
For lift alone, taking down as positive:
1700 x 1.8 =1700g +S-T
S=T+1700(1.8 — g)
S§=16000— 13600 = 2400

Alternatively (or as check), use Newton’s third law of motion:

|[Force exerted box B by box 4| = |Force exerted on box 4 by box B| =880 N
[Force exerted on lift by box B| = [Force exerted on box B by lift| = |R|

For box B, taking down as positive:

190 x 1.8 =880 + 190g — R>

R>=880+ 190(g —1.8)

R>= 880+ 1520 = 2400
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5 F=ma
a=5ms?
—
T T 50000N
3mkg mkg
10000N 4000N _

a For the whole system:
F=50000-10000—4000=36000
a=>5
total mass = 3m +m = 4m
36 000 = a x total mass =4m x 5=20m

m = 1800

so 3m = 5400

The mass of the lorry is 1800 kg, and that of the trailer is 5400 kg. 180N
b For the trailer: A

F=T-10000, m=5400,a=>5 109

T—10000 = 5400 x 5=27000

T=37000 J T

The tension in the tow-bar 1s 37 000 N.

{7

¢ Treating the tow-bar as inextensible (i.e. it does not stretch) allows us to assume that

the acceleration of the truck and the trailer are the same. Treating the tow-bar as B

light (i.e. having no/negligible mass) allows us to assume that the tension is the 5 kg

same throughout its length and that its mass does not need to be considered when w

treating the system as a whole.

6 F=ma, W=mg
Taking upwards as positive

a For the whole system:
180 —15g =15a
15a=180— (15 x 9.8)
4o 180—-147 _99
15
The acceleration is 2.2 m s 2.

b For B:
ma=T-W
5x22=T-(5x%x9.8)
11=T-49
The tension in the string is 60 N.
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7 F=ma, W=mg
Taking up as positive

a For the whole system: 118N
118—-(6+m)g =(6+m)x2
118=(6+m)2+g)=(6+m)2+9.8)
118 C)
—=6+m 6ke
11.8 :
10=6+m br
The mass of B is 4 kg. o= 2ms?
{T
b For B:
ma=T-W B
4x2=T-(4x%09.8) m ke
8§=T-39.2 W
The tension in the string is 47.2 N.
8 F=ma
a=0.5ms™
—>

T T 12000N
1600kg 6400kg
2000N RN

<

a For the whole system:
F=12000-2000—R
m = 1600 + 6400 = 8000
a=0.5
10 000 — R = 8000 x 0.5 = 4000
The resistance to the motion of the engine is 6000 N.

b For the carriage:
F=T-2000, m=1600,a=0.5
T—2000 = 1600 x 0.5 =800
The tension in the coupling is 2800 N.

9 F=ma

a=0.75ms>
i

T T 1200N
300kg 900kg
100N 200N

a For the whole system:
F=1200- 1000 — 200 =900
m =900+ 300 = 1200
900 = 1200a
a =900+ 1200 =0.75
The acceleration is 0.75 m s, as required.
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9 b For the trailer:
F=T-100, m=300,a=0.75
T—-100=300 % 0.75 =225
The tension in the towbar is 325 N.

300kg —a- Te—{ 900kg

100N _ 200N

Taking «— as positive
Deceleration = a
Force on trailer = resistance to motion + thrust from tow-bar

Using F' = ma
100 + 100 =300 a
200 2
o=—=—
300 3
For car:

F+200—-100 = 9000
F =(9OOX§)—100=500

The force the brakes produce on the car is 500 N.
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Forces and motion 10F

ForA: R(), 4g-T=4a (1)
ForB: R(T), T-3g=3a (2)
D+(2):49-3g="7a

—a=3
7
Substituting into equation (2):
39 249
T=3a+3g=—+30=——
g 7 g 7
=33.6 N(3s.f)

b u:O,a:%,s:Z,m,v:?
vZ=u2+ 2as
V2:02+2xgx2:4—g:5.6

7 7
V=1+/5.6 =2.366...

When A hits the ground it is travelling at 2.37 m s™* (3 s.f).

¢ ForA ()

From part b, v* =479

This represents the initial velocity of B when A hits the ground.

ForB: (1)
u2=47, v=0, a=-g, s=?
vZ =u’ +2as
_49 2
0= - ng:>s_7

The height above the initial position is 2Zm.
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LS,

kmgN  3mgN

a ForQ,R(]): 3mg-T :3mx%g =mg

2mg=T

The tension in the string is 2mg N.

b ForP,R(1): T —kmg :kmx%g

3T — 3kmg = kmg
3T = 4kmg
Substituting for T: 6mg = 4kmg
«_ 6mg
4mg
The value of k is 1.5.

¢ Because the pulley is smooth, there is no friction, so the magnitude of acceleration of P = the
magnitude of acceleration of Q.

d Up is positive.
While Q is descending, the distance travelled by P ='s;

u:O,a:%g,tzl.S,s:sl

1 .
S=ut+—at

2
s, =(0x1.8) +(lxgx1.82J = 3249 =0.549
2 3 6 )
Speed of P at this time = v;
Using v2 = u? + 2as

After Q hits the ground, P travels freely under gravity and rises by a further distance s»
v=0,u=via=-¢,5S=%

v2 = u? + 2as

0*=0.369° - 2gs,

2
, 0369

=0.18 2
: =g g @)

(1) + (2): Total distance travelled by P from its initial position =s; +s
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2 d Pand Q are at the same height initially, so P starts at height s; above the plane.
Its final position = initial position + total distance travelled
= 51+ (s1+52) =251+52 =2 x0.54g + 0.18g = 1.269g

P reaches a maximum height of 1.26g m above the plane, as required.

Vi

A
¥l ()

mgN  3gN

B f 3.2ms?

a Since the pulley is smooth, |acceleration of A| = |acceleration of B
ForA:s=25,u=0,t=1.25 a="7? (down is positive)
s=ut++at’
2.5=(0x1.25) +tax1.25°

2.5x2
a="2"2_3
1.25

The initial acceleration of B is 3.2 m s 2 as required.

O

ForB,R(1): T-3g =3a
T=3(@+9g)=3(3.2+9.8)=39
The tension in the string is 39 N.

¢ ForA/R(]):mg—T=ma
T=m(g—a)=m(9.8-3.2) =6.6m
Substituting for T:
39 =6.6m
39 390 65 .
m=—=-——=— asrequired
6.6 66 11

o

Because the string is inextensible, the tension on both sides of the pulley is the same.

(¢]

The string will become taut again when B has risen to its maximum height and then descended to
the point where A is just beginning to rise again.

If B reaches the maximum height t seconds after A hits the ground, it will also take t seconds to
return to the same position as it is moving under gravity alone throughout this period. The total
time of travel will be 2t.

For B, taking up as positive, while the string is taut:

u=0,a=14,s=25 mv=v;

v2 =u?+ 2as

vi2=0%+2x32x25=16

Once the string is slack: u=vi=4,v=0,a=-9.8,t=?

v=u+at

0=4-9.8t
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4 40 20
3 et —=—=—
9.8 98 49
At this point B descends under gravity. After a further t seconds the string once again becomes
taut.

The string becomes taut again 2t = j—g s after A hits the ground.

4
R
4 T I
S5kg i -
245N < ¢
1
5¢N r
o B [t
- e
3gN
a ForA: R(—), T-245=5a ®
ForB: RN), 3g-T=3a
29.4-T =3a (2)

1)+(2): 29.4-245=8a
49=8a
0.6125=a

The acceleration of the system is 0.613 ms™ (3 s.f.)

b T-245=5x0.6125
T =27.5625

The tension in the string is 27.6 N (3 s.f.)

"

>

By Pythagoras,
F2=T?+T°=2T"

F=T+2 =27.5625x~/2
~38.979...

The magnitude of the force exerted on the pulley is 39N (2 s.f.)
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!)

e
A A
F

(o]

n

—
=]

kN

F 3

2
::i i
oy
Z

1.5gN

ai ForQ:s=0.8,u=0,t=0.75 a="? (down is positive)
s=ut+<at’
0.8 =(0x0.75)+1ax0.75°

a=28%2 _oous.
0.7

;=

The acceleration of Q is 2.84 ms2 (3 s.f)

ii ForQ,R(]):1.5g-T=1.5a
T=15(g —a)=15(9.8-2.84) =10.44
The tension in the string is 10.4 N (to 3 s.f.), as required.

iii ForP,R(—): T-k=25a
Substituting:
10.4-k=25x%x2.84
k=104-7.1
The value of kis 3.3 N

b Because the string is inextensible, the tension in all parts of it is the same.
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Forces and motion, Mixed exercise 10

1 a
200g

600N 1000N

200g

b Vertical forces can be ignored as they are in equilibrium and at right angles to the direction of
interest.
F=ma
m = 200, Resultant force, /= 1000 — 200 — 400 = 400
400 =200a
The acceleration of the motorcycle is 2 m s 2.

RN

=ic

86g

—l— floor of fit

For the man
R(T), R-86g=86x2
R=86%x9.8+86x%x2
=1014.8 1000

The reaction on the man on the floor is of equal magnitude to the action of the floor on the man
and in the opposite direction.

The force that the man exerts on the floor of the lift is of magnitude 1000 N (2 s.f.) and acts
vertically downwards.

positive direction
—

ams™
—

o
!

FN

800g
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3 a u=18 v=12,t=24, a="

v=u-+at
12=18+2.4a
a:12_18:—2.5
2.4
F =ma
—F =800%x-2.5=-2000
F=2000 N

b u=18, v=12, t=2.4, s="?

u+v
s = t
[ 2 j

:[18+12sz4
2
=15x2.4=36

The distance moved by the car is 36 m

positive direction
_—

7N T
—

‘_
FN l
0.8gN

a u=2, v=4, s=48, a="?
Vi =u’+2as
4*=2%+9.6a

_16-4

RN

ams™
—

a =1.25

The magnitude of the acceleration of the block is 1.25ms™
b R(T), F=ma=08x125=1

R(>), 7T-F =6
The magnitude of the frictional force between the block and the floor is 6 N.
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positive direction
—

2ms
—>

R - F
«— 1200kg 7

Let R = the resistive force
Let F1 = the driving force
Let /> = the resultant force

F2=ma=1200x2 =2400

Fi=3R= R=1Fi

The driving force is the resultant force plus the resistive force:
Fi=R+F2=1F1+2400

2 F1=2400

F1=3600
The magnitude of the driving force is 3600 N, as required.

6 Fi=@i+2j),F2=4i—-j),m=0.25
F=Fi1+F2=ma
(3i+2j)+4i—j)=0.25
(7i+j)=0.25a
ES)

0.25
The acceleration is (28i + 4j) m s 2.

SRR LT GEEEAREN

F=F1+F2+Fs=ma

2 3 a 3 6
+ + =2| _|=
-1 -1 -2b 2 4
Considering i components: 2+ 3 +a =6
a=6->5
Considering j components: —1 =1 —2b =4
—2b=4+2
The values of a and b are 1 and —3, respectively.

gl

2i

a |R|=v22+4> =120=25
Using F = ma
2J5 =2a

The acceleration of the sled is \/g m s
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8 b u=0,t=3,a=+5.5=2

s=ut++at’

05
2
NG

The sled travels a distance of ——m.

s=(0x3)+(%x 5x32):

9 a Since object is in equilibrium, F1 + F2+ F3 =0

(3ai +4bj) + (5hi + 2aj) + (—151 — 18j) =0
Collecting i terms: 3a + 5b =15 (1)
Collecting j terms: 2a +4b =18 (2)
Subtracting (2) from (1) givesa + b =—-3
Therefore b=-3 —a

Substituting this into (1):
3a+5(3-a)=15
3a-15-5a=15

—2a =30

a=-15

Substituting this into (1):
3(-15)+5b=15
5b=15+45=60
b=12

The values of @ and b are —15 and 12, respectively.

b i Fi+F2+F;=0,s0 when F3 is removed, the resultant force F'=— F3
ie. F=(15i + 18j)

m=2

F=ma

(151 + 18j) =2a
a=(7.5i+9j)

la| =7.5* +9* =+/137.25

Using Z angles (see diagram), bearing = 6
7.5
tand = —
9

The magnitude of the acceleration is 11.7 m s~2 and it has a bearing of 039.8° (both to 3 s.f.).
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9 bii u=0,t=3,a=11.7,5=?
s=ut+lat2

s=(0x3)+(%x11.7x32)=%

The object travels a distance of 52.7 m (to 3 s.f.).

10
a
—
T T 2380N
700kg 1400kg
280N 630N _
a F=ma

For the whole system:

F=2380-630—-280=1470

m = 1400 + 700 = 2100

1470 =2100a

Since the tow-rope is inextensible, the acceleration of each part of the system is identical.
The acceleration of the car is 0.7 m s 2.

b For the trailer:
F=T-280,m=700,a=0.7
T-280=700 % 0.7=490
The tension in the tow-rope is 770 N.

¢ i For the car, after the rope breaks:
resultant force = 2380 — 630 = 1750
m = 1400
therefore a = 1750 +~ 1400 = 1.25
u=12
s=ut+Lat’

s=(12x4)+(4x1.25x47) = 48+10

In the first 4 s after the tow-rope breaks, the car travels 58 m.

ii Since the tow-rope is inextensible, the tension is constant throughout the length, and the
acceleration of each part of the system is identical.
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11
a=1.75ms>
—>
8000 N
2500kg & c 1100kg
RN S00N
a F=ma

For the whole system:
F=28000-500—-R=7500-R
m = 2500+ 1100 = 3600

a=1.75
7500 — R =3600 x 1.75 = 6300
R =7500-6300

The resistance to the motion of the train is 1200 N, as required.

b Considering the carriage only:
C-500=1100 % 1.75=1925
The compression force in the shunt is 2425 N.

2000 N
T

2500 kg Te{1100kg
1200N 500N _

Taking «— as positive
Deceleration = a
Force on carriage = resistance to motion + thrust in shunt
Using F' = ma
500+ C=1100a
_500+C

1100
For engine:
2000 + 1200 — C = 25000
Substituting for a:

3200-C= 2500><(

500+C
1100 j
1190(3200—C) = 2500 (500 +C)
35200-11C =12500+25C

35200-12500=11C +25C

C— 22700
36

The thrust in the shunt is 630 N (2 s.f.).
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12a

T4 AT
A
a|P OT&
v
2mg  mg

21m

ForP: RN), 2mg—T =2ma
ForQ: R(M), T-mg=ma
Add, mg =3ma

_1 -1
a—ggms
b ForP:
vi=u®+2as

vV =0+2x1gx2

v= 28
3

=3.6ms” (2s.f)
¢ For Q:
R(T), —-mg=ma
a=-g
v =u’+2as (T),

4g

0=—>-2gs

3 &
s=%m

As Q is 4m above the ground when P stops moving =4+s

.. Height above the ground =4<m

d i Inan extensible string = acceleration of both masses is equal.

ii Smooth pulley = same tension in string either side of the pulley.
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13a

) G P T
ams2
ams-Ql 3g N lmQN
L

For the 3 kg mass
R(i«), F=ma

3g-T=3x3g

12

T=3g-3g=%¢
The tension in the string is 2 g N

b For the mkg mass
R(T), F =ma
T-mg=mx3g

Using the answer to a

14
RN ams™
]
A T‘N P
FN_
l T
0.5gN TN
B iams‘2
0.8¢N
a For B:

u=0,s5s=04, t=05, a="?

s=ut+Lat’
04=0+1ax0.5"=1a

a=8x04=32

The acceleration of B is 3.2ms™
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14b For B:
force = ma

0.8¢ —T =0.8x3.2
T=0.8x9.8-0.8x3.2
=53

The tension in the string is 5.3 N (2 s.f.). (As the numerical value g = 9.8 has been used, you
should correct your answer to 2 significant figures.)

¢ F=372s.f)

d The information that the string is inextensible has been used in part ¢ when the acceleration of 4
has been taken to be equal to the acceleration of B.

15

0.5¢N  0.4gN
a i ForP,R(]): 0.5¢—T=0.5a (1)
ii. ForQ,R(1): T—0.4¢g=0.4a (2)

b (1)x4: 2g—4T=2a
(2) x5: 5T-2g=2a

Equating these:
2g—4T =51 2¢g
9T =4g

The tension in the string is g N (4.35 N).
¢ Using equation (1):
18-58=734
g-58=a
The acceleration is g m s2(1.09 m s (3 s.f.)).
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15d When the string breaks, Q has moved up a distance s1 and reached a speed vi
Now Q moves under gravity (after the string breaks) initially upwards.
To reach the floor it has to travel a distance s =2 + 51

While the string is intact, up positive:

u=0,t=0.2,a=§,s1=?

1,
S1=ut+—at
2

—(0%0.2)+| LxZx02?
2 9
-_&
450
v, =u+t+at
=0+5x02
9
-8
45
So, when the string breaks, QO is 2+ % above the ground, a moving upwards with a speed of
£
45

After string breaks, QO moves under gravity. So taking down as positive, for the motion after the
string breaks, we have

u=w=—£,a=g,s=2+—,t=?

45

s=ut++at’

g g, 1,

t——=——=1+—gt
450 45 2

M: —£t+lgt2
450 45 2

0Ly 2, (O00+g)
2 45 450

Letg=9.8 =4.9/° -0.2178-2.02178 =0
N
2a
. ~0.21784/(=0.2178)* — (4x4.9x—2.02178)
2x4.9

~ —0.218++/39.674
9.8
=0.66sor—-0.621s

Only the positive root is relevant: = 0.66 (2 s.f.)
O hits the floor 0.66 s after the string breaks.
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Challenge

Total force on first boat: Ri1 = (=7i + 2j) + 3i = —4i + 2j

Total force on second boat: Ro= (ki +j) +3i=(k+3)i+j

Since mass is a vector quantity, the acceleration of each boat will be parallel to the resultant force acting
on it, so the relationship between the components of the accelerations is as shown in the diagram below.

From Ru: tan¢9:g:l
4 2
From Ra2: tanl9=$=k+3
Equating these: % =k+3
2k+ 6=
2k =5

The value of kis —2.5.
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Variable acceleration 11A
1 as=9(1)—-13=8m

b ot—t3=0
t(9-1t)=0
Eithert=0ort*=9
=t=0o0rt=43

2 a Att=2,
s=5(2)%?-23=12
Att =4,
s=5(4)*-4°=16
Change in displacement =16 — 12 =4 m

b Att=3,
s=5(3)-32=18
Change in displacement in the third second =18 —12=6m

3 av=3+51)—-12=7ms*!

(2,95, 9.25)

v=3+5r-1

Att=0,v=3
v=3againwhen5t—t?=0=1t=5

Using symmetry, turning point is when t = 2.5.
When t = 2.5,

v=3+5(25)—252=9.25

Soin0 < t<4,rangeofvis3 <v <925
Greatest speed is 9.25ms ™2,

c v=3+5(7)—7?
=3+35-49
=-11
When t = 7, the velocity of the particle is —11 m s™*. This means it is moving in the opposite
direction to that in which it was initially travelling.

4 a s=0when

L(4t-t*) =0
it(4-t) =0
=t=0o0rt=4

By symmetry, maximum distance is whent = 2.
Whent=2,s=1(4(2)-2%)

(SIS
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4 a The maximum displacement is 0.8 m.

b When the toy car returnsto P, s =0

L(4t-t*) =0
it(4-t) =0
=t=0o0rt=4

The toy car returns to P after 4 s.

c The toy car travels to maximum distance and back again.
So total distance =0.8 + 0.8 = 1.6 m

d The model is valid for0 < t < 4.

5 a Whent=0,
v=0-0+8=8
The initial velocity is 8 ms™.

b 3t2-10t+8=0
GBt—=4)(t-2)=0
The body is at restwhent= 2 and t = 2.

c 3t°-10t+8=5

3t2-10t+3=0

(Bt—1)(t—3)=0
Velocity=5ms*whent=1 andt=3.

d

A
()_
8_
7_
T 6-
By
2 3-
2_
1_

(3.-3) .

T I —— T >

O os 1 152 25 3

Speed, s

Using the answer to part b and symmetry, the body has its maximum/minimum velocity when

= 5
=3s.

Whent= 3,

3]

|

|

|

|
+
[0 0]

|

|

|
+
oo
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5dv=-3
Soin0 <t <2 rangeofvis -3 <v <8,
Greatest speed is 8ms ™.
6 a 8t—2t°=0
2t(4—-t)=0
The particle is next at rest after 4 s.

b By symmetry, minimum/maximum velocity is when t = 2.

Whent =2,
v =28(2) — 2(2)?
=8

Soin0 <t < 4, greatest speed is8ms L.

7 s=3t2-t
Model is valid until particle returns to starting point, i.e. until next point at which s = 0.
After this it would have a negative displacement, i.e. be beyond O.
s =0 when
3T2-T3=0
T23-T)=0
T#soT=3

8 a 1(3t*-10t+3) =0
3t?—10t+3=0
Bt—=1)(t-3)=0
Particle isat restwhent= 1 and t = 3.

b Using answer to part a and symmetry, the body has its maximum/minimum velocity whent = 3.
Whent= 2,

<
I I

gl g, Ol
|
[

wn
o

s
o

<t

IA

3, greatest speed is £ ms™,
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Variable acceleration 11B

1 a s=4t4—%

i V=E=16t3+i2
dt t

i a= & =gg 2
dt t

i a= IV =4ty
dt

~—+
N

c s=(3t?—1)(2t+5)
=63+ 15t2 -2t -5

i V:E:18t2+30t—2
dt

I a:d—V:36t+30
dt

4 43 3
q X:3t 2t +5:3i—t2+3
2t 2 2t
& _9o 5
dt 2 2t?
i a:d—vzgt—2+%
dt t
2 a x=2t2-8t
v:%:6tz—8
dt

Whent=3,v=6x32—-8=146
The velocity of the particle whent =3 is 46 ms™.
b a= dv =12t
dt
Whent=2,a=12%x2=24

The acceleration of the particle when t = 2 is 24 ms™2.
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3 P is at rest when v =0.
12-t-t°=0
4+t)3-1)=0
t=—4ort=3
t>0,s0t=3

_ v

a =-1-2t
t

Whent=3,a=-1-2x3=-7

The acceleration of P when P is instantaneously at rest is =7 m s 2, or 7 ms 2 in the direction of x
decreasing.

4  x=4t3—-39t2 + 120t

v=%:12t2—78t+120

P is at rest when v = 0.
12t - 78t +120=0
22— 13t+20=0
(2t-5)(t-4)=0

Pisatrestwhent=25andt=4.

When t = 2.5, x = 4(2.5)% — 39(2.5)? + 120(2.5) = 118.75

When t = 4, x = 4(4)® — 39(4)? + 120(4) = 112

The distance between the two points where P is instantaneously at rest is 118.75 — 112 =6.75m.
5 v=kt-3t?

a a:ﬂ:k—Gt
dt

Whent=0,a=4
k—6x0=4
k=4

b Pisatrest whenv=0.
4t-3t2=0
t(4-3t)=0
Pisatrestwhent=0andt= %.
Whent=4,a=4-6x £=4-8=-4

3
When P is next at rest, the acceleration is —4 ms 2.

6  s= (4515t + 12t + 30)

V= % = 2 (12t - 30t + 12)
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6 The print head is at rest when v =0.
2(12t2-30t+12)=0

122 —30t+ 12 =0

2t —5t+2=0

2t-1)(t-2)=0

The print head is at rest whent=0.5and t = 2.

When t = 0.5,

s = (4(0.5)* - 15(0.5)% + 12(0.5) + 30)
= 2(0.5-3.75+6 + 30)
=8.1875

Whent =2,
s = 2(4(2)° - 15(2)* + 12(2) + 30)
= (3260 + 24 + 30)

=6.5
Distance between these two points = 8.1875 — 6.5
=1.6875cm
=17cm(1d.p.)

The distance between the points when the print head is instantaneously at rest is 1.7 cm.
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Variable acceleration 11C

1 a s=04£-032-1.8t+5
ds

v=—=12£-0.6t-1.8
dr
Y o 06
dr
dv
— =0when2.4r=0.6
dr

t=0.25

P is moving with minimum velocity at = 0.25 s.

b When¢=0.25
s =0.4(0.25)* - 0.3(0.25)> — 1.8(0.25) + 5
=4.54 (3 s.f)

When P is moving with minimum velocity, the displacement is 4.54 m.

¢ v:g =1.2£-0.6t-1.8

dt
When =025, v=1.2x0.252-0.6 x 0.25 — 1.8
~_1.88(3s.f)

2 a s=4r-+¢
When ¢t =4,
s=4(4°-4*=0

The body returns to its starting position 4 s after leaving it.

b s=4f -t'=5=0£4-1)
Since ¢ > 0, £ is always positive.
Since ¢ < 4, (4 —t) is always positive.
So for 0 < ¢ < 4, s is always non-negative.

ds

¢ — =124 -47
dt
g = (0 when
dr
122 -4 =0
412(3—t)=0
t=0or3

At t =0, the body is at s = 0, so maximum displacement occurs when ¢ = 3.
When ¢ = 3, using factorised form of the equation of motion:

s=3%4-3)=27
The maximum displacement of the body from its starting point is 27 m.
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3 a v=~2>6-1)

Velocity is zero when t =0 and # = 6.
The graph touches the time axis at =0 and ¢ = 6.
Graph only shown for 0 <#<6, as this is the range over which equation is valid.

Velocity-time graph for motion of P

»>

= Velocity, v

o
o4

Time, ¢

b v=2(6-t)
=236 - 12t + A
=361 - 128 ++¢

dv =72t — 36+ 47

dt

ﬂ = (0 when

dr
72t 3682 +4£ =0
41(18 -9t + ) =0
43 -16-1)=0

The turning points are at £ =0, =3 and ¢ = 6.
v =0 when ¢ = 0 and ¢ = 6, therefore the maximum velocity occurs when ¢ = 3.

When ¢ = 3,
v=3%6-3)>=9x9=81

The maximum velocity is 81 ms™! and the body reaches this 3 s after leaving O.
4 a v=2-3t+5
For this particle to come to rest, v must be 0 for some positive value of z.
2£2 — 3t + 5 = 0 must have real, positive roots.
b? —dac = (-3)* - 4(2)(5)
=9-40
=-31<0

The equation therefore has no real roots, so v is never zero.
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4 b v=2~-3t+5

ﬂ =4r-3

dr

ﬂ =(0when4r=3
dr

t=0.75

Minimum velocity is when ¢ = 0.75.
When ¢=0.75, v=2(0.75)* - 3(0.75) + 5

=1.125-2.25+5
=3.875
=3.88 (3 s.f)

The minimum velocity of the particle is 3.88 ms™.

2
5 a s=9i—t3
2

=(4.5-1%)

Displacement is zero when ¢t = 0 and ¢ = 4.5.
The graph touches the time axis at # = 0 and crosses it at t = 4.5.

Graph only shown for 0 < ¢ < 4.5, as this is range over which equation is valid.
The curve is cubic, so not symmetrical.

L.
-

o

4.5

Displacement, s

Time, ¢

b For values of 1 > 4.5, 5 is negative. However s is a distance and can only be positive.

9%
cC §s=——1

2
§=9t—3t2
dt
g=O when
dt
9 —-3£=0
3t(3—-16)=0

The turning points are at £ =0 and 7 = 3.
s =0 when ¢ = 0, so maximum distance occurs when ¢ = 3.

When ¢ =3, using factorised form of the equation of motion:
s=3%45-3)=9x15=135

The maximum distance of P from O is 13.5 m.
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5d v=%=9t—3l2

t

When ¢ = 3,

a=9-6x3=-9

The magnitude of the acceleration of P at the maximum distance is 9 ms™.

6 s =3.6t+1.76£* - 0.02¢

E =3.6+3.52t—0.06£
dt
. . ds
Maximum distance occurs when E =0.
Q = (0 when
dt
3.6 +3.52t—0.06/=0
372 -176t—180=0
. —b++/b* —4dac
2a
_ 176:£4/(=176)* + (4)(3)(180)
2x%x3
_ 176+,/33136
6

=—1.005 or 59.67
t > 0, so maximum distance occurs when ¢ = 59.67.

When ¢ = 59.67, s = 3.6(59.67) + 1.76(59.67)> — 0.02(59.67)°
—2230 (3 5.f)

The maximum distance from the start of the track is 2230 m or 2.23 km.
Since this is less than 4 km, the train never reaches the end of the track.
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Variable acceleration 11D

1 a

s = J'vdt
= [ 3¢ -1t
= £ —t+ ¢, where c is a constant of integration.
Whent=0,x=0:
0=0-0+c=>c=0
s=0£—t
s = J'vdt

2
= j[zﬁ —ijdt
2

4 3
ot . . .
= 575 + ¢, where c is a constant of integration.

Whent=0,x=0:
0=0-0+c=c=0

S: —— —
2 2
c s= Ivdt
= j(2\/2 +41%)dt
43 478 : : :
= Etz +—+c, where c is a constant of integration.
Whent=0,x=0:
0=0+0+c=>c=0
42 478
§= =12 +—
3 3
2 a VZIadt
= j(Sz-zzz)dt
, 2F . . .
= 4t Y + ¢, where c is a constant of integration.
Whent=0,v=0:
0=0-0+c=>c=0
3
V= 4t2—2L
3
b v= jadt
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£ : : :
2 b v=o6+ §+ ¢, where c is a constant of integration.

Whent=0,v=0:
0=0+0+c=>c=0
3
v=6t+t—
9
3 x=Ivdt

= I(8+2t—3t2)dt

=8¢+ 2 — £ + ¢, where c is a constant of integration.
When t=0, x =4:
4=0+0-0+c=>c=4
x=8+£-r+4

Whent=1,
x=8+1-1+4=12

The distance of P from O when =1 1s 12 m.

4 a v=_[adt
= j(16—2t)dt
= 16t — 1 + ¢, where c is a constant of integration.
Whent=0,v==06:
6=0-0+c=>c=6
v=16t—£+6
b x= '[vdt

= j(16t—t2 +6)dt
3
= 8¢ —% + 6t + k , where k is a constant of integration.

When t=3,x=75:
3

75 = 8><32—3?+6><3+k
=k=75-72+9—-18=-6

3
x=82-Li6-6

3

4 b Whent=0,

x=0-0+0—-6=-6

5 v=6£-51t+90
P is at rest when v = 0.
62 —51t+90=0

2 —17t+30=0
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Q2t—5)(t—6)=0

P is at rest when ¢ = 2.5 and when ¢ = 6.
6
5= j(étz —51¢+90)d¢

2.5
51¢* °
= [zﬁ - +90t}
2 2.5

2 2
=[2x63—51>2<6 +9Ox6}—(2x2.53—¥+90x2.5)

= (432 — 918 + 540) — (31.25 — 159.375 + 225)
~42.875...
=429 (3 s.f)

The negative sign indicates that the displacement is negative, but this can be ignored as distance is
required.

The distance between the two points where P is at rest is 42.9 m (3 s.f.).

6 s = Ivdt
= [a2+-61)dt

£’ : : :
=12t+ 5 2t + ¢, where c is a constant of integration.

When =0, s=0:

0=0+0-0+c=>c=0
2
s=120+5 28

v =0 when
124+¢t—6£=0
B-2H4+3H=0
t>0,s0t=1.5
1.5% ;
Whent=15,s=12x1.5+ 5 -2x1.5
=12.375...
=12.4 (3s.f)

The distance of P from O when v=101is 12.4 m.
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7 a v=4t—1¢
P is at rest when v = 0.
4—1£=0
(4—1=0
t>0,s0t=4

X = J-vdt
= [(4r-)dt

3
t . . .
=2 3 + ¢, where ¢ is a constant of integration.

Whent=0,x=0
0=0+0+c=c=0

x= 2t —ﬁ
3

3
When t=4, x = 2x42—4?

3
b Whent=5,x= 2><52—%

=38

W=

In the interval 0 < ¢ < 5, P moves to a point 103 m from O and then returns to a point 81 m from
0.

The total distance moved is 103 + (103 — 83)=13m.

8 x= Ivdt
= I(6ﬁ-—26t+15)d1
=2 —13£ + 15t + ¢, where c is a constant of integration.
Whent=0,x=0
0=0-0+0+c=c=0
x=26 132+ 15t

=12 — 13t + 15)
= (2t -3)(t - 5)

When x =0 and ¢ is non-zero, t=1.50rt=15

Pisagainat Owhens=15andz=35.

9 a xZIvdt
=j@ﬁ—UH5mz

= £ — 6£2 + 5t + ¢, where c is a constant of integration.
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9 a Whenr=0,x=0
0=0-0+0+c=c=0
x=£—-6r+5¢

P returns to O when x = 0.
£—62+5t=0

HE—6t+5)=0

(t—1(E—-5)=0

P returns to O when¢t=1 and ¢ = 5.

b v=0 when
3 —12t+5=0
. 124+4/(-12)* —4(3)(5)
6
= 0.473, 3.52

So P does not turn round in the interval 2 < ¢ < 3.

When ¢ =2,
x=22—6x22+5x2
=8-24+10

=—6

When ¢ = 3,
x=33-6x32+5x%x3
=27—-54+15
=-12

The distance travelled by P in the interval 2 < ¢ < 3 is 6 m.

10 v= Iadt
= j(4t—3)dr

= 2¢* — 3t + ¢, where c is a constant of integration.

Whent=0,v=4
4=0-0+c=>c=4
v=2£—-3t+4,

When ¢ =T, v =4 again
4=27"-3T+4
27*-3T=0
2T-3)=0
T#0,s0T=1.5

1a v=[adt
= [(-3)dt

t2
= —-3t+c,
2
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11a Whent=0,v=4
4=0-0+c=>c=4

t2
v=—=3t+4
2

b Pis atrest when v=0.
2

P 344-0
2
£—6t+8=0
(t—2)(t—4)=0
t=2ort=4

Pis atrest when ¢t =2 and ¢ = 4.

4f2
N s=j£——y+4jm
)\ 2

3 2 4
_ t__34+4t}
_6 2 2
3 2 3 2
S e A L SN B [ L
6 2 6 2

ég—24+16j—(f—6+8j
3 3

_10
3

w | oo

|
W

The negative sign indicates that the displacement is negative, but this can be ignored as distance is
required. The distance between the two points where P is at rest is 3 m.

12 v=[adt
= I(6r+2)dt
= 3£ + 2t + ¢, where ¢ is a constant of integration.
s = jvdt
= [ +2t+c)dt

= £ + £+ ct + k, where k is a constant of integration.

Whent=2,s=10
10=23+22+2c+k
2c+k=-2 (1)

When =3, s =38
38=33+32+3c+k

3c+k=2 (2)
(2)—(1):

c=4
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12

Substituting ¢ =4 into (1):
2x4+k=-2
k=-10

So the equations are:
v=3~+2t+4
s=£+£+4t—10

When t=4
s=4+42+4x4-10
=64+16+16—10
=86

When ¢ = 4 s the displacement is 86 m.

When t=4
v=3x4>+2x4+4
=48 +8+4

=60

When ¢ = 4 s the velocity is 60 ms ™.
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Challenge
At t = k, the velocity given by both equations is identical, so:
k 2 k k2
5 e =10+ ——
3 12
6k +24 =120 + 4k — K
7k — 4k —96=0
= ~b+~/b* —4dac
2a
_ 4447 +4x7x96
2x7
_ 4452
14
k>0,s0k=4

For first part of the motion, up to t =4, s = 51

-2 12Ja
5]
s

— 5

For second part of the motion, from t =4 to =10, s = 52

10 t 12
sz=j 104+ ——— |dr
y 312

P 3 10
— o+ L2
6 36

4

2 3 2 43
—[10x10+ 210} [1oxa+ L
6 36 6

36
_ 800368
9 9
=48
Total distance = s1 + 52
=36 a8
3

= 200
3

The total distance travelled by the arm is 2%

© Pearson Education Ltd 2017. Copying permitted for purchasing institution only. This material is not copyright free. 8



Statistics and Mechanics Year 1/AS

SolutionBank

Variable acceleration 11E

1

4

a

A

V= Iadt

= at + ¢, where c is a constant of integration.
Whent=0,v=0
0=ax0+c=c=0
v=at
S= jvdt

= Iatdt

= Lat® +k, where k is a constant of integration.
Whent=0,s=x

x=1ixax0’+k = k=x
s=1at’+x

V= jadt
= [5dt
= 5t + ¢, where c is a constant of integration.
Whent=0,v=12
12=0+c=c=12
v=12+5t
s= jvdt
= j (12 +5t)dt
= 12t +35t* + k, where k is a constant of integration.
Whent=0,s=7
7=0+0+k=k=7
s=12t+3at*+7
=12t + 2562+ 7

s=ut+iat’

V= =u+at

So acceleration is constant.

s=2t2 -t
V= §=4t—3t2
dt

© Pearson Education Ltd 2017. Copying permitted for purchasing institution only. This material is not copyright free. 1



Statistics and Mechanics Year 1/AS SolutionBank

B s=4t+7
V—E:4
dt
a:ﬂ:o
dt

No acceleration

2
Cszt_

4
_ds _t
V= — = —

d 2

dvv 1
a=—-=—

dad 2

Constant acceleration

D s= 3t—32
t
= ds = 3+i3
dt t
dv_ 12
dt t
Not constant
E s=6
V= gs =0

Particle stationary

5 a v=u+tat
u=5v=13t=2
13=5+2a

_13-5

2

The acceleration of the particle is 4 ms2.

b v= [adt
= [4dt
= 4t + ¢, where c is a constant of integration.
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5 b Whent=0,v=5
5=0+c=c=5

Vv=4t+5
S= jvdt
= j(4t+5)dt
= 2t? + 5t + k, where k is a constant of integration.
Whent=0,s=0
0=0+0+k=k=0
s = 2t% + 5t

This is an equation of the required formwithp=2,g=5and r =0.
6 a s=25t—0.2t?
When t =40, s = 25 x 40 — 0.2 x 40°
=680

The distance AB is 680 m.

b v=35 -5 04t
dt
-V 54
dt

The train has a constant acceleration (of —0.4 ms2).

¢ Taking the direction in which the train travels to be positive:
For the bird: a=—0.6, u = -7, initial displacement = 680

Vg = jadt
= j —0.6dt

=—-0.6t + ¢, where c is a constant of integration.

Whent=0, vg =—7
—-7=0+c=>c=—7

v=-06t—7
Sg = Idet
= [ (-0.6t—7)dt

=—0.3t2 — 7t + k, where k is a constant of integration.

Whent=0, s; =680

680=0—-0+k = k=680
s = —0.3t? — 7t + 680

When the bird is directly above the train, the displacement of both train and bird are the same.

25t — 0.2t> = —0.3t> — 7t + 680
0.1t2+32t—680=0
t2 + 320t — 6800 = 0
(t—20)(t+340) =0
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6 ¢ t>0,s0t=20

When t = 20,
s=25x 20— 0.2 x 20°
=420

The bird is directly above the train 420 m from A.

© Pearson Education Ltd 2017. Copying permitted for purchasing institution only. This material is not copyright free. 4



Statistics and Mechanics Year 1/AS SolutionBank

Variable acceleration, Mixed Exercise 11

1 av=15-3¢
P is at rest when v = 0.
0=15-3¢
t=5

=p
o}

Il
e, 0
<
o
~

Il
/—_\\T St——u o
N
~
|
98]

SRS
|

S

Il
w
~
()

The distance travelled by P is 37.5 m.

Whent=4,a= 6+2x4’
=30

The acceleration of P when ¢ =4 is 30 ms 2.

b x= J.vdt
= j(6t+%z3)dt

¢t : : :
=3¢ +§ + k , where k is a constant of integration.

Whent=0,x=-5
—5=0+0+tk=k=-5

4
x= 3t2+t——5
8

4

Whent=4,x= 3x42+%—5

=175
OP=75m
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3 a v=_[adt
= [2-20)dr
=2t — 1* + ¢, where c is a constant of integration.
Whent=0,v=28
8=0-0+c=>c=8
v=2t—1+8

Let s m be the displacement from A at time ¢ seconds.
s = Jvdt

= I(2t—t2 +8)ds
, . . ,
=t —?+ 8¢+ k , where £ is a constant of integration.

Whent=0,5s=0
0=0-0+0+k=k=0

: : r
Displacement of P from 4 at time ¢ seconds = ¢* —?+ 8¢

b The greatest positive displacement of P occurs when % =v=0:
20— +8=0
£-2t—8=0
t+2)(t—4)=0
t>0,s0t=4

3

Whent=4,s = 42—4?+8><4
=262 <30
Hence, P does not reach B.

¢ Preturns to A when s = 0.
3

£-Ligi =0
3
£—32-24t=0
(P —3t—24)=0
. —b+b*> —4ac
2a
_ 353 —4(24)
2()
_ 3£4105
2
t>0,501=6.62

P returns to 4 when ¢t = 6.62.
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3 d Distance between two instants when P passes through 4 = 2 x maximum distance found in part b

160

3 -

Total distance travelled by P between the two instants when it passes through 4 is 15 m.

4 a a= % so speed has maximum value when a = 0.
t

0=8-2¢
212=8

2=4
t>0,s0t=2
v=jadt

=j@—mﬂm
t3
=8¢ Y + ¢, where c is a constant of integration.

Whent=0,v=0
0=0-0+c=>c=0

3
V= 8t—2L
3
3
When =2, v= (8x2)— 22
3

=32
3

o, . . . 71
The greatest positive speed of the particle is 2 ms™.

b s= Ivdt

= I[St—%}dr

tt . . :
= 4¢° —g—i- k , where k is a constant of integration.

Whent=0,s=0
0=0-0+k=k=0

4

s = 4t2—t—
6
24
When t=2,s = 4x2° —Z
216—2
6

— 4
3

The distance covered by the particle during the first two seconds is 4 m.
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5 as=—F+1174-24t
ds
v:_
dt
=-3£+22t-24ms"!

b Pis atrest when v=0.
—3£+22t—24=0
3 -22t+24=0
(Bt—4)(r—6)=0
t=3ort=6

Pis atrest when 7= % and ¢ = 6.

a=0when 0=-6¢+22

= 1
t 3

11

The acceleration is zero when 7 = 4.

v(ms!) 4

0 11 6 .c=(sl

e The speed of Pis 16 when v=16 and v =—16.

Whenv=16, —37+22t—24=16
32 -22t+40=0
(3t—10)(t—4)=0

t=2ort=4
When v=-16, -3+ 22t—24=-16
32—-22t+8=0
— 22J_r«/222—4><3><8

2x3

_ 22+4/388

6
=0.384 or 6.95

From the graph in part d, the required values are 0 < £ <0.384, 2 <¢<4.
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6 a The body is at rest when v = 0.
32— 11t+10=0
Bt—=5)(t—-2)=0
t=3ort=2

The body is at rest when ¢ = 2 and 7= 2.

b dv
dr
=6r—11
Whent=4,a=(6x4)—11
=24-11
=13

When ¢ = 4, the acceleration is 13 ms 2.

¢ From part a, the body changes direction when # = 3 and # = 2.
= displacement for 0 < ¢ < 3
s2 = displacement for 3 < ¢ <2
= displacement for 2 < ¢ < 4

51 = j(3t2—11t+10)dz
0

2 3
=[3 Lt +10z}
2 0
3 2
11x(2
_ (z) CIG) L 0l 5 o
3 2 3

_ 125 275 50

27 18 3
= 325
54

2
52 = j(3t2—llt+10)dt

{ﬁ L IOt}
2
o 1x2® ) 325
54

6 325

54
1
54

4
s3= [ (3 ~11£+10)dr
2
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1172 !
6 ¢ s3= [ﬁ— +10t}
2 2
2
O L ST
— 64— 88 +40—6
=10

Sign to be ignored when calculating distance:
Total distance = 51+ 52 + 53

The total distance travelled is 16.0 m (1 d.p.).

7 a v= jadt
= I(2t3 —8¢)dt

4
t . . .
= 5" 4¢* + ¢, where c is a constant of integration.

Whent=0,v=06
6=0-0+tc=c=6
04
6=——(4x0*)+c
2
o,
v=——4t"+6
2
b s=Ivdt
A
= [| = -4 +6|dr
2
£ 4r

= 0 3 + 6¢ + k , where k is a constant of integration.

Whent=0,5s=0
0=0-0+0+k=k=0
5 3
s=t——4i+6t
10 3

¢ Particle 1s at rest when v = 0.
4

L 4 46=0
2
#—82+12=0
= 2)(-6)=0

t>0, sot=\/§ ort=\/€

The particle is at rest when ¢ =2 and 1=+/6 .
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L 11120+ 280 +400

8
50
ﬂ _ 41 =361 +56¢
dr 50
. .. dx
Maxima and minima occur when d_ =0.
t
4 —361* + 56t o
50
£—92+14t=0

(P —9t+14)=0
Ht—=2)(t—=T7)=0
So turning points are at t=0,¢t=2and t = 7.

From the sketch graph, the drone is at a greater height when ¢ = 2 than when ¢t =0, and t =7
corresponds to the minimum height over the given interval.

2 —(12x2%)+(28 x 2*) + 400

50
_ 16-96+112+400
50
= 8.64
4 3 )
When 7= 7, x = - —12x7 )J;(()28><7 ) +400
2401-4116+1372+400

50
=1.14

The maximum height reached by the drone is 8.64 m, and the minimum height is 1.14 m.

9 When =0, v=u=800,s= 1500
Whent=25,v=0

Using v=u + at:

0= 800+ 25a
a= 30 _ 3
25
V= Iadt
= j —32dt

=—32¢+ ¢, where c is a constant of integration.
When ¢t =0, v= 800

800=0+c=c=800
v =800 — 32¢

s= Ivdt
= [(800-32¢)dr
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9 s =800z — 16¢* + k, where k is a constant of integration.

When =0, s = 1500
1500=0—-0+ k= k=1500
s =800t — 16¢* + 1500

So a=1500, b =800, c=-16

10a v= jadt
= j(zo —6t)dt
=20t — 3 + ¢, where c is a constant of integration.

Whent=0,v=7
7=0-0+c=>c=7

v=20t—3F+7
=7+ 20t - 37
b Whent=7,v=7+20x7-3x7?
=7+ 140 — 147
=0
P’s maximum speed in the interval 0 < ¢ < 7 is when % =0
t
dv =20— 6t
dt
0=20-6¢
t= 10

2
Whent= 14, v= 7+20x%—3x(?j

121

3

The greatest speed of P in the interval 0 < 7 < 7is 404 ms™".

c s= |(7+20¢-3¢)ds

S ey

= [7t+10t2—t3](7)

=7xT+10x7*=7" -0
=196

The distance travelled by P in the interval 0 < ¢ < 7 is 196 m.
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11

12 a

ao (7-7)

Soa=kKk7-7)
=7k — ki*

v=Iadt

= j(7k —kt*)dt
kt’ . : :
= 7kt ———+c, where c is a constant of integration.

Whent=0,v=0
0=0-0+c=>c=0
3
v=7kt—kL
3
Whent=3,v=6
6=21k—9k
12k=6
=%
7t £
v:___
2 6
s=jvdt
3
= E_t_ dt
2 6
7t ¢

= Ry +d , where d is a constant of integration.

Whent=0,v=0
0=0-0+d=>d=0

= L2 (42-1%)

Time cannot be negative so ¢ > 0.
Whent=0,s=0

Whent=5,5=5"—-10x 5 +25x 52
=625 —-1250 + 625
=0

So when ¢ = 5, the mouse is again at a distance of zero from the hole: it has returned.
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12b s=¢"—10£ + 257

: : ds
When mouse is at the greatest distance, — =0

dr
ds =4£ — 3042 + 50t
dr

When%=0, 48 — 304 +50t=0

212 — 15t +25)=0
202t - 5)t—5)=0

s=0when ¢t=0and ¢t =5, so maximum is when ¢ = 2.5.

Whent=2.5,5s=2.5*-10x2.5>+25x2.5%
=39.1

The greatest distance of the mouse from the hole is 39.1 m.

13a Any two from:
As the shuttle rises, it burns large amounts of fuel, reducing mass and therefore allowing the same
force to produce greater acceleration. (Hence positive terms in the equation.)

While the shuttle remains in the atmosphere, the air resistance forces on it will be changing in a
complex way: the increasing speed will cause them to increase, but reduced density of the
atmosphere at greater heights will reduce their effect.

At greater heights, the gravitational pull of the Earth is less, which increases the resultant force on
the shuttle and increases the acceleration. (In practice, this effect is small compared to that of the
mass reduction.)

As the fuel from each tank in the booster rockets is used up, they may become less efficient,
reducing the thrust they produce. (The fuel feed mechanisms are designed to prevent this and
ensure smooth transitions between each stage, but any astronaut can tell you that there is no such
thing as a smooth journey into space!)

b v= jadt
= j((6.7><10’7)t3 —(3.98x107)7

+0.105¢+0.859) dz
= (1.68 x 1077)* — (1.33 x 107 + 0.0525¢ + 0.859¢ + ¢, where c is a constant of integration.

When ¢ = 124, v =974
974 = (1.68 x 107)(124)* — (1.33 x 1074)(124)* + 0.0525(124)> + 0.859(124) + c,

— =266
v=(1.68 x 107)f* = (1.33 x 1074)A3+ 0.05252 + 0.859¢ + 274,

¢ When =446, v = (1.68 x 107)(446)* — (1.33 x 1074)(446)? + 0.0525(446)* + 0.859(446) + 274
= 5950

When ¢ = 446s, the velocity of the space shuttle is 5950 m s (5.95 km s ™).
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13d For this section of the flight:
a=28.6,u=25950,v=7850ms"!

v=u-+tat

7850 = 5950 + 28.6¢
,_ 78505950

28.6
=66.4

Total time to reach escape velocity = 446 + 66.4
=510 (2s.f)

The shuttle cuts its main engines 510 s after launch.
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Challenge

1 v= Iadt
= [(3¢* ~18t+20)dr

= £ — 9 + 20t + ¢, where c is a constant of integration.

Whent=0,v=0
0=0-0+0+c=>c=0
v=1£—9£+20¢

Checking for crossing points to find if the velocity becomes negative during first 5 s:
£—9£+20t=0

H(2—9t+20)=0

Ht—4)(r—5)=0

This means that displacement is positive for the first four seconds and negative in the fifth second
(see sketch graph), so need to find distances separately.

A

Displacement

/s
0 M

Time, s
s1 = distance travelled in first 4 s
s2 = distance travelled in fifth second

4

51 = I(ﬁ —9¢% +20¢)dt

0

! !
= [——3? +10t2}
4 0

44
- [7—3x43+10x42}0

=64—-192+160
=32
5

s2= [ (£ =9¢ +20¢)dt

4

! ’
= [——3t3+10t2}
4 4

54
= [7—3x53 +10><52j—32

= %—375+250—32

=—-0.75
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1 Total distance =32 + 0.75 =32.75
The particle covers 32.75 m in the first 5 s of its motion.
2 v= jadt
= j (6t +2)dt

=3¢+ 2t + ¢, where c is a constant of integration.

Assuming that velocity does not change direction during this time, distance travelled between ¢ = 3
and =4

4

y= I(3t2+2t+c)dt
3
3,2 4
=+t +ct
3

=@ +4+40)— (37 +32+30)

=64+16+4c—27—-9—3¢c

=44+ c
So050=44+c=>c=6
v=3~P+2t+6

Whent=5v=3x5+2x5+6
=75+10+6
=91

At 5's, the velocity is 91 ms™'.
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Review Exercise 2

1 a For the first 3 s the cyclist is moving with constant acceleration.
b For the remaining 4 s the cyclist is moving with constant speed.

¢ area =trapezium + rectangle
s=1(2+5)x3+5x4
=10.5+20=30.5
The distance travelled by the cyclist is 30.5m

r(ms')4

24 1=

b Let time for which the train decelerates be ¢, s.

While decelerating
area =+ base x height

600 =11, % 24

— 1200 _
t =50 =30

Acceleration is represented by the gradient.

—_24 __ 24 _
a=-2=-2=-048

The deceleration is 0.48 ms™

¢ For the whole journey

s=2(a+b)h
7500 = 1(T +T +125)x 24
7 7500-1500 .,
24

d Total time is (75+7 +t,)s =(75+250+50)s =375 s

v(msT)4

16 f----

0<—tl—><— 2 > < 20 > 1(S)
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3 a Let the time for which the train accelerates be ¢, sand the time for which it travels at a constant
speed be ¢, s.

During acceleration
v=u+at

16=0+0.41, =1, =15 =40

g

At constant speed
2000=16xt, =>t, =20 =125

The total time is (¢, +¢, +20)s = (40+125+20)s =185s

b s=1(a+b)h
=1(125+185)x16=2480
AB =2480m

s(m),

2480 f---m- - mmmmmemsooioee g
2320 f----mnmm oo

320 F----2 ,

0 40 165 185 ¢(s)

4 a Taking the upwards direction as positive.
s=40, v=0, a=-9.8, u="?

v =u’+2as

0’ =u’-2x9.8x40

u’ =784 =>u=28

The speed of projection is 28 m s~
b s=0, u=28 a=-98, t=?

s=ut+Lat’

0= 28t —4.97 = (28— 4.97)

=0, t=2=5714..

The time taken to return to 4 is 5.7s (2 s.f.)

5 Find the speed of projection.
Taking the upwards direction as positive.

v=0, t=3, a=-98, u="?
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5 v=u+at
0=u-98x3=>u=294

$s=392, u=294, a=-98, t="?
s=ut+Lar’

39.2=29.4¢t—4.9¢

491° -29.4t+39.2=0

Dividing all terms by 4.9
£*—6t+8=0
(t-2)(t-4)=0

t=2,4

The ball is 39.2 m above its point of projection when ¢ =2 or when ¢ = 4

p> =30
5" =40-30=10
The values are: p = V30 and q= J1o0.

Positive direction

A/

am

R N
2250 N

750g

F =ma
R(—) —2250="750a
_ 2250 -3

a=—55 =
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7 u=25v=15a=-3,s ="
Vi =u’+2as
15% =257 —6s
25715 400
6 6

66

w(ro

S =

The distance travelled by the car as its speed is reduced is 66% m.

Truck Engine

TN 26 000 N
10 000 kg «—{ 25 000 kgf——
SooN >

a The resistance on the engine is 25x50 =1250N
The resistance on the truck is 10x50 =500 N

For the whole system, the engine and truck
R(—) F=ma
26000—-1250-500=35000a
g 26000-1250-500 _ 97
35000 140

=0.6928...

The acceleration of the engine and truck is 0.693ms™ (3 s.f)

b For the truck alone
F =ma

T -500=10000a
T'=500+10000x0.6928...=7428.57...

The tension in the coupling is 7430 N (3 s.f.)

¢ i Treating the engine and truck as particles allows us to assume the weight acts from the centre of
mass of each object, and ignore wind resistance and rotational forces.

ii By assuming the coupling is a light horizontal rod, we treat it as if it had no mass and therefore
can assume it not only stays straight but that it has no weight and the tension is constant along
the entire length.

=

28

Py

Py B

-1 A J w

=

nm SA &

1.5m

Ground
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9 a From 4 to the greatest height, taking upwards as positive.
v=0, a=-9.8, s=25.6, u="?

vi=u’+2as

0% =u” +2x(-9.8)x25.6

u> =2x9.8x25.6=501.76
u=+/501.76 =22.4, as required.

b u=224, s=-15, a=-98, t=T
s=ut+Lat’
~1.5=224T +1(-9.8)T°
49T*-224T-1.5=0

- 22.4+.)(-22.4) —4x49x—1.5

2%x4.9
=4.637...=4.64 (3 s.f)

c
FN
La ms™
0.6g N
To find the speed of the ball as it reaches the ground.
u=224, s=-1.5 a=-98, v="?
Vi =u® +2as =22.4" +2x(-9.8)x(~1.5) =531.16
To find the deceleration as the ball sinks into the ground.
u’ =531.16, v=0, s=0.025, a="?
Vi =u’+2as = 0*=531.16+2xax0.025
a=-3:=-10623.2
F=ma
0.6g—F =0.6x(-10623.2)
F=0.6g+0.6x10623.2=6380 (3 s.f)
d
v(ms™),
22.4

0 2.\6 1)
S5y - :
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9 e Consider air resistance during motion under gravity.

10
ams™
RNT N TN
A * f.;,,-
08N TN
TN
B ams™
T 06gN
lm
a For A4
R(—) T=08z (1)
For B

R(Y) 0.6g-T=06a (2)

D +(2)
0.6g =1.4a
L _06x98

1.4
The acceleration of 4 is 4.2 m s>

b Substitute a =4.2 into (1)
T=0.8x4.2=3.36

The tension in the string is 3.4 N (2 s.f))

¢ u=0, a=42, s=1, v="?
vi=u’+2as
=0"+2x42x1=84

v=+/8.4=2.898...

The speed of B when it hits the ground is 2.9 ms™! (2 s.f))

d u=0, a=42, s=1, t="
s=ut+Lat’
1=0+2.17
1* =3 =1=0.690...

The time taken for B to reach the ground is 0.69s (2 s.f.)

e i Describing the string as ‘light” means it has no mass (and therefore no weight).
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10 e ii This fact allows us to assume that the tension is constant in all parts of the string.

11

0.6gN 0.2gN
F=ma
For P | positive: 0.6a=0.6g—-T (1)
For Q 1 positive: 0.2a=T-0.2g (2)

3 x(2): 0.6a=3T-0.6g

Subtracting (1) from this: 0 =47 - 1.2g
4T=1.2g=1.2%9.8

The tension in the string is 2.9 N (2 s.f))

(1)+(2): 0.8a=0.4g
g_238

2 2
The acceleration is 4.9 m s 2.

For P, before string breaks, taking up as positive:
s=2u=0,a=49,tr=04
s=ut++at’
5s=(0x0.4)+1(4.9x0.4%)
=1(0.784)
=0.392m
The total distance P has to fall is therefore 1 — 0.392 = 0.608 m.

v=u-+at
v=0+(04x49)=196ms"

Before the string breaks, P is moving downwards at 1.96 m s™!. After string breaks, taking down as

positive, P moves under gravity.
§=0.608,u=1.96,a=9.8,t="7?

s=ut+1at’
0.608 =l.96t+%(9.8><t2)
0=4.9t" —1.961 —0.608

_ —b++/b* —4ac

2a

t
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—1.96+4/(~1.96)" —(4x4.9x—0.608)
2x4.9

-1.96++/15.76
9.8
=0.205s0or-0.605s (3d.p.)

11¢c =

Only positive answers are relevant in this context. .. P hits the floor 0.21 s (2 s.f.) after the string
breaks.

d This fact allows us to assume that the tension is constant in all parts of the string and that the
acceleration of the two particles is the same.

12
i NT TN TN RfNT
Trailer > < Car PN ;
_ 600 kg 300N | 900kg
150N i 600g N 19001{N
_:?;. =
ams”
a i For the whole system:
F=ma
R(—) P-300-150=1500x0.4
P=1050

The tractive force exerted by the engine of the car is 1050 N.

ii For the trailer alone:

F =ma
R(—) T7-150=600x0.4
T =390

The tension in the tow bar is 390 N.

b For the trailer alone:

R'NT ams?

Trailer
‘—
600 kg
150 N l 600g N
F =ma
R(>) 1650 +150 = 600a
a=—-18%-_3

600

The greatest possible deceleration of the car is 3ms™
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13

14 a

T
$ a=-2ms> T

1050kg
— lift
20kg — box
F =ma

Taking up as positive:

(1050 +45 +20) x —2=T— (1050 + 45 + 20)g
T=1115(g -2)

T=1115%x1738

The tension in the cable is 8697 N.

From Newton’s third law of motion:

|Force exerted on boy by box| = |Force exerted on box by boy| = |R||
For the boy, taking up as positive:

45 x =2 =R1—45g

Ri1=45(g —2)

Ri1=45x1738

The boy exerts a force of 351 N on the box.

From Newton’s third law of motion:

|Force exerted on box by lift| = [Force exerted on lift by box| = |R2|
For the box, taking up as positive:

20 x -2 =R>—20g — 351

R2=351+20(g —2)

R2=351+(20 x 7.8) =351 + 156

The box exerts a force of 507 N on the lift.

R 472

i

Let the required angle be .
Then tana =2

fa=63°(2s..)

AsF +F,=R
(2i+3j)+ (Ai+ uj) =k(i+2j)

where £ is a constant.
S2+A=kand 3+ pu=2k *

Eliminate & from these two equations.
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14b Then 2Q2+1)=3+u
S2A—u+1=0

¢ If F, isparallel to jthen A =0
Substituting A =0 into * gives

pu=land k=2
SR =2i+4j
~[R|=v27+4°
=20
=4.47 (3s.f)

15

a The magnitude of

R=+7*+16°

=17.5 (1 d.p.)

b tang =41
a =tan™ (‘76)

=66° (nearest degree)

¢ Let P=A(>i+4j) and Q = u(i+j)
AsP+Q=R
A+ 4§) + u(i+ ) = (Ti+16j)

Equating i components
A+u=7 1

Equating j components
4A+u=16 (2)

Subtract (2)—(1)
34=9
SA=3
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15

16

17

Substitute into equation (1)
s34+ u=7
Sou=4

~AP=3(+4j)=3i+12j and Q=4(i+])=4i+4j

a=5-2t
v=[adt=[(5-20)dt

=5t—t*+C

Whent=0, v=6
6=0-0+C=C=6

Hence

v=6+5t—1

When P is at rest

0=6+5t—1

P =5t—6=(—-6)(t+1)=0
t=6,-1

t>0

St=6

Pisatrestatt=6s
v=6t—21

Maximum value of velocity occurs when a =0

a= i =6-4t
dt
Maximum velocity occurs at ¢ = % s

v=9 2.2
2 2
The maximum velocity is 4.5 m s,

When P returns to O, s =0
s :jvdt :j6t—2t2dt

s =3t —gf +c
3

Att=0,s=0s0oc=0
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17

18

19

0= 2(3—31j
3

t=0or gl‘:3
3

P returns to O after 4.5 s.
v=3—-8¢+5

When the particle is at rest, v=0
0=3t"-8¢+5

0=3(t2 —§t+§j
3 3
{31
3 3

(or by using quadratic equation formula)

Pisatrestat 1 sand g S.

a:ﬂ:i(3t2—8t+5)
dt dt

a=6t-8

t=4

a=(6x4)—8

After 4 s, the acceleration of P is 16 m s2.

Distance travelled in third second =,

3 3
s, = [vat = [3¢ =8t +5dt
2 2

sy =1 -4 +5t}z
s, =[27-36+15]-[8-16+10]
s, =6-2

The distance travelled in the third second is 4 m.

3

v =6t—2¢2
dv
a=—
dt
1
a=6-3¢?
Att=0,s=0

S=Ivdt=j6t—2t%dt

S:3t2—§t%+c
Att=0,5s=0,c=0
So s=3*—4¢
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Challenge
1 n+tto+6=7x60=420

3t1 =48
3=0.75n

Considering time #1
u+v
NES ( ]tl
2
1750:(0”}1
2

3500
v =
tl

Considering time #
S2 =Vvh

17500 =229,

tl
t, =51

Considering total time:
t1+50+0.75 1 =420

= ﬁ =62.22 s
6.75

~n=311.11s
& 13=46.67 s

4

Distance travelled during time #3 is s3

u+v
Sy = 5 Iy

u=3500—ﬂ=56.25,v=0,t=46.67

6222
N =(56'25+0j46.67
2

s, =28.125x46.67=1312.6

Total distance = 1750 + 17 500 + 1312.6
The distance between the two stations is 20.6 km (3 s.f.).
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a Considering A, — positive: 7—2 = 5a
Considering entire pan, | positive: (5 + 10)g— T = 15a
So 150 — 7'=15a

Adding these gives:
148 = 20a
The acceleration of the pan is 7.4 m s 2.

b Substituting this value into the first equation gives:
T-2=5x74=37
The tension in the string is 39 N.

¢ Block C exerts a normal reaction force R on block B.
Considering block B only, | positive:
S5g—R=35a
50-R=37
Block C exerts a force of 13 N on block B.

d The force the string exerts on the pulley has two perpendicular components, each of magnitude 7.
The magnitude of the total force, F, is therefore given by:
F>=T*+T"

F =~/39"+39° =+/3042
The string exerts a force of magnitude 55 N (2 s.f.) on the pulley.

e The fact that the string is inextensible allows us to assume that the tension is constant in all parts
of the string and that the acceleration of Block A and the scale pan are the same.
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Exam-style Practice paper
Section A: Statistics

1 a02+y+03+035=1
y=1-085=0.15

b P(Band M)=0.15
P(B) x P(M)= (0.2 + 0.15) x (0.3 +0.15)=0.35 x 0.45=0.1575
P(B and M) # P(B) x P(M), so 'likes bananas' and 'likes mangoes' are not independent events.

2 a tisacontinuous variable, because it is a measured variable which can take any value.

b mean=— = —— =14.01
n 1
2 2 2
standard deviation = 2t (2] _ 198133 (140.1 1.36 (to 3 s.f))
n n 10 10

¢ 15.8 °C is higher than the current mean so the mean would increase.

d Clare could take a random sample of days from the whole of September for the different locations
in the UK.

32 0.1+02+0.15+p+0.1+025=1
p=1-08=02

b PQ<X<5)=1-PX=1)-PX=6)
=1-0.1-0.25=0.65

¢ i Plodd)=0.1+0.15+0.1 =035
10
P(odd exactly twice) = [ 5 j0.3520.658

=0.1757 (to 4 d.p.)

s . 10 70y (&3 10 8() (&2 10 9 £&! 10
ii P(odd more than 6 times) = ; 0.35°0.65" + 9 0.35°0.65" + 5 0.35°0.65 +0.35
=0.0260 (to 4 d.p.)

4 a The test statistic is the number of plates that are flawed.
Ho: p=0.3,Hi: p<0.3

b X~ B(20,0.3)
P(X < 2)=0.0355<0.05
P(X <3)=0.1071 > 0.05
The critical region is X < 2
¢ The actual significance level is 0.0355 = 3.55%

d 1 falls into the critical region, therefore there is evidence to support the claim.

5 a The increase in energy released is 3.1 Joules for each degree of temperature.
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5 b This value of % is a long way from the range of the experimental data: hence the extrapolation is
excessive and the predicted value of e would be too unreliable.

¢ It is not sensible. The regression line predicts a value of e given A, not the other way round.

0.4x10+0.2x45+0.2x60+0.2x80+0.4x25+0.1x10

6 P46 <h<6.1)=
0.5%x54+0.5%x10+0.2x45+0.2x60+0.2x80+0.4x25+0.5%x10

_ 44+9+12+16+10+1
254+5+9+12+16+10+5
_ 52
59.5
=0.87 (to 2 d.p.)
Section B: Mechanics
7
a
—p
T T 2630N
700 kg 1500kg
320N, ( ) 660N _ ( )
) trailer h car

F=ma

a For the whole system:
F=2630-660—320=1650
m = 1500 + 700 = 2200
1650 = 2200a
The acceleration of the car is 0.75 m s>

b For the trailer:
F=T-320,m="700,a=0.75
T—-320=700 % 0.75 =525
T=525+320
The tension in the tow-rope is 845 N.

¢ Since the tow-rope is inextensible, the acceleration of each part of the system is identical and the
tension in it is constant throughout.

8 a Resultant force, F'=F1 + F2+ F3
F=(3i— 6j)+ 4i+5))+Q2i—2j)= (9 —3j)

m=3,a="?
F=ma
(%91 —3j)=3a

The acceleration of the particle is (3i — j) m s

v .
R‘ -l

tan @ =+
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8 b The acceleration acts at an angle of 18.4° below i.

¢ |a|=v1*+3 =10

The magnitude of the acceleration is J10m s

9 a Taking up as positive:
s=0,a=-98,t=5u="?
s=ut++at’
0=(ux5)+1(-9.8x5%)=5u—122.5

u=%=24.5

The ball is projected at a speed of 24.5 m s

b u=245,a=-98,v=0,5s=7
VvV =u?+2as
0 =24.5%+ (2 % (—9.85))
B 24.5° ~600.25

s = = =30.625
2x9.8 19.6

The ball reaches a height of 30.6 m above P.

¢c s=15u=245,a=-98,t="?
s = ut+%at2
15=24.5t+1(-9.8x1%)
4.9t° —24.5t+15=0
. —b+~b* —4ac
2a
. 24.5+,/24.5 —(4x4.9x15)
2x4.9

2454430625
- 9.8
245175
98

492 7

=— or —
.8 9.8

The ball is at a height of 15 m above P at 0.714 s and 4.29 s after leaving P.

10 v=3+9-4¢

When the particle is moving at maximum velocity, a = % =0
d(3+97 -4r')
- dr
=18t—12¢
=6t(3—2¢)
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10 At =0, the particle moves at minimum velocity (see graph).
The particle has maximum velocity at = 3 seconds.

3
2

s=|vdt=|"(3+9¢ —4¢ )ds
Jrar=]( )

3
344 3
Y. =[3t+36 -+ ]2
3 4 | 0
For ¢t = 0, all terms are zero, so this becomes:

3 4

§=3x 3 +3x 33
2 2 2

_9,81_81_153

2 8 16 16

The particle is moving at maximum velocity when it is 42 m from O.
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