Statistics and Mechanics Year 2 SolutionBank

Conditional probability Mixed exercise 2
1 a P(4UB)=P(A)+P(B)-P(An B)=0.4+0.35-0.2=0.55

b P(4'NB)=1-P(4UB)=1-0.55=045

¢ P(B|A):%:g;j:0.5
4 poaip) PAOB) _PB)-PANE) 015 (oo

P(B) P(B) 035

2 a Work out each region of the Venn diagram from the information provided in the question.

First, as J and L are mutually exclusive, P(J N L) =<
So P(JNK' ALY =P(J)~P(JNK)=025-0.1=0.15

As K and L are independent P(K n L)=P(K)xP(L)=0.45x0.15=0.0675
So P(LNK")=P(L)-P(LN K)=0.15-0.0625 = 0.0825
And P(KNJ'NnL")=P(K)-P(JNK)-P(KNL)=0.45-0.1-0.0675=0.2825

Find the outer region by subtracting the sum of all the other regions from 1
P(J'NK'nL")=1-0.15-0.1-0.2825-0.0675-0.0825=0.3175

&

bi P(JUK)=0.15+0.1+0.2825+0.0675=0.6

ii P(J'nL")=0.2825+0.3175=0.6

iii K=K Ol 000 3sk)
P(K) 045
iv P(KY' L) = SEOUNLY) 02825 40y s

P(J'NL) 0.6
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3 a P(FNS)+P(SNF')=P(F)-P(FNS)+P(F)-P(FNS)

35 27+45~- 27—23—0433(3sf)

60
b P(F|S)=M=2=O.6
P(S) 45
. P(S|F,):P(SmF)_45—27_gzo.n

P(F')  60-35 25

d There are 6 students that study just French and wear glasses (8 x 0.75 = 6) and 9 students that
study just Spanish and wear glasses (18 x 0.5=9), so the required probability is

P(studies one language and wears glasses) = % = 2(5) =0.25

e There are 26 students studying one language (from part a). Of these, 15 wear glasses (from part d).

P(wears glasses|studies one language) = ;—2 =0.577 (3s.f)

b i P(GG):zxﬁzéx
15 14 5

22 333k
735

ii There are two different ways to obtain balls that are different colours:

(6 _9) (9 6) 2x9 18
PRGIPIGR) = 15214 )* (15 14) T 57 35 - 0214 G s

¢ There are 4 different outcomes:
P(RRR)+P(RGR)+ P(GRR) +P(GGR)
5 4\(6 9 5\(9 6 5\(9 8 6)
_LIS 143 ) s e ) s e )

120 +270+270+432 1092
2730 T 2730
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4 d The only way for this to occur is to draw a green ball each time. The corresponding probability is:

8.7 6 _3x2 6
157 14 13 12 5x13 65

P(GGGG) = =0.0923 (3 s.f)
5 a Either Colin or Anne must win both sets. Therefore the required probability is:
P(match over in two sets) = (0.7 x 0.8)+(0.3x0.6)=0.56+0.18 = 0.74
0.7x0.8 0.56

b P(Anne winsjmatch over in two sets) = — = =0.757 (3 s.f)
0.74 0.74

¢ The three ways that Anne can win the match are: wins first set, wins second set; wins first set,
loses second set, wins tiebreaker; loses first set, wins second set, wins tiebreaker.

P(Anne wins match) = (0.7 x 0.8)+ (0.7 x 0.2 x 0.55) + (0.3 x 0.4 x 0.55)
=0.56+0.077 4+ 0.066 =0.703

6 a There are 20 kittens with neither black nor white paws (75 — 26 — 14 — 15 = 20).

P(neither white or black paws) = % = % =0.267 (3 s.f)

b There are 41 kittens with some black paws (26 + 15 =41).
P(black and white paws|some black paws) = % =0.366 (3s.f)

¢ This is selection without replacement (since the first kitten chosen is not put back).
26 25 13 13

P(both kittens have all black paws) = — —=0.117 (3s.f)
75 74 3x37 111
d There are 29 kittens with some white paws (14 + 15 = 29).

29 28 812

P(both kittens have some white paws) = — x — =0.146 (3 s.f)
75" 74 5550

) . 0.12
7 a Using the fact that 4 and B are independent: P(4)x P(B)=P(AN B)=P(B)= 04 =03

b Use the addition formula to find P(4 U B)
P(AUB)=P(A)+P(B)-P(AnB)=0.4+03-0.12=0.58
P(A'nB)=1-P(4UB)=1-0.58=0.42
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7 ¢ As A and C are mutually exclusive
P(ANB'nC")=P(A)-P(AnB)=04-0.12=0.28
P(CnA'nB)=P(C)-P(BNC)=04-0.1=0.3
P(BNA'NC")=P(B)-P(AnB)-P(BNn(C)=03-0.12-0.1=0.08

Find the outer region by subtracting the sum of all the other regions from 1
P(A "B’ NC")=1-0.28-0.12-0.08-0.1-0.3=0.12

E
0.12
, P(BAC) 0.1
d i P(B|C)=W:a:0.25

ii The required region must be contained within 4, and not include B (the condition on C is
irrelevant since 4 and C are mutually exclusive). Therefore, P(4n(B' U C))=0.28

8 a It may be that neither team scores in the match, and it is a 0—0 draw.

b P(team A scores first) = P(team A scores first and wins)+ P(team A scores first and does not win)
So P(team A scores first and does not win) = 0.6 —0.48 = 0.12

¢ From the question P(A wins|B scores first) = 0.3. Using the multiplication formula gives

P(A4 wins ™ B scores first)
P(B scores first)

= P(A wins N B scores first) =0.3x 0.35=0.105

P(A4 wins|B scores first) =

=0.3

Now find the required probability
P(A4 wins N B scores first) _~ 0.105 ~ 0.105

P(B scores first|4 wins) = : =
P(A4 wins) 0.48+0.105 0.585

=0.179 (3 s.f)

Challenge

a Let P(ANB)=k
As P(ANB) < P(B)= k < 0.2
A and B could be mutually exclusive, meaning P(AN B)=0,500 <k < 2

Now, P(ANB')=P(4)~P(ANB),s0p=0.6—k =04 <p < 0.6
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Challenge

b Use the fact that P(ANC)=P(ANBNC)+P(ANB'NC)
So P(ANB' nC)=P(AnC)-P(ANBNC)=P(AnC)-0.1

Consider the range of P(ANC)
P(ANC) < P(A) = P(ANC) < 0.6

By the multiplication formula P(4uU C)=P(A4)+P(C)-P(ANC)
So P(ANC)=P(4)+P(C)-P(4uC)=13-P(4UC)
As P(AUC) < 1=P(ANC) =03

S0 03 < P(ANC) < 0.6 andas P(ANB'nC)=P(ANC)-0.1 this gives the result that
03-0.1< P(ANB'nC)<0.6-0.1,5002<¢g <05
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