Statistics and Mechanics Year 2 SolutionBank

Further kinematics Mixed exercise 8

1 u=0,¢=5 v=6i—-8j, a="?
Using v =u+at,
(6i-8)=ax5,

a=%(6i—8j)

Using F = ma,
o l(cs o
F —4x§(61—8])
=48i-64]

2 Using F = ma,
(2i—j)=2a,

a=l—§J

u=i+3j,t=3,a=i—%j,s=?

. _ 1 2
Using s =uz +ar”,

s=(i+3j)x3+%(i—%j)x32

9. 9
=3i4+9j+—-i——j
J > 4J

15, 27,
=—i+—j
2 4

. (15}2 (27)2
distance =, || — | +| —
2 4

=56.25+45.5625

=+/101.8125

=10.1m (3 s.f.)

3 a Usingr=r, +Vi,
r=-500j+(2i+3j)x¢
=-500j+2ti+3t]
=2ti+(-500+37)j
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3 b 5 minutes =5 x 60 seconds

=300 seconds
At 2.05 pm, the dinghy has position:
r =2x300i+(-500+3x%300) j

=600i+400j

distance =+/6007 + 400>

= /360 000 +160 000

=,/520 000

=72Im (3s.f)

Usingr, =r, +V t for A,
r,=([+3j)+2i-j)x¢

=(1+20)i+(3-1)j

Using r, =1, +V,t for B,
r, =(5i—-2j)+(-i+4j)xt
=(5-i+(2+4)j

r;=r,—r,
=((5-0)i+(=2+40)j)-((1+20)i+(3-1)j)
=(5—1—1-20)i+(-2+41-3+10)j
=(4=30)i+(=5+51)]

If A and B collide, the vector AB would be zero, so 4—3¢ =0 and —5+5¢ =0, but these two
equations are not consistent (# =1 and ¢ # 1), so vector AB can never be zero and 4 and B will not

collide.
At10am,r=2:

r=(4-3x2)i+(-5+5x2)j
=—2i+5]

Distance = +/(-2)* +5°
_J»

=5.39km
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5 Letx be the horizontal distance between O and S, and y be the vertical distance between O and S.
u=38i+10j, a=-9.8j, t=6, s=xi+)j

1 5
s=ut+—at

xi+yj:(8i+10j)><6+%(—9.8j)x36

a Equating i components:
x=48
The horizontal distance between O and S is 48 m.

b Equating j components:
y=60-4.9x%x36

=-116
The vertical distance between O and Sis 116 m (3 s.f.).

6 u=(pi+gj)ms’, r,=0.8jm a=-98ms%t=4s,r=64im

a Combining s:ut+%at2 and s=r—r, gives
— 1.2
r-r, —ut+§at

Using vector notation:

(o Hon 23]
(o) a5

Considering i components:
64=4p

p=16

Considering j components:
—0.8=4¢g-784

4g=784-0.8
g=19.6-02=19.4

16 0
The values of p and ¢ are 16 and 19.4 respectively. s = (19 4]1 +( 4 9} t’

b [ul=+16"+19.4> =25.146...
The initial speed of the ball is 25.1 ms™".

c tana:1= 19.4

p 16

The exact value of tana is %
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6 d Uses= ut+%at2 and s =r —r, to find values of ¢ for which r = xi+5j:

[JHoalse)r (o

Considering j components:
5-0.8=19.4r-4.9¢
49> -19.4t+4.2=0
Using the equation for the roots of a quadratic equation:
,_1942 J19.4% —(4x4.9%4.2)

2x4.9
t=3.7293...or t =0.2298...
The ball is above 5 m between these two times, i.e. for 3.7293... — 0.2298...=3.50 s (3s.f.).

e To make the model more realistic, one should consider factors such as air resistance and how it is
affected by the shape (especially the seam) and the spin of the ball.

7 a r=[vdr=[r(28 +14)'ds

:3X2X2<2t2+14)%+c
=%(212+14)g+c

r =0 when ¢ =0, hence

0:%(0+14)3+c

c=-8.73

3
2

1
=r =g(2r2 +14) ~8.73

Att=5s, r= é(50+14); +8.73=76.6
At t=135s, the displacement of P from O is 76.6 m (3s.f.).

1000
t2
r= j vdr = j 10007 2d¢
1000

==
Using that fact that at # = 5 s the position of the particle will be as given in part a:
76.6 = —-1000

b v= ms L t=5s,r=76.6m;t=6s,r="?

+c

c=76.6+200=276.6

r= ~1000 +276.6

t

Att=06s,
r= $+276.6 =109.9

At t = 6s, the displacement of P from O is 110 m (3s.1.).
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8 a x=2t+k(+1)"

v:gzz—k(t+1)‘2:2— k >
de (t+1)
When =0, v=6
k

6=2-—=k=—4
1

b With k1 =—4
x=2t—i
t+1

4
When t=0, x=0———=-4
en * 0+1

The distance of P from O when ¢ =0 is 4 m.

¢ v=2-4(t+1)°

a=Q:8(t+1)_3: 8 5
dr (t+1)
When =3
8 1
a=—=—
4> 8
F=ma
=O.4xl:0.05
8

The magnitude of F when ¢ =3 is 0.05.

The distance of B from O when ¢ = 1 18 0.3\/§ m.

2
b v=g=—0.6x£sin(n—tj
dr 3 3

The smallest value at which v =0 is given by

Tt
—=n=>t=3s.
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2
9 ¢ a=@=—0.6(£j cos(n—tj
dr 3 3

When =1

2
a= —0.6[£j cos(EJ —_0.3289...
3 3

The magnitude of the acceleration of B when ¢t =11is 0.329ms™ (3 s.f).

10a v= % =4 —2te™
dv ~0.5¢ —0.5¢ —0.5¢ —0.5¢
a=a=—2e —-2e¢ '+te 7 =(t—-4)e
When ¢ =1n4

a=(In4—4)e"

= (In2> —4)e™*’

= (2In2-4)e™
=%(2ln2—4)
=In2-2

The acceleration of S when ¢ =1n4 is (ln2 — 2)ms’2 in the direction of x increasing.

b For a maximum of x, —=v=0

dr
v=(4-20)e"" =0=>1=2

When =2
x=4x2e""? =8¢

The greatest distance of S from O is §m

e
I d N
11a v,=r,=6ti+2]j *  d—:((t+6)1):11:1
Vo =, = i43(] !
The velocity of P at time ¢ seconds is (6ti+ 2 j)rns_1 and the velocity of Q is (i +3t j)ms_1
b When =2
v, =12i+2j

v, F=12"+2° =148=v,=+148 =12.165...

The speed of P when ¢t =21is 12.2ms™" (3 s.f).
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11 ¢ When P is moving parallel to Q

When the particles are moving parallel to
each other, the angle each makes with i is
the same.

If v=xi+yj, tand =% must be the same

for both velocities.

SolutionBank

For the particles to collide, both the i and j
components of their position vectors must
be the same for the same value of 7. The

2 3t
_—— /
6r 1
=18 =2
-l
9
t>0,t:l
3
d i-components
3 +4=t+6
3°-t-2=0
(t-D@Bt+2)=0
-1 -2
t=1, 3
j-components
2
2t_l=3i <+
2 2
32 —4t+1=0
t-D@Bt-1)=0
1
=1 +
t=1, 3

1 is a common root of the equations and,
hence, P and Q collide at the point with
3

position vector (71 +5 j) m.

12a v=r=6¢/i—8¢]

a=v=06i-8]

PR

appropriate method is to equate the i
components and solve the resulting
quadratic, and then do the same for j
components. If one of the roots of the
quadratics is the same, then the particles
collide.

t =1 can be substituted into either r,
or r, to find the position vector of the

point where the particles collide.

Acceleration does not depend on #, hence the acceleration is constant.
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|a|’=6"+(=8)’ =100
=la|=10

The magnitude of the acceleration is 10ms™

tan0=%:>t9=53.1°

The angle the acceleration makes with j is 90°+53.1°=143.1° (nearest 0.1°)

13a v=r=—-6sin3¢ti—6cos3tj

_T
When ¢ = 6

v=—6sin£i—6cos£j
2 2
=—6i-0

The velocity of P when =2 is —6i ms™

6

b a=v=-18cos3ti+18sin3¢j
la|’= (—180053t)2 +(18sin3t)2
=18’ (cos2 3t +sin’ 3t) =18
|a|=18
The magnitude of the acceleration is 18ms™, which is constant.

14a a=v=4ci+2(7-0)j
F=ma
=0.5(4ci+2(7- o)t )

=2ci+(7-c)t], as required

b t=5=F=2i+5(7-0)j
|F['=4c” +25(7—c)’ =17
4¢c* +1225-350c +25¢* =289
29¢* —350¢+936 =0
(c—4)(29¢—-234)=0

c=4, ﬁz&m
29
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152 v=[adt=[ (8 —6)i+(8-3)j)ds
=2t =3%)i+ (4> -3)j+C
When =2, v=16i+3]
16i+3j=20i+10j+C=>C=-4i-7]j
V=2t =32 —4)i+ 47 -3t -7) ]
The velocity of P after ¢ seconds is ((2t4 —37 —4)i+ (4t =3t-17) j)ms’1

b When P is moving parallel to i, the j component of the velocity is zero.
4 -3t-7=0
(t+1)(4t-7)=0

16 8= (445 4) ms?, (=05, v=10ims s (=55, |v| =?

v=jadt=j(4ti+5t_%j)dt
2050
=—i+tj+c
2
=21+10 j+c
Whent=0s,v=10ims!
10i = 0i—0j+c
c=10i
= v=2£+10)i +10¢7]
Att=S5s,
v =(50+10)i +10~/5]

[v|=/60° +(10V5) " = 4100
|V|=10\/H

Att=>5s, the speed of the ball is 1041 ms™'.

17a v={adt=[2i+3jdt
=£i+3tj+c
When t=0s, v=3i+13j
3i+13j=0i+0j+c
¢ =3i+13j
(£ +3)i+(3t+13)]

\4
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17b When the train is moving NE, the coefficients of the i and j components are equal and positive.

t*+3=3t+13
t*=3t-10=0
(1=5)(t+2)=0
t=5 -2

Ignoring the negative root, as it denotes a time before the train was moving, the train is moving NE
att=>5s(3s.f)).

Challenge
1 a 5(0)=20m

b §=(20—t2)x%(t+1)_;—2t(t+1);

(20—¢7)—4e(r+1)

2(+1)2
:20—4z—5z2

2t +1

Particle changes direction when v = ;E =0=>
t

20-4t-512 =0
t=1.64 s (ignoring negative root, since ¢ > 0)
So particle changes direction exactly once, when #=1.64 s

¢ Particle crosses O when s =0

0=(20-¢)r+1

1 =20

At t=ms, §:20_4\/%—5><20
dr 220 +1

_ —40-2420

\/%H
=—2\/%(\/E+1);
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Challenge
2 a v=r=(6bwcoswt)i—(4wsinwr)j

v =|v['=360" cos’ ot +16®" sin” wt Use the double angle formulae

)4/ c0s20=2cos*O—1 and

=360 ( +1cos2a)t)+16a) ( 1c0s2a)t .5
cos20=1-2sin" 0

2 2 2 2
=18’ +18w* cos 2wt + 8w* — 8w’ cos 2wt

=26w* +10w* cos 2wt

=20’ (13+5cos2mt), as required.

b As —1< cos2ar <1
200°(13-5) < 20°(13+5co0s2at) < 20°(13+5)

160* <V < 360°

As v>0and w >0, we can take the square root of each term and it will not change the inequality
signs:
4 < v < 6w, as required.

¢ When t:i
3w
— in 7T YA
—(65“1 3) (4005 3)J 3V3i+2j Using cosZ =1 and sinlzﬁ
3 2 3 2
:(6a)c0 %)1—(4a)s1n3)J 30i-230j

/ A diagram is essential here. Once the
diagram has been drawn, the problem
reduces to basic trigonometry. You

|

|

} find the angles using the inverse
2 tangent button on your calculator.
|

|

|

|

|

243w

23w

tan @ = i =0=0.3674...¢

33
2\f 3w 2[

tan g = N> = ¢=0.8570..°

The angle between r and F is
0+¢=0.3674..°+0.8570...° =1.224...°=70.2° (3 s.f.)

© Pearson Education Ltd 2017. Copying permitted for purchasing institution only. This material is not copyright free. 11



